Journal fo Mathematical Research and Exposition

Vol. 10 No.3 Aug. 1990

A Pair of Formulae Generated by Lagrange’ s Expansion
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Let I" denote the ring ol forma! power series over the complex field C. Let
GET with ¢(0) =0 and @ (0 -0 so that it has a compositional inverse y
with ¢(d( r ) =@y (1))=1. Then for every fcI and ¢« € € with a#0 we have
Lagrange s formal expansion

SN = e+ ¥ D" HDCSC) - Ctiplo"y (1)
nl
where D==d/dr and D, means formal differentiation at r= 0.

a
Theorem |. Denote | )}= = ( f(0)) and for n =1 define
(

.- ! 1 n .
s (DfCO-Ct/ptn)™). (2)

Then for (¢, ) ECx C we have a convolution formula of the form

a+t fiy ., a i .
U T \‘—“I\Hn—»/\’ ¢8)

Theorem 2. Let o(n) denote the set of partitions of n, usually repressented
by (h)==(k,, e, Kkt L‘-’]k‘zk‘---n/‘“ with k; +2k,+ o+ nk,« n, Let 6(1) and f(0) b

be defined as in (1) with f(0)=1. Then we have

/(Iﬁ L ((k))[[{ } (4)

where the summation i1s taken over all the partitions of »n, and (<Z)) denotes
the multinomial coefficient with (&) ==(k,, <, k.o,

Both ( 3) and (4) imply various special identities for special number sequ
ences and special polynomials. For instance, taking ¢(n) =1+ " f(n=1+r,

one easily obtains

Ale+ Sy by = ST Ala, A, (B, D), (5
0oA u
Abap, bi- ¥ ; ;
Leap, b ”?”) )) [IA(/ h) (6)
) X x+ hn . . .
where A,6x, b)) = =5 ( ). (5) is the well known identity due to
X+ bn n

Hagen and Rothe, and (6) gives an identity of Chu Wenchang for b= 0
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