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Abstract Let p*(4,B,k,a,p) be the class of functions f(Z) :a,-"z_: kla"|zn

(a,>0,k>2) regular and univalent in the unit disc U = {z; |z l< 1 }and satis-
fying
f(2)-a
| (A+(B-AaBla, -(A+(B-ABIf (2)
where - 1 <B<A<1, - 1 <B<0, 0<a< land ¢ <A< 1. We denote by
po(A,B,k,a,p,zoi and p, (A,B,k,a,p,2,), two subclasses of p'(A,B,l;,a,ﬁ),cons—
isting of the functions which satisfy f(z,)=z,and Nl (z,) =1,respectively, here
0 <z,<1.In this paper we obtain coefficient estimates,distortion and closure
theorems and radius of convexity of order p (0 <p< 1) for the classes p, (4, B,k,
a,B,z,)and p (A,B,k,a,p,z).

l<1,zeU,

1. Introduction.

Let P*(A, B, k,a, ) be the class of functions f(z) =a,z- L. |a, |z" (a,>0,

n=k
k> 2) regular and univalent in the unit disc U = {z. |z |<1}, and satisfying the
condition

f(2z) -a,

, (A+ (B- A)aPla,~ (A+(B-ABASf (2)
where -1<<B<A<L], -1<B<0, 0<a<1 and 0<p<l.Let 0 <z,<l.we introd-
uce two subclasses, namely P, (A,B,k,a,B,z,) and P, (4,B,k,a,B,z,), of P*(A,
B,k,a,B). A function f of P*(A, B,k,a,p) belongs to P, (A, B, k,a, B, z,) if
f(z,) =z, whereas P, (A4, B, k,a, B,z,) is the class of those functions of P*(4,
B, k,a,B) which satisfy f(z,)=1.

In (3] Kumar and Shukla obtained coefficient estimates, distortion and clo-
sure theorems and radius of convexity of order p ( 0<{p<1) for the classes
P, (A, B,k, 0,1,zy) and P, (4, B, k,0,1,2y). Also Kumar (2] has obtained many
results including coefficient estimates, distortion theorems, radius of convexity

|<1,2¢U, (1.1

and class preserving integral operators for the class P*(4, B, k, 0,1) when q, =1,
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In the present paper we obtained coefficient estimates, distortion and cevering
theorems and radius of convexity of order p( (0 <p<1) for the classes F, (A, B,
k,a,B,z,) and P, (A, B,k,a,B,z,). Further, it is shown that these classes

are closed under “arithmetic mean” and “convex linear combinations”.
2 . Coefficient estimates

Theorem | If f(z) =alz~2 |aﬂ|Z" is analytic in U and satisfies f(z,) =z,.
n=k

Then feF, (A, B,k,a,p,z,) if and only if
Y n(1-A-B-AB) - (A-B)f(1-a)z)"} |a,|<(A4-B)B(1-a). (2.1)
n=k

The result is sharp,

Proof Since f(z,) =z,, we have

a, =1+ |a,|z27. (2.2)
n=k

Therefore, our theorem is proved if we show that f¢P*(A, B, k,a, )if and only if

Son(l-A-(B-A) |a, |<(A-B)B(1-a)a,. (2.3)
n=k
Suppose that the inequality (2,3) holds. Let |z | =1 . Then
| f'(z)~-a, |- | (A+(B-AaBla, - (A+(B- DS (2) |
= |- nla,|z"" | -] (A-B)B(1-a)a, +(A+ (B-AI L nla, |z |
n=k

nxk
<X (n1-A-B-Ap)|a,}- (A-B) 1 -a)a,< 0.
n=k
(since — I<<B< A, - 1<<B<0, 0<{a<1,0<B<1 and (B-A)p<0).

Hence, by maximum modulus principle, fe¢P%A, B, k,a,B).
In order to prove the converse, let fe P*(A,B,k,a,B). It follows, there-

fore, that
f(z)-a |
| (A+ (B—A)a,timgal ~(A+(B-ABISf (2)
- 2nla,|z"
= | <1, zeU.

A-B)B(l-a)a,+(A+ (B-ABI nla,|z""
n=k

Since |Re(z)|<|z|for all z, we have
Snla, "
n=k } <1.

(A-B)B(1-a)a, +(A+ (B- D1 |a,|z""
n=k

Choose values of z on the real axis so that f'(z) is real. Upon clearing the

Re{
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denominator in this last inequality and letting z — 1 through real values, we
easily arrive at (2,3). The inequality (2.1) follows now by eliminating a,
from (2.2) and (2.3).

Equality holds in " (2,1) for the function
n(l-A-(B-A)B)z-(A-B)f(1l-a)2"
n(l-A-(B-A)B)-(A-B)p(1-a)z; '
and hence the result is sharp.

f(z)= =k, k +1, 0 ),

Corollary | Let f(z)=alz—2 |an 'z". If feP,(A, B,k,a,$,z,), then
n=k

| '<’ (A-B)B(1-a)
" n(l—A—(B—A)ﬂ)-(A—B)B(l—a)z(’,'"‘ iy

Theorem 2 Let f(z)=a,z- 2. la,, |z". If f is regular in U and satisfies
n=k

f (zy) =1,then feF (A, B,k,a,pB, z) if and only if

Zn{(l-A-(B-AF) - (A-B)f(1-a)zy '}V |a,|<(A4-B)B(1-a).

n=k
The result is sharp.
Proof Since f'(z,) =1,we have

a =1 +§‘n|a,,|zg"‘. (2.4)

Eliminating a, from (2.3) and (2.4) we get the required result.
Sharpness follows if we take

flzy=tU=A=-(B-Dpz- (A-B)B(1-a)z"
n{(l-A-(B-Ap) —(A-B)B(1-a)zy '}

(n :k’ k + ]_’ ll...l).

Corollary 2 Let f(z)=alz—Z |a,l |z". ¥ SfeP (A, B,k,a,ﬂ', z,), then
n=k

(A-B)p (1 -a)
n{(1-A- (B-A ) - (A-B)f(1-a)zj '} °

la, |<

3. Distortion properties
Theorem 3 If fePy(A,B,k,a,p,zy)and |z|=r, then

ar —br*< | f (z) |<ar + br* (3.1)
and
a—kbr*'<| fl(2)|<a+kbr®!, (3.2)
where
a= k(l1-A-(B-A)B) —
k(1-A-(B-A)B)- (A-B)B (1 -a)z,
and . (A-B)f (1-a)

“k(1-A- (B-AB) - (A-B)B(1-a)zf |
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The result is sharp.

Proof Let f(z)=a,z- 3. |a”|z". Then, it follows from Theorem 1 that
n=k

3 (A-B)f(1-a)

Ek Iau|<k(1—A—(B—A)ﬂ)—(A—B)ﬂ(l_a)z'(;"l (3.3)
and

$° k(A-B)pU —a)

sl <gaTa (B-A)p) - (A-B)f(1-a)zy ' ° (3.4)

Also, from the representation of f(z) we have

|f(z)|<alr+i | a,lr<ar+r¥ Z;‘ |a,, l,
n=k A=
|f(z) i>alr— Z:k Ian |r">a,r—r" Z;‘ |an|

[ f(2)|<a, +1:;‘n la,|r" " <a, +r*7 ikn la, |,
n= n=

oo

/@) | >a - Enla, I >a -r*" Lnla,

The required inequalities follow now by using (2,2), (3.3)and (3,4)in the
above four inequalities.

To establish the sharpness of the result we- take
k(l—A—(B—’A)/i)z—,('A—_B)ﬂ(l—a)z‘c

k(1-A=(B-A)B) ~(A-B)f(1-a)zf "~

For this function, equality on the left hand side of (3.1) and (3.2) is attain-

ed at z=r, whereas, _'the equality on the right hand side is attained at
z=re"/*®-V_ Hence the result is sharp.

Letting r— 1 in (3,1) we have the following,
Corollary 3 If feP,(A, B,k,a,p,z,), then the disc U is mapped by f onto
a domain that contains the disc
lw | < k(l1-A-(B-A)f) - (4—B)ﬁ(l—a])r_
k(1-A-(B-A)B)-(A-Bp(1-a)z;"
The result is sharp. :
Theorem 4 If feP, (A, B,k,a, B, z,) and |z |=r, then
cr —dr* | f(2) |<er +dr* (3.5)

f(2)=

and

c—dkr* ' | f(2) |[<c +dkr*, (3.6)

where

(1-A-(B-AB)

T A-A-B-AB) - A-BBU-arzt "
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and

(A-B)f(1-a)
k{i(l1-A-B-AB)-(A-B)p1-a)zy '} °

The result is sharp.

Proof Let f(z)=a;z-3 |a,|z". Then, it follows from Theorem 2 that
n=k

il < (A-B)B(1-a)
Ack Tk{(1-A-(B-A)B) - (A-B)B(1—a)zy '}

and

Zn|a |< (A-B)B(1-a)

n=k " (1-A-(B-AB)-(A-B)(1l-a)z§ '
The required bounds for |f(z)| and |f(z)|can be obtained now in the same

way as obtained in the preceding theorem.
Equality in (3.5) and (3.6) is attained if we take
k(1-A- (B— A)B)z - (A-B)B(1-a)z"

f(z):k{(l—A—(B—A),B)—(A—B)ﬂ(l—a)z(',‘_‘} )
Letting r— 1in (3.5) we have the fpllowing,

Corollary 4 . If feP, (A, B,k,a,p,z,), then the disc U is mapped by f
orfto a domain that contains the disc

k(1l-A-(B-A)B) ~(A-B) (1l -a)
{((1-A- (B-A)B)-(A-B)p(1-a)zF"} *

|w|<

The result is sharp.

4 . Radius of convexity .

In this section we determine the radius of convexity of order p (0<p<1)
for the classes P,(A, B, k,a,pB,z,) and P, (A, B,k,a, B, z,).

Theorem 5 If feP (A, B,k,a,B,z,) or P(A, B, k,a,f,z,), then f is con-
vex function of order p in the disc |z |<<R*, where

=i (1-A-(B-AB)U-p) ot
o =y -y Ny Yy

This result is sharp.

[//
Proof In order to establish the theorem, it sufficies to show that !zf/ ((zz)) |

<(1-p) holds in |z |<<R*.
Let f(z) =a,z - i la,|z". Then
n=k

|2f Z)) =1~ ; nn-1la,|z""/ (@ _,g," la, 2D

<Zn(n—1)|a,||z|“/ (a, - k nla,l|lz |

— 75 —
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Therefore, | zjf:(‘z; |<(1-p) holds if

Znn-p)la,llz|"<(1-p)a,. (4.1)
n=k

when feP (A, B,k,a, B, z,), using (2.2) we find that the mequallty (4.1) is
equivalent to

S lntm-p)z - 1-mz) ") e, D<(1-p). (4.2)
n=k
But Theorem 1 ensures

2 (- U e, D 0.

Hence (4.2) holds if
{n(n-p) lz ' =-prz7 ") e, |<
n(l-A-(B-A)B)

—o)A (A-B)f(1-a) _Z(’)‘-l} ’an" for each n =k, k +1, «
or if
e AR A G T for each k1

Thus f is convex function of order p in |z |<R*.
In other case when feP (A4, B, k,a,p, z,), using (2.4) we find
Z {n=p¥lz " = -prz) "} |a, D<(1-p). (4.3)
Therefore, in view of Theorem 2,the inequality (4.3) holds if
n{tm-p)|z "' = (1-p)2]7"} |a,]
(A1-A-(B-AB)

(1) (LA BAB) 1oy |, for each n =k + Lk +1,
or if
1
|z [<C ((IA_ B)[gl(;1 Aa))ﬁ) ( 1 £)y @-D, for each n=k, k+ 1,

This completes the proof of the theorem.

Sharpness for the class F (A, B,a, B, k, z,) follows by taking
n(l-A-(B-A)B)z—(A-B)(l-a)z"
n(1-A-(B-Ap)-(A-B)p(1 —a)zg '’
whereas, for the class P, (4, B,k,a, f, z,), sharpness follows if we take

f(z) = n(l-A-(B-A)B)z-(A-B)(l—-a)z"
n{(1-A-(B-AB)- (A-B)B(1-a)zl "} *
5 . Closure properties

f(z)=

In this section we show that both the classes under consideration are clos-
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ed under “arithmetic mean” and “convex linear combinations”,

Theorem 6 Let S (z) :a”z—z ]a,,j lz", j=1,2,¢, and h(z):b,z—Z |b,,|z",
k n=2

where b, :_le,al_,-, b,= lejanj, (n=k, k+1,), 4,>>0and 3 1,=1. If fe
j= ’ ij= :

j=1
F,(A,B,k,a, B,z (or P (A, B, k,a,p, z,))for each j=1,2,.--, then heP (A4, B,
k,a, B, zy)(or PL(A, B, k,a,B,zy)). _

Proof If feP,(4,B,k,a,B,z), then we get from Theorem 1 that

Y in(1l-A-(B-AB)-(A-B)f(1-c)z]") |a

nj |
n=k /

< (A-B)B (1 -a),, J =1,2, 0,
Therefore

;k (n(1-A-(B-A) - (A-B)B(1-a)z) "'} | b,]

8

It
=~

<L Un(1-A-(B-p) - A-B)FL-0)z 125 |, |}
n j=1 n
<(A-B)p(1-a). .

Hence, by Theorem 1, heP, (A, B, k,a, B, z,).

Similarly, by using Theorem 2,we can prove that heP, (A, B,k,a, f, zy) if
SeP (A, B,k,a, B,z for each j =1,2, -,

Theorem 7 Let f (z)=z and
n(1-A-(B-AB)z-(A4-B)B(1-a)z"
n(1-A- (B-AB-(A-B)(1-a)zy |
Then feP, (A, B, k,a, B, z,) if and only if it can be expressed in the form

S (z) =

(n=k,k+1,°).

f(2)=4,£,(2)+ 2 A1, (2),
n=k

where 1,>0 and A, +2.4,=1.
n=k
Proof Let us suppose that

f(Z)ZAlfi(Z)-f-Z:’.‘/lnf;(Z) :alzﬁzk |an|zn9

where
e n(l-A-(B-A)8)A
:,{ + n
% ! E‘kn(l—A—(B—A),B)—(A—ﬂ)l?(l—a)z(;H
and '

(A-B)p{l-a)i,

la,,!: 71 s (n=k,k+1,e).
n(1-A-(B-AHp)-(A-B)B(l-a)z,

Then it is easy to see that f(z,) =z, and the condition (2.1) is satisfied .Hence
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f(Po(A9Byksa9ﬂ’ Zo)°
Conversely, let feP, (A, B, k,a, B, z,) and f(z)=a,z~ 3 |a,|z". Then, by
n=k
Corollary 1, we have

, (A-B)B(1-a)
— s :k,k+ %) .
|“"Kn(1—A-<B-A>ﬂ)—(A—B)ﬂu—a)z;’ (n Leee)

Setting
n(l-A-(B-AB)-(A-B)f(l-a)z; "
An=C SR iy el ke kg, .
and
Al = 1 _Z ’{n’
n=k
we have

f(z) =2 f,(z) + 24,1, (2).
n=k

The proof is completed now,

The following theorem can be proved on the lines of the proof of prece-
ding theorem. We omit the details of its proof,

Theorem g Let fl(z) =z and
n(l-A-(B-A)f)z- (A-B)B (1 -a)"
{(1-A-(B-A)B)-(A-B)B(1-a)z, "}
Then feP (A, B, k,a,p,z,) if and only if it can be expressed in the fdrm

f(z2) =2, f(2) + 22 A,[,(2),
n=k

fi (@) == (n =k, +1,0) .

where A,>0 and A, +3 4, =1.
n=k

Remarks

1.Putting ¢ =0 and g =1 in the above results, we get the results obtained
by Kumar and Shukla [3].

2 . Putting A=p8 and B=8-2y, 0<B8<1 and %Q<1 in the above res-
ults, we get the results obtained by Guqta and Ahmad (1).
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