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Equivalence between Bloch Space and BMOA Space*
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Let Q be a hyperbolic domain in the finite complex plane C, A(2) be Poin-
caré metric with curvature —4 on Q and 6,(z) be the Euchidean distance from
point z to the boundary 0Q of Q. Set A(Q), H(Q) and L',OC(Q) to denote the
class of analytic functions, real-valued harmonic functions and locally integrable
functions on Q respectively.

Bloch space on Q is defined by

(
B(Q):={f:feA(Q), |l :=s 77 ¢2) |

up ————-

Also, let BH(Q): = {f: feH (Q), | [l puq ® =suUPS,(2) [V f(2)|<oo}, where
zefd

oo},

V is the gradient operator.
BMO space on Q is given by

BMO (Q, m): ={ f1feL, (), | f ]l ng * =sgp<ﬁfA}f<z> - f, ldm(z)}<oo}

‘where z=x+iy, dm(z)=dxdy; fAzm—(lA_)_fAf(z)dm(z), m( X) is Lebesgue measure

of set X, The supremum is taken over all Euclidean disks ACQ. Also, set
BMOH (Q, m):=BMO(Q, m) "H (Q), BMOA (Q, m): =BMO(Q, m) N A4(Q).

In this paper, we have discussed the equivalence between B(Q) and
BMOA (Q, m).

First, we need several lemmas:

Lemma | Let p be an analytic covering map of D:= 1zd]z <1 onto'Q.Then
feB(L) if and only if fopeB(D).

Lemma 2 If feB(Q) and |f |54, >0,then for every Euclidean disk ACQ,
t>0 we have m({z:zeh, |f(z)- £, |>th<amBrexp(—1/|flgq)-

Lemma 3 f¢BH(Q) if and only if feBMOH (Q,m){!}.

Next, we imply the main results in two cases.

Case 1: Q is the simply connected domain.

H.M .Reimann!2?] proved the following fact:
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Lemma 4 Let Q, Q be simply connected domains, g be an one to one con-
formal map of O onto Q. If feBMO(Q, m), then fogeBMO(Q, m), and more
—é—HfUmQ( | fogl.g<al f|.q-here a>0 is an absolute constant.

Hence we have:

Theorem | Let Q be a simply connected domain. Then the following are
equivalent :

(1) feB(Q); (2) Refe BMOH(Q,m); (3) feBMOA(Q,m)s (4) Re fe
BH (Q)).
Case 2: Qis a multiply connected domain.
B.G.Osgood !’ showed the lemma as below:

Lemma § Let C(Q):=infi,(z)d,(z)>0, p be an analytic covering map of D
zeQd

onto Q. If feBMOH (Q,m), then fopeBMCH (D,m) and | fop|,p<<b|fl
is an absolute constant.

b>0

mQ?

Thus we get another result right away:

Theorem 2 Let Q be a multiply connected domain with C(Q)>0,.Then the
following are equivalent.

(1) feB(Q)s (2) RefeBMOH(Q,m); (3) feBMOA(Q,m); (4) Ref¢BH(Q).
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(1) feB(); (2)RefeBMOH(Q,m); (3) feBMOA‘(Q, m); (4)Re feBH(Q).
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