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Consider Lyapunov matrix equation

A"B+BA=-C (1)
and the linear systems with constant coefficient
x = Ax (2)

where A4, B, CeR™", B'=B, C"=C.
A well-known result is the following.

Theorem (Lyapunov). The equilibrium of the systems (2) is asymptotically
stable if and only if for an arbitrarily given positive definite matrix C there exists
a positive definite solution matrix B of Eq.(1).

Recently the papers [1,2,3,4] study the relationship between Egq.(1) and
the partial stability of the equilibrium of the systems ( 2). This paperis a co-
mmentary on aforesaid works. In this paper we discuss several problems and
point out some mistakes.

1 . On partial positive definite quadratic form.

The notion of partial positive definite function was first defined by Rum-
yantsev (paper [ 5]). Of course, if a function is positive definite, then it is also
partial positive definite .

A partial positive definite quadratic form S{xy, eee, x,) for x;, e, x,is said to
be strict partial positive definite, if it is not positive definite for variables x,,
veey, Xy, X; (i=m+1,eee n). For example, f(x;,x,,x;) =x7+ (x; + X3+ x3)% is strict
positive definite for x,; f(x1, x;, x3) :x12+ (x; + x;)%is positive definite for x,, but
not strict. It is clear that any positive ‘definite function is not strict partial po-
sitive definite. The formulation of the notion on partial positive definite function
can avert some confusions.

For example, when matrix C is singular, the solution matrix of Eq. (1) may

be strict partial positive definite and not positive definite, unless the equilibrium
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of the systems (2 ) is stable, '
The proposition in paper [ 4 ] points out that a quadratic form x"Cx with rank
C=rispositive definite for x,, ., x_ if and only if
xTCX = (pyyx; +ooe + P X )2 oo + (Pt ose TPmmX )’ + (Pat X1 Fove + Py inX )7+ ooe
+ (P x e+ px,)° (3)
where the matrix (p;)), ., is nonsingular. By formula (3) we can easily deter-
mine whether a partial positive definite quadratic form is strict or not.

2. On the matrix C in equation (1).

First, solving matrix equation (1) means that for some kind of partial positive
definite matrix C and a given matrix 4 there exists a partial definite solution
matrix B of Eq. (1). Thus the study in paper [ 2] is not solving Eq. (1).

Secondly, paper [1,3,4] all obtained a sufficient condition of solvability of
Eq. (1), i.e., rank C=m. But paper [ 4] also points out that rank C=mis not
necessary to the solvability c;f Eq. (1). If rank C>m, there is either solvable
or unsolvable case of Eq. (1).

Thirdly, rank (A"B+BA)=m+h in paper [ 2] is wrong.

Example | 1) -5 1 1
A= -8 2 1
-8 1 2
The equilibrium of x= Agc is asymptotically stable for x,, and m=1, h=1.
10 -3 -3 -1 0 0
For B=—| =3 1 1|, wehave A’B+BA=| 00 0|, rank (4B+BA)
-3 1 1 0 00
=1<m+h,. -
-1 0 0
2) A=| -1 1 2
3 -1 -2
The equilibrium of X= Ax is asymptotically stable for x, and m=1, A=0.
27 5 10 -1 0 0
For B:% 5 2 4|, we have ATB+BA=| 0 -1 —2—{,
10 4 8 60 -2 —4

rank( A’/B+ BA)=2>m+h.
3. On the positive definiteness .and the unigueness of solution matrix B.
Let the equilibrium of systems ( 2) be asymptotically stable for x,, ..., x, and

the quadratic form x"Cx be positive definite for x, .., x, with rank C=m, then

y

there generally exists an infinite solution set of Egq. (1). But solution matrices

B are not all partial positive definite (see paper [ 4]).
And in paper [ 3] the uniqueness of partial positive definite solution matrix
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B also does not hold. Actually, there are some mistakes about the proof of Theo-
rem 2.1 in paper [ 3].

Example 2 -1 0 0
A=] -1 2 1
3 -2 -1

The equilibrium of systems (2 ) is asymptotically stable for x, .Let C=diag(1,
0,0) we can obtain solutions of Eg. (1) as follows.
by+2b,+1/2 2b,-2b, b,
B= 2b, - 2b, b, b,
b, b, b,
where b, b, are any real numbers,
B is positive semidefinite if and only if b,>0, b,=2b,. Thus we have
4b,+1/2  2b, 2b,
B= 2b, b, b,
2b, b, b,

and quadratic form xTBx:—%—xl2 +b(2x, +x2+x3)%. (b,>>0).1t is just strict positive

definite for x,. Hence, there exists an innumerable partial positive definite so-
lution matrix of Eq. (1).
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6) min{FXa,,, ), FXay)} >((K;, My, —mg )2+ Mj 5,7,

7) Fla,)> K, M, ,, FXay,,,)<-K;M,,_, .
where 4), 6), 7) are holding for r=1,2,e k.

In this paper, at first we construct eight lemmas, secondly we deduce six
estimating expressions for the values of the path-curves of the Lienard equation,
last we obtain the following result,

Theorem If the Lienard equation, satisfies the conditions from 1) to 7) as
stated above, then it has n=2k limit-cycles at least. If it satisfies the conditions
from 1) to 7), and 7) is holding for r=4k +1; then it has n=2k+1 limit- cycles
at least.

Example Let f(x)= —(x*-1)(x*-3%) and g(x) :%x in Lienard equation,
then it has two limit-cycles on the interval [ -5,5] at least.
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