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§ | . Introduction

C, denote a cycle of length & A factor H of a graph G is called {Ck, ,Ckz,
vee, Ck, }-factor if each component of H is one of {Ckl,Ckz,...,Ckl},A {Ck‘,Ckz, oo,
Ck’}—factorization of G is a partition {E,, E,,«, E,} of E(G) such that each
spanning subgraph (V, E,) is a {Ckl,Ckl,...,Ck‘}—factor. If r=1, {Ckl}—factor
write simply Ckl—factor. Enomoto ect. [ 1] discussed C,factorization of comp-
lete bipartite graphs. In this paper, we shall discuss cycle-factorization of
complete graphs. A cycle with prime length is cz;lled prime cycle. If there
exists a {Ckl,ckz,..., C,}-factorization of G then we say that G is {Ck,’ckz’""
C, }-facatorizable. '

Let ¢ be a permutation of symmetric group S, and ¢’ the permutation for
pair group of S, defined ¢{i,j} ={é:,®;} The ¢’ is called the induced permuta-
tion of ¢ .

Let G, and G, be two given graphs. Their cartesian product, wite G, X G, is
defined that

V(G, X G,) =V(Gy) xV(G),)
and '

E(G, X Gy) = {4, p, ) Cur,0) |luyu e E(G))
Ny 5y = by, OF Uy =u; and 0,02€¢ E(Gy) } .
Their lexicographic product, write G,XG, is defined that
VGIRGy =V(G) X V(G,)

and

E(G,QRGy) = {(uy,0,) s, 0 1,0 ECGD

or uy=u, and poe E(G)

I, denote isolate graph of order n. The terminologics and notations using in this

paper are same in [ 2], [3].
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§ 2 Theorems and Proof

Lemma | If » is odd, then there exist C, - factorization of K,. This resuit
can be found in [ 2]. Here we give a decomposition. Let
V=V(K,) ={ai,ay,+,a,}
d=C(a,,a;,*,4a,4)(a,).
C= (a1 @naty D2y Anzs** 5 Ay 1y 1@y 172415 %5 Any A1) -
E,= E(C).
then {(V, () (E)|i=0,1,e+, (n-1)/2— 1} form a C,-factorization of K,.
Lemma 2 K, =K, ®I,\JI,XK, and
E(K,QI)NEUT,XK,) =¢
Proof It immediately follows from definition .
Lemma 3
Ny, Ry, eee nv:Kn n, *e=,n
1 My eee, i—~1“ 2,
R
i=2 2 '
X (K, QIn 0
Jr ‘ xK,:'

and in this decomposition each other has no edge in common.

y, fyyeees By

Proof Repeat to use lemma 2 we can obtain the lemma.
Lemma 4 If m is odd, then there exists a C,-factorization of C,(m)=C,XI,,.
Proof
A'={a},ay, e, al), i=1,2,00,m
Let
¢;= (ajaje.al)
(a})ees (@l ) (@), ) eee (@ youn
(a,i)-o-(aj-,,,)(aj-”)---(af,)---
(aPess(@i ) (@, Veeelay), j=1,2,00, n.
6= (al,al, e, al)(ay, al, e, al)ee.
(al,al, e, al).
It is obvious that C,(m)[{4)<2C,. We only consider that » is odd,for n even

the proof is similar. Let
m-1 )
E’= U (@) (EC,(m)( AN
i=0

E = (p)pyme b i@, DDED, 121,200, m~1
It is easy to see that C,(m)(E;) is a C,~factor of C,(m). It is noly need to
prove that {Eli=0,1,+.,m~1} form a partition of E(C,(m)). For this it is need
to prove that
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(I) If i#£j, then E,NE,=¢ and
(I
|ECC.(m)| =5 |E)|
i=0

We first prove (I). Now we prove that there is no edge with form (a)_,,
a}) in E, and E; in common. Supose otherwise, there exists such an edge (a’,,
aj)eE,NE;. Then there exist ¢, and r,. such that

p=t,+i{modm),
p=t,+ j(modm),
g=t +i(modm),
q=t,+ j(modm),
1, ti=t,+ j(modm), (1)
t,—i=t,- j(modm), 2)
2i=2j(modm)
Since n is odd, (2,m)=1. This i=j(modm) to see [ 4]. Because i, j<m, there-
for i=j.

It contrary to the supose i+ j. Hence there is no edge with form (a’?_ , a%)
belong to either both E, and E;. It is obvious that there is no an edge with other
from belong to E,NE;.

Now we prove (II). Since C (m)(E;) is a C,-factor of C,(m), it contains
in components one of which is isomorphic to C,. Hence
|E,| = nm, EIE,.I = mnm=nm® .
i=0
Obviously |E(C(m))|=nm?. Thus

|ECCam)| =S |E,].
i=0

From above we know that {E, , E,, .-, E, |} is a partition of E(C,(m)).
Hence {(V(C,(m)),E;)|i=0,1,%,m~ 1} forms a C,-factorization of C,(m) .
Theorem 5 If m, n are odd numbers, then K,(m)=K,Q1,is C,-factorizable.
Proof Arccoding to lemma 1, K, is C,-factorizable. Each factor of the C, -
factorization is isomorphic to C,. The C,-factorization has (n-1)/2 such factors,
write these factors as C',C?, ., C""V/2 E(C')NE(C’) =¢ if i#j. Thus we get

a decomposition of K ,(m) as
(n~1/2 ,
K(m)=K®I=( ) C)&I,.
=1

Since C'«C",C'®I, is C,~factorizable by lemma 4. Thus K (m) is C,-factorible.
Lemma 6 If G is C,-factorizable, then for any positive integer m, I,xG is

C,-factorizable.
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Proof It is obvious.

Theorem 7 If n is odd. Then for any positive integer m, K”.. is C, ~factori
zable.

Proor By Lemma 3, K .can be decomposed as

m—1
K"l: Kn®1nn-l U’L:JZ I’llﬂ X (Kn®1,,"*l) l‘,,lln’ﬂ‘l X K".

Because n is odd, for any j>1, n’ is odd. According to Theorem 5 and Theorem
6, each factor in the above decomposition of K"_ is C,~factorizable. Thus K. is
C,-factorizable.

Theorem 8 If p>3 is odd. Then K, is prime cycle-factorizable. That is,
there exists a cycle - factorization each factor of which is prime length cycle -
factor.

Proof Give prime factorization of P. write

P=nlinYeen] .
each n, is prime number. Because P is odd, each n, is odd.
We first give decomposition K, according to Lemma 3. -

Kp = Kn’;"® In:"'

el

-2
UL o X (K @ n ))
i=g M [ R

oee oon st !
i-1 + nl

-,
'

F UL, . XK.
ny teeen, n,

By theorem 7, theorem 5 and theorem 6, we know that for any i, 1<i<t,
I, . x (Knm,®1mm m)

ny een, | ween,

is C, -factorizable.
K n&I o
n, n, wen

’

is C”‘ ~-factorizable.
I, . .xK

m,
Ry eeeny n,

is C, -factorizable.
The proof is completed .
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(hEBERENAREHRRER, L5 (PEERSHEE 88

- ®
AWETREEMEMAPBRERNEEZ —. HPOHBEREE-1TEIREAFSE
PR T
BRG, Gy, GR—AHENEZTA. BHEHEIEGH—A (G, Gy, -, G} - BF,
MRHEGH AN XETEIAHNENIERAMT (G, Gy, Gl PH—AE. FHhk=1,
(G} - BFHHEHMG-BF. BG=V, EF—A1{G, -, G- BTHBEAEERH—4 5
WAE,, Eyy ey Ei)y, HBEAV,EDBRE—A{G, Gy, G} -AF, EHRRXABEFHE
FoMAaBEFRSEBERFI®. &G, Gy, -, G RB, WS HKRENSBEFMETS
mhEETFRERT®R. [LI2IMET -SRI EEFHHFELE. ZXEREERN
BT 4%
BORMHKEES H—A4 B, ¢/ ErdhoFHOMHRS HENTE(2EI3DNER,
WReli,j)={oi,dj}. :
ROVHBEKEAREH B LT E.
MEENHEANE G, G, G X6, R G HKGHBRREHE, EXWT:
V(G, X Gy =V(G,) xV(G)) .
E(G,xGy) ={(uy,v)(u,,0,) |uue E(G)) Ho=v,,
B 4, = u, Ao E(Gy) ).
G MG HMERB, LHG KRG, EXRH:
V(GRG,) =V(G,) xXV(G,),
E(G,®G,) = {(uy,0)(uz, v) |u,u€ E(G) B u,=u,
Ho0g E(G,)}.

~

IF#RAA n AT AH LA .
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