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On the Asymptotics of the Cesaro Kernel on Unitary Groups*
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| . Introduction
Let U, be the unitary group of order n. For ue¢L'(U,) the Fourier series ,
of u is (see[llj)
u(U) ~ ;Mf)tr(c,A,(U)), UeU,

Here N(/) is the order of the single-valued irreducible unitary representation
A,(U) of U, which takes f= (f,--, f,) as its label (fi>f,>+>f, all are inte

gers) , and C,=;1.—fu u(U)A,(U')l). When n=1 this is the classical Fourier

series on T, 1-demensional torus.

Gong Sheng (1 ) defined a variety of summation of Fourier series on unita .
tary groups and a series of results of the classical Fourier analysis were exten
ded to unitary groups. For example, he defined two types of Gesaro (C, a) sum
mations of Fourier series on U,, the type I and type [I. Each of them is the
classical Cesaro (C, a) summation of Fourier series when n=1.

Let ue¢ L'(U,) and then the Cesaro (C, a) means of type I of its Fourier
series is

oy(u,U) = 3 A A N(Nr (C,A,(U)) (1)
N>l >w>1>-N ! -

where AZ:F(a+N—|k|+1)F(N+’1)/F(a+N+1)F(N-—|k|+1),l,= fi—ji+tn,ji=1,
se,n,and a>—-1. The kernel corresponding to summation (1) is
K&(U) = (=) " V(g 1) ee2111D(e'?, oee ')

d d
XD(_d—é_

| ’ QIO,W

by e, e'’ are the eigenvalues of U, k(1) is the one-dimensional Ces

) (K% (8,) ek 3(8,)),

where e’

saro kernel and

D(xl,“',x,,): H (x,—xj).
1<i <j<n

We call k% the Cesaro-Gong kernel of type II on U,.Therefore o3\(u,U) =
=ky »u(U) .
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In the present paper we give the sharp estimates for Lebesgue constants
I~ ., and an applicatior of the results to the best conditions for the norm
convergence of (C, a) means on U, which extend and improve the results in
{1Jand (2).

2 . Main Results

Denote by gy the norm of K3 in L' (U,), py= | K¥| L, - Set

; :{n(n— 1/2-(n-2(a)~1)a-(a)([(a)+ 1), a>0,
"% Ln(n-1)/2-na, -1<ax0,
*{n(n—z)/4, if n even,
" Ln-1)%4, if n odd,
where (x) is the largest integer<x.
Our main results are as follows.
Theorem | (a) Suppose a is a nonnegative integer. Then
C,N’'» LogN+ O(N/me) , if a<(n-1)/2,
ph=< C,N'MogN+O(N’%, if a>(n-1)/2 and n even,
C,N7*+O(N’"'(logN) %), if a>(n-1)/2 and n odd;

(b) Suppose - 1< a< 0, then p}'.,=C4NJ"'+ O(N’»+"%logN) , where C,(i=1,
1,2,3,4) are the positive constants that can be determined explicitly.

In particular, when a=(0 we obtain the asymptotics of the Dirichlet kernel
DyonU,:

" DN" LT CN* - 1)/210gN+ O« Nn(n-l)/z)

Where DMU) = p N()x,(U) and g, is the character of A4,.
N> >w>1,>-N

Theorem 2 Let a be not an integer and ¢>0. Then there exist two positive

constants K, and K, such that :
K N7 = p4<K, N7 if a<((n+1)/2),
K, N7 (lonN) *»< p< K,N”*(1ogN) &3 if a>[(n+1)/2).

3. The proofs of theorems

In order to prove our results, we need the following lemmas.

Lemma | Let ky be the 1-dimensional Cessaro kernel and m the nonnega-
tive integer, '

(a) Suppose r is a positive integer and r'~1<a<r.fl‘hen for te (N'',2m)
we have

m m k
——k%() = 3 N™ ¥ %(2sin(1/2)) "4 Y2 @l (cost/2)!
dr k=0 = ‘
e — _ m r-1 )
xsin((N+ a+k21+1 o+ kz LY, + 3 LalN 2sin(r/z) 4
=0 Jj=1
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x (cos(/2)) *sin(<L=L 4 + m_é'k D +O(N™(ND) % 1),

2
(b) Suppose a is a nonnegative integer, a=r—1,Then for re (N, 21) we
have
d™ . _ m m-k-a . _L —r-k Lk' r m—k-a
ar kN(t)—goka (2sm2) (cosz) sin( (N + 2)t+———-—2 )

m r—1 .
gy > by, N7 (2sin(¢/2)) "/ F T+ O(N™(Nt) ~™romr))
=0 Jj=1

(¢c) For —1<a<0 and ¢ (N ',27) we have

A7 e =T(a+ 1>N'""'sin<1vz+!-'-'—2‘—-1—'ﬂ> + 3¢ Nmka
kK=o
x (25in%f)"’""'lsin((N+ ‘”é‘*l e+ ’""2"‘“ ) +ON™ (ND™)

Here a(,lj) , a¥ b,;, by ,c, are the constants which only detend on m and a.

Lemma 2 Let m be a nonnegative integer and set

e 2m+ 2k (_1)k+l 2m+2k
(-1 % _
mJ kzzo A G+a+1)(2k) ST T s=2m,
Ps,a =
o 2m+2k+2 _ k+Jj
(._I)WH-IZ m (-1 (2m+2k+2)t2k+1

S0 S e+ 1) (2k+ 1)) ,s:2m+1.

Then for a>-1 we have
a
dr’

Let m be an integer and 1<m<n+1. Set
DI = (8= (8, ,en,8,); 150,50, >N 130, >w>0,>0].

Let (s)=(sy,+,s,) be a permutation of 1,2, =, n such that s, leee<ls; , 5; ooe

<sj,, and s; =k for k=1,2,+,m— 1. Here {iy, i} ={1,2, «=,r—1} and r is a

positive integer. Set

kWD) =@, J NONT+ QNS+ N~ %,

Iy=N" ‘ij) N ST T (NG a8

where i,= k and s; for k=1,2,+,m-1 and k=m, m+1,+-,n respectively,and .j
Jx(k=1,2,+,n) are the integers such that j, € {0,1,+,n-1} (for k=1, ese,m—1)
Jo<—1(for k=m,m+ 1, ,r~1), ji>—1(for k=r, r+1,++,n, and there exists
only one ug{r,r+1, -, n} satisfying J,= —1.

Lemma 3 1If s; =k(k=1,2,¢+,n and j,= -1, then

Iy=N""Jrmm il D H (N8 do,

otherwise I,=0(1).

We omit the proofs of Lemma 1 through Lemma 3 because of limited sbace.-
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Now we turn to the proofs of theorems.
Proof of Theorem | Let c,=(D(n-1,-,1, 0)(27:)") and D(e'®) = D(e' ¥, .
o--,ei(}"). Set

Ko = D<7%T,...,7f7r, H ka0,
and D= {0=A6,e 8,);120,>>0 >0}, D; ={0=(0,,0,0,);0<6,<m,
a; < 0;<B;ja,Ji=1,2,,n~- 1}, where
a.:.fo’ I#p B, [0, j=i,,
Ple, =i, <L|¢9,| JFi,y P=1,2, v,k

Then we have

ph=c, | < o0 | KO D(e'’)dé

-‘2C (10+Z 2 Ii

k=1 1,,--,:, 2

) (2)

ool

I],’ ’k

Where
~a i _ ~a i 6
I,= IDtKN(ﬁ)D(e H1do, I; i, jDz,---v. K& DCe' [de.

Let §,~ ¢; for j~-i,~1 and 5,:0,- for other j(p=1,2,+,k). Then for
¢/ D we have

. - 8, 6, . .
|D(e’’ | = 6” NG PRAITRIY ‘l_[‘ (sm—z-—)-”(cos—i—)" b,

p

where (j) = (j,, e, j,) 1S a permutation of 0,1, «=,n— 1, (52".'.'_'j‘1is the symbol of
i,
v 1 | Lif (j) even,
Jyeeia [‘._ 1, if (j) odd ,

and 10 eee, i) =0+ et iyt jy *oeetj;,~ 2k. Therefore we obtain

_ oo = ] Ty e ) oy yoein
i 20, L (s DT 3 M m) (3)
3 WL Iyeeed, mo1 faeeiy

where

, , ~ o~ n 8 . 1] .
Jieed R a - s /e s n- b
’f.'---u('"’ - | D(,,,JKN(H)‘ || (sin5=) " (cos ) dé

and DYV =1{0eD; 6, >N "'>6, | .Now we fix k=k, and set Jy= 1’1'!- (m) .

0

Let a=r-1(r is a positive integer) and E,= A4, /B, for an integer [/ >0,
where A, = r +k;k=0,1,,0} and B, ={j+k+1;j=1, ee,r-1,k=0,1, «++,{} .For
SGEI set

. ! 0) . P
f‘((ﬁ,>"{h’( ’ if j7i,-1
‘ C-1'mlcon, if j=i,—1,p=1, kg,
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r¢l,,_l(0j) N if / even,

(9, =
BT T W, 4.6y, if 1 odd ,
where
Ko = (sm((N+r/2)t+(l—3+1)7r/2)(cos(t/2))",1fs r+keA,,
Lsmu/ Dt/2+(1-s+1)7/2) (cos(t/2)*,if s=j+k+1eB,,
(8, if jFEi 1,
br,oale) =d o070 W IT

1 - ¢IQV~|(01) ’ if j:ip-_ 1, p=1,2, ""k()'
By Lemma 1 and Lemma 2 we have

I Iy ) - - NTRS | 67 7”‘1’[;;,(1\/0,)01

p—— . 0 st 0 R
X H ZE'GJN ? Sf,’r(a,)‘(ZSm—z'—) j'(cos—zl—) tJ1de

=m scE,
+O(N’"*"YogN + N""'1ogN) , (4)

where s’ =i-k if s=i+k+ ¢ B, for some i¢{0,1, ---,n—":l} otherwise s = 0.

Suppose r<(n+1)/2 and choose m<r, Let (yu) = (u; o+, u, , denote the per-
mutation of m, m+1, eee,r—1 and (v) = (v, s, v, ) the permutation of r+1, s« n.
Denote by E,, the set of all permutations (j), ({), (u); (v) such that {j,,ee
ooy doa) =0, e r =2}, jo=r—1,1, - j,> - 1for s=1,2, e ,n-q-r-m+2),1, -
Jy, <= 1(for s=1,2,,i), and {/,,=,0,} ={0, 1, oo i~ 1},1,=r—-2 wheni=r-2,
where i=r—-2,r-1 and g=n—2r+ 2, ,n—r—m+ 2, In addition, for (), (j), (u
(), (v ¢E,, we set

m .
5 tr}\/-r/i(tl y "'9’7) = d)i[,(t.r) ggl‘(tl)'rlll

noaLomee I LR e L @
X }—[ 2 a) (D, G, " I Za, (W, (), q)
=1 g,51 A=n-q-r-m+3 1,50
xsin (4 (1 —T‘+r+1)7r/2)ts’(”‘)
i I[l
Mev s i Frasers InsZrayornsza) = = L1 Saanl(D), (0,0
A=1 1,20
n—r
7375 (2sin Z‘)s-“”‘) [ aP<, i,
A=i+ |
an—1-r-svp. PR L n rz,
X (cos 45 ‘ (2s1n—4—-) sin(y, + 5, r+1)+-—Z—),

where sl(”l)‘: ju‘—j g‘v[”‘—j ]_, sz(,u;_)': j”",' 1™ r,S}(VA)‘: jv"- 71*2, 54(1’1) :‘jv‘*r,and
h,-l,,_,-ko(r)sin(t+%(I,-r+1)), if i=r-1,1>r-1,

bivi, (O :<[ hi i ()5 0 E=1,=r 2,
. 0, for other i,!,,
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1, if s%#i,— 1,
(s)= 1. .
(=D if s=i,—1; p=1,2,,ko.
Now replace 8, by 1,= N8, for k=1,2,«,r. By Lemma 3 and (4 ) we can show
that

h

iy g

JN: NJ""'J‘D é’(t]’ cee,lys N0r+l’"'9N0ni 20r+l’ “',20,,)
N

171 d1,eeedr,d 8, edb, + O(N "9 | (5)
Here Dy={ (11,000 ,1,,8, 0003035 0t <ooeltpyy KLt plooelt, 4, 10, <N, N '
<6, <+<0,<7}, xg is the characteristic function of the set E, and

{(xl,"',x,;ym,"',y,,;Z,,,l,"',z,.):
Qeeon— 1 n-r-m+2 r—1
=% TS S e (D, (D, (W, )
M, (W, (W V"8 G=p-2r+2 i=r-2
'g(u)(l)qi(xl9'"9-‘!)”(v)(l)t/i(ywl""’yniZr+1""’Zn)°
4

Denote by 7,'@n(1,,%,t,,0,,,+,08,) the integrand of the integral in (5)
and set

ya(t,) :.[D up), @,(t ,""tr’ar+l""0ﬂ)dtl".dt"'d0”l“.d0"
where D, = { (£, 008, )3 0ty Koeelt KIKL,, <ooe<lt b and D= (0, 4,004,0,) 4

N1'<8,,<-<8,<n}. Then ¥, is a 27— periodic continuous function on [0, + o°).
Therefore we obtain

In= o0 dD N *logN + O(N =9 | (6)
Set '
Fa(tyyoeest) = [ ontiyeeest,, 0,00, 0,0,)d0, , +d 6, (7)
Then
e =ID’FN(t,,---,t,_,,t)dt,--dt,_,, te [0,27]. . (8)

In the integral expression of Fy we replace N¢; by x,;(j=r+1,-,n) and we
obtain

n 21 2”/\,
F \(t;,eee,1,)=2" J’O ...J‘O ¢N([1,...’t”y’+l’...’yn)

FO(N L, ooeyt ),
where
5»/(’;,"" rs Vrats s V) =
— N r—n'[N/ZJhli . . .
- [2_] iX:: ’: z g(tly"'y ri)"r+1""yyn§aN(yr+lylr+l) 9"°’aN<.Yn,1n))

1 in—l‘ 1 in-l_1
n—r-mt+2 r—-1

;(t,,---,t,)Z 2 2 Z lg(u)(l)qi“ls""tr)l

(D, (u) g=n-2r+2 i=r-2

and ap(y,,iy) =(N/2]" (po+2mi) (s=r+1, e n).
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In the other hand, we take the following function

a(rl,...’t’;yffl ’too"y") =

=(2m r‘nz >; ;"i >0g(tls'"9 s y,+l,'"ﬂn;Z,H,'",Z,)dZ,;r"dZ,, .
APZ P22,

Then there exist Sy(i,)e((N/2)"27i,, (N/2)'22(i,+ 1)) (s=r+1, «se,n) such that

a5(1‘1’"" r3Vristety Va) =
=y IR e T s e 9 Ba ) e B D)
i,=1 i,a=1 I y=1
+O(N €t oot )
Therefore we have
PNty oo s Vrory ooy 7)) — @(Eyy vooylys Yoy ooy ¥ SO(N T ECL, woe 1)), (9)
and for 1<m<lr,j,=r—1, {ji,o,), 4} =1{0,1, ee,r—2},

W= 1] im) = C (N 108N+ ON T,
here

Comk= [ g 801y o0 1) Aty oeedt,

and A7 = {1y, vo0 )5 01, < oonlt 1 <<t < ooelt, , 01,y ,1,<27) . Thus we
complete the proof of assertion (a) for a<(n-1)/2 from (2), (3),and (6)—(9).
The rest of Theorem 1 can be proved similarly.
Proof of Theorem 2 From (2) we can see
p‘;v>jb(~m,yi,‘:,<0)o<e”’) |d6, m=1,2, ,n+1.

Suppose a< [((n+1)/2], then choose m= (a]+ 2, By the argument similar to the
proof of Theorem 1 we can obtain

fom,]lff'?v( 8)D(e'*)|d6 = CN'**+ O( N’ logN)

Therefore there exists a positive constant 4 such that p}'v>ANl*‘. This completes
the proof of the estimate from below for a<{((n+1)/2). For a>({(n+1)/2]
choose m=[(n+1)/2)+ 1, Then the same argument gives the estimate from below
for a>({(n+1)/2). The upper estimates in Theorem 2 follow from our lemmas.
The proof of Theorem 2 is completed . o

4 . An Application

The sharp estimates of the previous theorems allow us to obtain the best
conditions for the norm convergence of the Cesaro means of type ][I in the
space E=C(U, or E=L"(U, .

Let u, be the Lie algebra of U,. For ueE and Xeu, we define
uVexptX)—-u(V) Vel

t b ”

Xu(V) =1lim

=0

as the Lie derivative of u in the sense of the norm of E.Set E” =E, and
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E ={geE; Xpe E“ ™V, Xeu,}
for a positive integer s. let w,(f,u,E) denote the modulus of continuity of u in
E, defined by

o (t u,E) =Sup{ | Myu| gs d(1,U)< 1}
Here d denotes the geodesic distance on U, and, for U, VeU,, and a positive
integer k&,

k

k . .
AuVy= 3 (-1 7 j)u(U"V)

ji=0
Finally if X;,e-,X :is a basis for u, we define
nZ
o t,u' E)= 2 w0t X e X; u,E) .

iyyemeyi =1
Applying the previous theorems and similar to [3] we can obtain the following
result. '
Proposition (a) Let ueE’. If either of the following conditions is satisfied,
(i) (@a)1<(n-1/2 and o,(t,u”,E) =o' |logt| %,
(i) (a)>(n-1)/2 and w,(t,u”, E)=o(t"

+

logt| ~ %, r>0",

then owtuw)—~u in E as N>+ oo, Here ¢,=1 if n even otherwise ¢,=0; 0,=1
if a is a nonnegative integer otherwise o,= 0,
( b) There exists a central function u,cE" for each a>> - 1, where s is the

largest integer smaller than 4, , such that o,(r,u, E) =0(t*|logt| =) as =0

but o u,) does not converge to u, in E. Here 4, , denotes Jo,oand J,, ¢, ,
denotes ¢, and ¢,,for (e)<(n—-1)/2 and (al>(n—-1)/2 respectively.
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B B L Fourier & # #) Cesaro K #

W ¥ B
(RMKRE, 5B

WE Hu.yn BB, ucLl (U, MFourier HM¥ A E "% Cesaro £ (o u,U)
=Kwv+u(U) , B

K%U) = AF e A )
N orods o A AN 4 (U U eU
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