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Abstract In the paper, new procedures on Khachiyan ellipsoid algorithm
for linear programming are presented. The resuitsof the paper are essentially the ex-
tended and improved versions of that previously given in Khachiyan’s paper [1].
Application of the new algorithm for solving systems of linear equations are pre-
sented, The efficiency of new algorithms is demonstrated by nuxherical experi -

ments .

”e

§ 0. Introduction

It is well known that Khachiyan’s ellipsoid algorithm is the first polynomial
time algorithm for lingar programming problems. The ellipsoid algorith_m is of
considerable interest from a theoretical point of view, However, it may not be
satisfactory for some practical problems because of the slow convergence rates,
Acceleration for ellipsoid élgorithm and developing new efficient polynomial ti-
me algorithm have been attempted by many researchers. ’ . o

In this paper, two improved algorithms based on the original Khachiy#n paper
[ 1] are presented. The reduction of the entry length and an accurate estima-
tion on the maximum number of iterations are given. Applications of the imp-
rovéd algorithm for system of linear equations are summarized and many quan-
titative results for the solutions of the system can be obtained. Comparing the
improved algorithms with the original algorithm by some numerical examples

shows the efficiency of them.
§ | . First Improved Algorithm

We consider the inequalities ) o
Ax<b (1.1)
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where A4=(a,) is mxn matrix, x and b are n and m dimensional vectors, res—
pectively. Let a, denote the z—th row of matrix A. The entry length L is defl—
ned by

L=3 S log,(Ja,|+1) + 3 log,(|b] + 1) +1og,mn + 1. (1.2)
i=1j=1 : iT1

Khachiyan [ 1] presented a polynomial-time algorithm for solutipn of (1.1),then
Gacs and Lovasz [ 2] modified the algorithm as follows .

2Ly . Assume that we have x*,

Let x°=0, 1, be an identity matrix and A4°=2
A*, then the following steps are implemented:

Step 1.Check Ax*<b. If it's true, then x*is a solution; otherwise there is

i, such that
a,.kx*—b,.‘>0, set a= —a,.:
Step 2. Let
M=xk+ (1/(n+1))(A*a/Ja" 4*a ) (1.3)
A = (n?/(n2= D)(A* - 2/(n+ 1) - (A*a)(A*a)T/aT A*a) (1.4)
Step 3. Go to Step 1.
The number of iterations is not more than 11n’L,

Using expressions (1.3) and (1.4) for computation on computer, one often
finds that the round-off errors will change the positive definite property of A*
as k is increasing.It is possible to meet the mistakes such as square root of ne-
getive number and division of two small numbers which are close to zero.
There computing can not be continued. In order to put into operation of the
ellipsoid algdrithrﬁ on computer. We introduced the Discriminating Condition

JaA a< g x* - b (1.5)
and developed an improved algortihm agreed with the deeply cutting method.
The algorlthm is as follows . .

Let x° =9, A°—2"‘I be identity matrix multiplied by positive number, Assu-
me that we have x*, 4%, then the following steps are. 1mplemented

Step 1. Check (1.1), if it is true, then x* is a solutlon;l otherwise there is .

iy such that

a,.x">b,. and a,.x"-b,. :m_ax(a,x".—b,} .

Step 2. Check (1.5), if it’s true, then the computatlon is stopped; other

wise set a= —a and
=4 x —b )/,/
Step 3. Let
= xke (un+ 1) /(n+1)) - (A%a/ Ja” Aa) (1.6)
A = (n (1= /(P = D) (A~ (2un+ 1) /(n+ D) (L + )
-((A"a)(A"a)T/aTAka)). (1.7)
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Step 4. Go to Step 1.

After O(n’L) iterations we shall be able to obtain a solution of (1.1) or
assert that (1.1) is not consistent. Because of factor u, the contraction of the
ellipsoid is accelerated and the number of iterations is decreased in the improved
algorithm, when “=0, 1mproved algorithm (1.6) and (1.7 ) became original algo-
rithm (1.3) and (1.4) respectively.

§ 2. Reduction for Entry Length and Maximum Number of Iterations.

The entry length L is larger than m-n by (1.2). The larger L is, the more
iterations may be. Even 2! may be infinite in the computer.Therefore we must
reduce L as far as possble in theory. It's easy to show that L can be replaced
by

L'= i)mjllogz(bﬁ ﬁlaf,) +log,n+0.11, (2.1)
= i=
In fact we have

Lemma 2.| Arbitrary vertex V= (V,,V,, -, V)T of set {xla,x<b,,i=1,2,---,

m, x >0}. Satisfies
V], = max|¥,] <2/ n.

Lemma 2.2 Let A(E°()S) be the volume of intersection set of sphere E°
{x|]|x] ,<2F} and solution set s={xlax<b,, i=1,2,++, m}, then
A(E°MS)> -+ 1F,
Since L is replaced by L® in A4° the number of iterations is considerably
reduced, |
The maximum number of literations 162°L in ellipsoid algorithm is higher es-
timation, We have
Theorem 2,|] Assume n>»>3 in (1.1). Using the improved ellipsoid algorithm
(1.6), (1.7) for
K, =2In2(2n*+3n+ )L*<1.4(2n"+3n +1) (2.2)
steps, we can obtain a solution of (1.1) or assert ‘that (1.1) is not consistent ,
Theorem 2.2 Assume n>>2 in (1.1), Using the improved ellipsoid algorithm
(1.6), (1.7) for , .
K, =4n*+6n+2)0 (2.2)
steps, we can obtain a solution of (1.1) or assert that (1.1) is not consistent,
In practice, the iterations determined by (1.5) are less than K, and K ‘
for inconsistent system. »
The proof of above Lemma 2.1, 2.2 and theorem 2.2 can be found in [}’] .
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§ 3. Second Improved Algorithm-Two-side Cutting Ellipsoid Algorithm

In the first improved ellipsoid algorithm a contraction of the ellipsoid is
made from center x* to tangent point P.. If the ellipsoid is contracted in two
directions from x* to P, and from P, to x* simultaneously, then the contraction
of ellipsoid may be expected to quicken. Based on the idea, we construct the
flowing second improved algonthm two-side cutting ellipsoidal algorithm.

Step 1. Find i, such that

: pifvi=max {p/y) (3.1)
1<i<m
where
pfzalxk_bl ’
_ y'f=ja,A"a,T i=1,2,%, m,

Let /41=p,-’:/y,-'; . Obviously, if #,<0, x* is a solution of (1.1); if u,>1,there
is no solution on the computer, Therefore we suppose 0<pu,<1.

Step 2. Let

z:A"a,-:/yi: sy fizaz, i=1,2,, m. (3.2)
Step 3. If p/>f,; computing
m= A D Qi rD +J1= Xy H 1=, 1pB? (3.3)

Let u;=min{y,}. If pi< fis Vi, then x*-z is a solution,
Step 4. If u,<uy, then (1.1) is not consistent; Otherwise let
a,=(n+1)/Cuy+uy),
ay=2(1-u}) +n(i —uf),
ay=(1-pu) (U= 1),

d=(a,-Jal-4a,a;)/(2a,),
v=(/4,+/42)/(/42- -2d), (3.4)
¥ = x4 (g + d) 2,

A =1 -pui+vd )(A"~2(/4,+d)/(u1+/42) -zz"),

k
P,H —ﬂ,-“(/ll'f'd)f, ’

| | i = (L - uf+vdD (P B 2u +d) [ (uy + ) - fF)
Step 5. Go to Step 1. _
The second improved algorithm (3.1)- (3.4) became first improved algorithm
(1.6)y (1.7) when u,=1. It also became original algorithm (1.3), (1.4) when
#,=1, 4,=0,.Since there are factors u, and u, in algorithm (3.1)-(3.4). So the
contraction of ellipsoid is quickened.

~We prove the following two lemmas whitch assure the improved algorithm
(3.1)-(3.4) to be valid. A
Lemma 3.] A**! is symmetric and positive definite matrix.
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Proof Since A* is symmetric, obviously 4**' is also symmetric. According to
the expression of d, it is easy to obtain 0<{d<<(u,—u,)/2. So we have
' 0<2uy+d)<mp+mp, or 2(u+d)/(uy+u)<1,
Therefore Vxe¢R", (x#0) we have
xTA e = (L - uf+vd?) (T A x = 20+ d) [ (uy + pg) - x T4 0, A*x/a; A*a])
>(1-upred(x"A¥x-a, A"a] - (x"A*a])?)/a, A*a]
According to positive definite of A%, we obtain x"4*" x>0, so 4**'is a positive
definite matrix.
Lemma 3.2 Let ellipsoid E*= {x|(x-x*)(A (x-x*)<1}, then E**' inclu-
des E* {z,)| <z, <up}. ‘
Proof Let z =u +60(u,—up), (0<8<1). We only need to prove the following
expression :
uf+v02(/42—/41)2—2021(/42"/4.)v<2f
to hold. Since wu,/u;>1 50 (uy—pu )@ - Duy/uyd—(0+1)d<(uy—puy)-2d, We
have
20(/4’2*/4.)/(;44~;4.—2d)-(/4.+d)0(ﬂz—#,)—d(u2+ﬂ )< 20 (uy— 1)
Therefore ) .
Ui +v0 (uy— )= 20dCuy— p v =pi+ 01— ud) + 20 (uy— 1))/ (4y— uy - 2d)
YOy =) 0 —dCuy +uy)) <pi+0%py—u)? +20u,(uy— py)
= (U +0uy— 1)) =27 . _
Since (1~ul-vd®) —v(z,—pu,—d)? = 1= Cul+v0Xu,— u)* - 20du,— u)v),
so (1- ;1,1+rd2)— V(Zl—/ll-d)2>1 - z,2 holds. Lemma is proved.

§ 4. Numerical Examples

In order to compare the efficiency as mentioned above ellipsoidal algorithms
we computed some examples on an IBM 370 computer. One of them is as fol-

lows. A b '
ows ac= (Y x<(b‘) , (4.1
2 2
where A,= ~ I, is 9 order identity matrix, b, is 9-dimension zéro 'vector, and
1 1 1t w0 0 o o o 0] I o1+e
0 0 0 1 1 1 0 0 0 1+e
0 0 0 0 0 0 1 1 1 1+e
1 0 0 1 0 0 1 0 0 1+e¢
0 1 0 0 1 0 0 1 0 1+¢
0 0 1 0 0 1 0 0 1 1+e
A= -1 -1 -1 0 0 0 0 0" 0 |,b=| -1+¢
0 0 0 1 -1 -1 0 0 0 ~-1+¢
0 0 0 -0 0 o -1 -1 -1 - 1+e¢
-1 0 0 -1 0 0o -1 0 0 —-l1+e
0 -1 -0 0o -1 0 0o -1 0 ~1+e
0 0 1 1 0 -1 0 0o -1 -1+e¢
| -5 -4 -7 4 -7 -3 -8 1 -2 | | ~24+&

£=0,000005.
' —403 —
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We solve the inequalities (4.1) by means of five algorithms. Rounding results

to four decimals, we obtain the same solution for five algorithms, that is
X=Xy = Xg= Xg = X7= X5 =0, 0000, Xx;=x4=x3=1.0000.

The following table is a comparison of effciency among these algorithms, whe-

re L is entry length, K, is maximum number of iterations in theory, KX, s

maximum number of iterations in practice, 7 is CPU time,

Table |
No. | Algorithm L K, K, T
Khachiyan 71 91361 )
: Algorithm [computed by (1.2) (K, =16n°L) 11463 24min 9, 14sec
Khachiyan 29 37584 .
2 Algorithm |[computed by (2.1) (K, = 16n2L% 6000 |12min 58.1sec
.| Algorithm , 10695 .
S s (o 29 computed by (2.2) |70 [3min 17.53sec
4 Algorithm 29 10695 1315 [Omin 57.46
, in 57 .46sec
(1.6)1.7)
5 | Algorithm 29 10695 465
(3.1)@3.4)

-

§ 5. Applications to Linear Systems

We applied the improved ellipsoid algorithm to solving the systems of linear
equations ,
Suppose that
Ayx=b, (5.1)
where A, is nx n matrix, x and b, are n dimensional vectors. Each equality of
(5.1) is replaced by two perturbation inequalities, For instance, we may consider
that
Axby+ee , — Ax< —by+ee (5.2)
here e>0,e=(1,-",1)r. If ¢ is sufficiently small, each solution of (5.2 will be
approximate solution of (5.1). The errors between solution of (5.2) and (5.1)
was described quantitatively in [ 4], Clearly, (5.2) may be solved by the abo-
ve improved ellipsoid algorithm, ; -
We note the case in which there is no solution of (5.2). For certain com-

puter the following possibilities to cause no solution;
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(a) (5.1) is inconsistent, so is (5.2);

(b) ¢ is too small to solve (5.2) on the computer,
Using our improved algorithm we may show these possibilities with *the maxi-
mum number of iterations and with discriminating condition; respectively. The-
refore we may obtain many quantitative results for the solution of (5.1) with
the aid of (5.2). ' ‘

The efficiency of solving the equations (5.1) will bg raised with each imp-
" rovement of ellipsoid algorithm. It is quite natural that the second improved al-
gorithm can be applied to solving (5.2).

Using the method described in the section, we have computed the solution
of several linear systems successfully. One of them is linear system with " bad
conditions [ 6 ]

Ayx =b, (5.3)

—l'-]i.'—j’ bo= (b;)9b1 =j§au, n=40.

where A0=(a,.,) is Hilbert matrix, 4=
We solve it on computer NORD-100 with mantissa 30. Using complete pivot
Gaussian elimination and QR decomposition method the mistaken solutions (error
exceed *+1) are obtained. Then we applied as mentioned above improved algo-
rithm (1.6) (1.7) to finding column perturbaton of (5.2), (5.3) and take ¢=10"°.
When number of iterations is 80, 1000 and 9000, the accuracy of the computing
solutions to ideal solutions is 107%, 1072, 10}, respectively. We give the solutions
with the number of iterations 9000 as follows: ’
1.00029, 0.99814, 1.00155, 1.00373, 0.99915, 0.99617, 0.99764, 0.99814,
1.00056, 1.00177, 1.00234, 1.00297, 1.00180, 1.00113, 1.00069, 0.99881,
0.99946, 0.99847, 0.99815, 0.99859, 0.99784, 0.99851, 1.00199, 0.99877,
0.99940, 0.99657, 1.00305, 1.00138, 1.00374, 0.99961, 0.99984, 1.00043,
0.99960, 0.99866, 1.00391, 0.99660, 1.00173, 1.00244, 0.99783, 0.99856.
The solutions are in accord with results of paper [ 6 ] which are computed on
computer with mantissa 40. They have the same accuracy. This shows our al-

gorithm is successful for solving linear systems with bad conditions.
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