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|1 . Introduction

v :
In 1965, D.Z. Djokovi<\:/ proposed the following propositiont!l:Let xo<x, <
.« <x, be real numbers and

S (x5 xg, xp, 000, ) =(x=x0) (X — X1 )eee (x —x,), (1)
M =max |f(x; x5, x,,,x,)], (2)
x,<x<x, .

1 o
D (xy, X1y 000y X,) = ﬁ-]-x, S (x5 xqy Xy, 000, x,)dx,

prove (or disprove) the inequality:
(-D* @ /ox,)>0. (3)
In 1966, The editor of the Amer. Math. Monthly pointed out [2]: From a
reexamination of the original proposal there is reason to think that the inequality
should have been stated as
(-1 %@ /ax,) >0. (4)
For n=1 (k=0,1), D.A.Hejhol showed that the inequality (3) is untrue,
but (4) is true.
Up to the present, no other solutions or comments have been obtained.D.
S . Mitriovi¢ and P. M. Vasic called (4) the Djokovig’s conjecture (see [ 3 1,
Chapter 3, 7.50).
The purpose of this paper is to disprove the conjecture.

2 . Main Result

S(x; xq, x,, 000, x,) is called f(x) for short. Let x=g(xp, x;, s, x,), x,<x<X,,,
be a real zero point of f’(x), such that

M=|f(x)]|= x)]|.
lrGol &gx_lfx |

We have
X M = (;—xo)"' (;—xl)(xld-l —;)"' (x"—;),
thus
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M0 fox,= - M "L ax - [P (. (5)

. X X
where Mxk=0M/0xk.
We discuss the following three cases:
(1) n=2.for convenience (without less of generality), let x, =0, x, =a,
x,=1, then f(x)=x(x-a)(x—1). Find the extreme point x of |f(x)],
If 0<a<—;, then -%<?= (1+a+/1-a+a’)[3<1, and thus
M=x(x-a)1-x).
We also find that
M = - (x-a)(1-x),
M_=-x(1-x),

X

M, =x(x-a).

From this it follows that
M fdx, = (x_*a)(l—;)J':z(x—_x_)(x—a)(x—l)dx
where (x —a)(1 -x)>0,
fol(x—?)(x—a)(x—ndx:[ ~1+2a -6a+2(1-3a)/1-a+a”1/36.

Let —1+2a-6a’+ 2(1-30)]1—a—a2=0, we find its unique real root
a,=[8+(—1094109%+512 )" (109 + J1092+512)' *3/18
=(, 1824879.
from which it follows that
0P <0, if a>a,,
0xy >0, if a<a,.

Furthermore
M’w/ax,:}’u—?)j:’xoc—‘x”)(x—1)dx,
where x (1-x)>0, D
folx(x—;)(x “Ddx=(-1+ 2a +2Jm)/36>0, (for all 0<a<{1).

from this it follows

0P
0x,

>0, (for all 0<a<1).
Furthermore

M0 fox,= —x (x~a)[ "x(x —a)(x ~x)dx,

folx(x~ a)(x—x)dx=(5~ 10a +6a>+2(3a = 2)J1 —a +a?) /36 >0,

We now have that
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(L4
ix,

<0.

Thus we conclude that the inequality (4) is ture for a1<a<—-1—, and unture
for 0<e<a,.
If a>%, the extreme point x of |f(x)]is

0<X=(1+a-Jl-a +a2)/3<-;—.

According to symmetry principle
22 <,
2 >y,
30 [ <0, if a<a,,
0x2 >0, if a>a;.
where a,=1-a,=0.8175121.
From this it follows that form (4) is ture for %<a<az, is unture for a,<
a<l.
Now we have the following theorem
Theorem | Let xo<x;<x, be real numbers, f, M, ®, a, and a, are defined
as above (n=2), then the inequality (4) is ture for a,(x;—x¢) <x, —xo<a,(x,~ x,),
and it is untrue for x,-x,<a,(x,—xy) or x;~Xo>>a ,(x,—x,). Similarly, for n>2,
the tureness of the inequality (4) depends on the distribution of x,<x,<Teee <x,.
(II) Let xo<x;<<eee <X, are n+1 uniformly spaced points of the colsed in-
terval [x,,x,]. Note x,=x,+kh, (k=0,1,e, n), with
h=(x,—x,)/n. (6)
Introducing the new variable ¢ such that x=x,+zh, thus x—x,=(—k)h, and

the integral gives
[ rdx = B =D 6= 2D G- m)AL

We write
o) =t@— 1)U~ 2)eee (t — 1)

and ‘
o(s) =fow(t)dt .

At frist we discuss n is even (n=2m, m=1,2,).
Lemma |4 For n=2m, ¢(0)=¢(n)=0.
So (5) is that (observing (6)),

2 - _ w1 o8 2= 1)eee (r—n)
MA®/dx,= —Mh jo rE dx
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It is well-known as cofficients of Newton-Cotes’ integration formulas [ 4]

s (D" n it = Deee (e = n)
A= —Tor o f—k dr .

Frorﬁ this it follows

(=D AM B /ox =M~ " nky(n— k)| A} . 7)
For n=1,2,.,6, we find A;>0, (see [ 4] P.242. the table of Newton-Cotes’
formulas), so (4) is ture . For large n, some of the values A; become negative
so (4) is untrue.

Now, we discuss that n is odd (n=2m+1, m=1,2,.), let
;:X() +.I-h
From (5) it follows that

MA® dx = + BT (T= Deee(T= k+ D (T—k~1)eee (£ = 1)

n it = Deeelt=n)
_f s ") (1 -Frde
(8)
if x,<x, it is negative, if X2 X5
Consider the integration

It is positive,

I = J'" t(t_].)"'(t n) (t t)dt

and note ¢(z— 1)eee (t —n) :TF((II_;HI))-—, where I'(¢) is Gamma function

Apply remainder element formula of I'(¢) [ 5 ]:

ra)r-t)=x/sin(xt)
thus

1 _Tn+1-)sin(x{t—n)) _ «(n+]-1)singt
= =(-1D
rad—-n T

4
from which it follows that

n I+ DI (n+1-1)sinny -
l)j P (r-r)de
We express the integration as sum of the three parts

n 3 n-3 n
fo:fo +J‘3 +f,,_3 =A+BrC.

At first we discuss B. The derivate of logarithm of I'(¢) is a increasing
function with ¢, the

r'e+y r'aa+i-n [<0,
Ta+1) Tn+1-1)

for —1<r<n/2,

>0, for n/2<r<m+1.
, we obtain In '+ DI'(n+1-1)

then '+ 1) (n+1-1) attain to
largest in the end of the interval [3,n—-3], thus 0<<I'G¢+ 1 (n+1-0<
rC4)rn-2)=6rn-2),

From this
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sinzx(t —k) |

| sinxt
e 2) I<1, for all 0<t<n,

EIG2))

and |r-7|<n.
Finally, we get a bound for absolute value of B,
6n’r'(n+1) Cn+l1)

2 — = =
|B|<6n’l(n-2) N L ) .
Now we discuss A. By expressing In I'(n+1-1) as Taylor’s series about n+1,
_ I'(n+1) 1
lnr(n+1—t)—lnr(n+l)—t—1~7n—+l—y—+0(7) , (9)

for sufficiently large n, we have that [ 5],

4
%=¢(n+1) =la(n+1) +O(7,1"2)’

thus 1
Fn+1-0=ra+De™" " r1+o-n7,

for 0<<r<3,then 0<I(r+1)<6,and sinxr=xt— (x1)*/3+ xt)’/5—ees,

1 _ 1 1

x(—k)  sk(1-t/k)  ka
from this it follows that (1 <<k<n-1)

A +1/k+12 kP + ),

sintt  _ 6 . 1?2
ra+ D05y = "5 T
thus
A= 3r(n+1)e"‘“‘"*“[1+0(i)j LGNy "—z)j(t—t“)dt
IO n E k (kz 1
since
3 ~fn(a+1) = 1 — 1 r 3 + 1
Ioe rds In*(n+1) (n+1” “Inr+1D)  In¥n+1) Y
3 fnta+t1), 24, — 2 _ 1 ' 9 + 1 2
foe thde In*(n+1) (n+1)? STICESY In¥n+1) * ln’(n+1)] )

from this it follows that

___6C(n+1) —. 1
"I O X 0d

At last, we discuss C. Let t=n-s,t=n-5, hence

n I'Gt+1)C(n+1-¢)sinxt

a-3 x(t—k) (¢ ~1)ar

C=

:J.o Frn+1-9I(s +_1)Sin7l("‘3) (s-s)d( -s)
3 I(n—k S)

(s-s)ds .

o vanp3 T(n+1 =5} (s +1)sinxs
(- fo 2(s=(n—-k))

Similar to A, we obtain
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6 (n+1) 1

- _ n+l __—+0—______ .
c=(=D <n-k)1n2<n+1>[" MG
Since
2
lim In“(n+1) = 0.
n

thus according to the absolute value, the B is smaller than 4 and C. Finally,
we get an estimate of [I.
+

1:(_1)n 61;(’1 1)

In“n+1)

if n=2m+1 is odd, then

L— _ Py il 1
[k +(-D i QR G ey BN (10

_ 6rn+1) 1  n—t 1
D + 2 ][1+0(———‘ln(n+1) )1 <0,

In¥n+1) “k n-
From this and (8), we can deduce the result, if x,x<x,,, then
<0, for 0<<k<li,

>0, for i+1<k<n.

I1=(

M20<D/6xk

thus ( 4 ) is unture.

We now conclude the following theorem.

Theorem 2 Let xy<<x,<e.. <<x, are n+1 uniformly spaced points of the clo-
sed interval (x4, x,]), then for n<{6,form (4) is ture, for large n, (4) is
untrue .

() We broaden the scope of our examination by considering integral of

the form
D(xy, Xp, %, X,) :ﬁlj' bp (x)f(x)dx, (1D

where p (x) is a given nonnegative weight function on the interval (a, b).
Let x,<x,<<-» <x, be the roots of (n+1)rh orthogonal polynomial R (x).

[20 GO P (P =0, if k<n.

where P(x) is a k degree polynomial, all the roots x; (i=0,1,..c, n) lie in tht
open interval (a,b), f(x) and M is defined as above. Now in the right of (5)

the second item is zero, thus
2 o b f(x)
M3P fdx,= MJ'ap (x)-——x = dx.

It is the well-known cofficients of the Gaussian integration rules [ 4 ]:

7o) b 00
R AT C A RS CEr Ry

o b Y 2
Cy fap (x) 0 Jdx >0

where

f/(xk) = ( - 1)n~k(xk’xO)°" (xk—xkfl)(xk+1 _xk)"' (x,,ka),
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from this it follows that
(D" R fox,= (- 1)2‘"”*"71 e = X0)eee (X~ Xy ) (Xppy =X )eee (x,— x,)C3>0.

The most common weight function p(x)=1,and the interval [ —1,1], the
corresponding orthogonal polynomials are. the Lagendre polynomials,

k
—(—2%—)!— ddk"(xz— 1), k=0,1,00e,n 11,000

Now we arrive at the main result of this section,
Theorem 3 Let a <xo<lx;<leee <x,<b be the roots of the (n+1)-rh orthogonal

polynomial P,,,(x), associated with the weight function p(x) in the interval (a,

P(x) =

b], where
D(xqg, Xy, e, x,) =—1&-if:p &) f(x)dx,
then (4) is true.
3 . Summary

We have shown that for any distribution of xo<x; leee <x, (n>2), the Djo-
koviés conjecture is untrue. It is true only for some special cases, as shown in
the Theorem 1,2, 3.
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% F— 44 T2 3t 49 Diokovilss 18
A R

(B K ¥ 8% R

i E
7E196548, Djokovi¢, D.Z M [ 17 # xo<<x, <o <x, B n+14%H, H
Slxy xg, xy, 000, x,) = (x—x) (X~ x)eee (x— X)), (1)
M :x?g)éxulf(x; Xgy X1y 000, X,) | (2)
D(xy, Xy, oee, x,) =—A1—{r'f(x; Xgy Xy, 000, X, )dx, (3)

WHRER:
(- D x,>0.
C2] gy ERBEH
(- D" 0 /ox,>0. (4)
RARERESRAIEY, LUE Mirinovid %, HEhhHBRN (RFAER) — B
£3]

FYMBEHETEZINMER, RIA:

EFRBI1 Xn=2, xg<x,<x;, HKa,lx,—%)<x-x<{1-a)(x,—x, (a,=0.1824879
)i, CA)YRESE, % x,—x,<la,(x,-x) Xy~ X> (1—a,) (x,-x )8, (4)FEK3L,
— iR, (ORBRFRILRA xo <x, <o <x, B AHHBEFX.

FR2 Wxo<x, <o <uBntIABESHHA. WY <6n, (4) KR, W&
Kign, (4)FRBAL -

TH3 B3R EH

D(Xg, Xy, 00, Xp) =1—&if:p(x) S(X5 Xg, X,y 000y Xn)dx

oo O M AR, B a<oro<x, <ew <x,<bRn+ 1 KEXFMA (BRAM () By
T 5. WHEBLAD (4) RRIL -

B2, HEBME X< x <o <Xy, (ORBRBIE, RMN—BERRE, (1)
KB MEBEL 2, 3R

— 278—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



