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Abstract

In this paper, sublinear and homogeneous quasiconcavity (quasiconvexity) pro-
perties of the optimal value function in parametric nonlinear programming prob- .
lem:

PCu)s { max f(x, u)
s.t, xeC(u)
is systematically resecarched. The homogeneous concavity and convexity properiies

in [ 1] are generalized by many new results of our paper,

| . Introduction

- The general parametric nonlinear programming is studied in this papcr Me-
anwhile, several parametric optimization problems the we may further specialize
“(u) are researched:
i { XS0
’ s.t.xeC(u)={er|g(x,u)<0, hix,u) =0}

b max f(x, u)
i e
{ s . xeCu) = {xeQ| g(x)<u,, h(x)=u; y i=1,2,2 p, j=p+1,m

max f(x, #) , max f(x
Piw, { s.t .CeQ e { xeC(f:) )
Generally, optimal value function is defined b);
. sup{ f(x,u)|xeC(u)) Cu) -
"'("):{ ~ oo Clwy =@

where f(x,u). R'xR"=R, f(x); R" »R. geR?, he R"™?, r™is regarded as the pa-

rametric space, and C is a set value mapping from R” to R", as well as several
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specializations of this problem, Its graph is defined by G(C):{(x,u)lx(C(u)}.
Main topics of this paper is; sublinear property of the optimal value func-
tion is considered in section one, The Second section concerns the homogeneous
quasiconcavity and quasiconvexity properties bf the optimal value function, Many
results of the paper are valid or general abstract spaces, for example, vector,
vector toplogical, vector normed, or Banach spaces.some results are applicable
to the optimal control problem and mathematical econoniics, etc, This will be the

topic of a forth coming paper,
2. ar property of the optimal value function

Definition 2.1 Function f; R">R is called sublinear,if it satisfies the follo-
wing conditions.

(a) flax)=af(x), for every x¢R", a>(

(b) f(xl+xz)<f(x,) + f(x,), for all x,x,¢K, where K is a vector subs-
pace in R".

For the above notion, it is not difficult to generlize the case of set value
mapping. We call set value mapping C sublinear on a linear subspace U, if:

(a) Clau)=aC(u) for every uel, a>0.

(b)) Cuy+u)CCluy) +C(uy) for all u,,u,el,

Note if f which is fintie is positively homogeneous and zero belongs to set
Q, then we have f(0) =0. Also, the set value mapping C is homogeneous equi-
valently that if set G(C) N (R"xU) is a cone and the above definition contain
relation is substituted by equal-sign,If mapping C is linear, then its equivalent
form: G(c) N (R"xU) is linear subspace (see Berge [ 2]).

Theorem 2.] Consider the parametric programming problem P(u). If f is
sublinear in set XCR"x P(R™), where superspace R"xP(R™),C is sublinear in U,
X is linear subspace of superspacg. U is a linear subspace of R™ ’then the op-
timal value function f” is sublinear on U,

Proof At first, let a>0, for every uelU,

f'au)y = sup f(x,au) = sup flax, qu) =asup f(x,u)=uaf'(u)
xeltau) xeCu) xeC ()

Second, we only prove:
Sau + Buy) <af(u) +Bf(uy)
In fact, for every a>>0, >0, and for all u ,u,cU, because U is linear subs-
pace, au, + pu,cU, By the sublinear property of f and C,

Sfau, + Buy) = sup  f(x, au, + Bu,)
x(C(au!+ﬁyz)

< sup flax,+ax, au+ fy,)

x «Clup
xzeC(uz)
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< sup ( fax,+ax+ flau, + f(au, + pu,))

x,eC(uy)
Xx,6C (uy)

<a sup fx, u) +B sup f(xy,u,) =af"(u,) +Bf"(uy)
, X eCluy) x,6C(u,)

This shows that f" is sublinear.

Theorem 2.2 For parametric nonlinear programming Pj(u). If for every xe
Q, f is sublinear in U, Q and U are both linear subspaces. Then f" is subli-
near on U,

Proof For all u,,u,eU, xeQ, and a, f>>0; by the sublinear property of f:

f(au, + Buy) =sup f(x, au,+ pu,)
xeQ2

<sup(f(x, au,)) +sup f (x, Bu,))
- x€efd

x€ef
<sup f(x, au,) +sup f(x, fu,)
xed xeQ

=asrugf(x, u)) + psup f(x,uy) =aF"(u) +Bf"(uy)

xeQd

Remark 2.] This result can also be extended to the parametric optimization
P’(u), but it is rather difficult to obtain the similar results of Theorem 2.1and -
Theorem 2.2 to problems P(u) and Pyu).

'Remark 2.2 Even the conditions of Theorem 2.1—2.2 are strengthened, i.
e., the objective function f and the constraint set value mapping C are all li—
near, only the sublinear can be obtained,

For the further discussion, we introduce the notion of contraction set.

Definition 2.2 Let A4 is a set, if for every a>0, a ACA, then we call set A
contraction set. Set value mapping C is contract, if C(au) CC(u).

Theorem 2.3 Consider problem P(u), if f is sublinear in U for every xe¢Q
constraint set value map C is contract and sublinear for every wel, Q and U are
all vector subspaces, then f" is sublinear on U.

Proof For all u ,u,cU, a,fcR., by sublinearness of f and contraction and
sublinearness of C :

n
S (au, +Buy) = sup f(x,au,+Bu,)
x(C(au|+ﬂuz)

< sup f(x, aul+)9u2)

x,eC(au,)
x 6 C(Buy)

< sup [f(x,au;) + f(x, B(uy))

xeC(au;)
x&C(pu,)

<asup f(x,u) +p sup f(x,u,)
xeCau,) xeC(Buy)

=af"(u) +Bf"(uy).
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We call C fixed mapping, if for every uelU, a>0, C(au) CC(u), where U
is a cone, It is clear that a fixed mapping is certainly contract,

Lemma 2.] If g and & are positively homogeneous in U for every x, then
the constraint set mapping C is fixed mapping on U, .

Proof For every a>>0 and ue¢U because

Clu) ={x¢Q| g (x, u)< 0, h(x, u) =0},

We may prove by simple calculation;

Clau) = {xeQ| g(x, au) <0, h(x, au) =0}
={xeQ|ag(x, u) <0,ah(x, u) =0}
= {xeQ|g(x,u) <0, h(x, u) =0} =Clu) .

For the applications of lemma 2.1 and Theorem 2.1 we obtain the following
result,

Thoerem 2.4 For P(u) . If f is sublinear in u for every x¢Q, g and h are
both positively homogeneous in U for every x¢Q, Q and U are all vector subs-
paces, then f"(u) is also subadditive.

Remark 2.3 Theorem 2.4 is not applicable for problems P(u) and P(w) .

Theorem 2.5 Consider the parametric optimization problem P(u). If [ is
sublinear in x for every xeC(u), and constraint set value mapping C is fixed

and subadditive, then the optimal value function f" is surely sublinear on U,

3. Homogeneous quasiconcavity and quasiconvexity
properties of the optimal value function

Definition 3.| ¢: R"— R is quasiconvex on its domain Q, if for all x,, X,€

Q, a,p>0(a+f=1)We have;
plax, + fx)< max{p(x,), @(x,)},

If (-¢) is quasiconvex, we call ¢ quasiconcave, meanwhile, ¢ is called
homogeneous quasiconvex or quasiconcave, if ¢ is positively homogeneous.

It is very easy to extend the above notions to set value mapping.

Definition 3.2 Suppose the set value mapping C. U-—- P(R") (superspace in
R") is concave if for all u,, u,eU, a,f>0(a+B=1)

Clau, + fu )T ac(u) + Bcluy)

where U convex, If the converse contain relation is correct, we call Cconvex,
Meanwhile, C is called homogeneous concave (or convex), if ¢ is both posi-
tively homogeneous and concave (or convex).

Theorem 3.| Consider the parametric optimization problem P(u). If fis
homogeneous quasiconvex on QxU, C is homogeneous concave on U, Q and
U are all covex cone, then the optimal function f" is homogeneous quasiconvex

on U,
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Proof At first, we will prove that f" is positively homogeneous. For'every
a>0, and (x, u) eQ x U, by the assumptions;

f*(auw) = sup f(x,au) = sup f(ax,au)= sup f(x,u)=af (),
xeCau xeCru) xeC(w)

Second, f" is also quasiconvex, In .uct, for every a,8>0,a+8=1 and or
all wuy, u,eU,

f”(au,+ﬁu2): sup S(x, au, + u,)

xeClau, + Buy)

< sup f(ax, + Bx,, au,+Puy)

X eC(up)
X,eC(uy)
<max{ sup f(x;,u;), sup f(x;,u,))}
X, eC(u,) *,6C (uy)

=max{ f"(u), f"(uy)}

We notice relation of homogeneous concavity and sublinear propety of the
set value mapping the following result is now immediate,

Theorem 3.2 Consider problem P(u), If f is jointly homogeneous quasicon-
vex on QxU, constraint set value mapping is sublinear on U, Q is convex sex,
U is vector subspace in R", then f" is homogeneous quasiconvex on U

The slight extension of the notion of a set value mapping is given by next
definition.

Definition 33 Set value mapping C; UCR">P(R") is called quasiéonvex.
If for every a,f>0 a+p=1, and for all u,, u,eU;

‘ Clau, + fuy) Dmin(C(u) \/ Cluy) ]
Also, if the following contain relation is right.
Clau; + Bu,) Cmax(C(uy) \/ C(u,))
then we call C quasiconcave, where min(C(u,)\/ C(u,;)] and max(C(u,) VC(u,) )
is respectively on behalf of the minimum and maximum of C(«;) and C(u;).

If set value mapping C is both positively homogeneous and quasiconcave
(quasiconvex), we call it homogeneous quasiconcave (or quasiconvex).

Theorem 3.3 For the parametric programming problem P(u).If f is jointly
homogeneous quasiconvex on set {(x, u)|xeC(u)}, constraint set value mapping
C is homogeneous quasiconcave on U, U is a convex cone, then optimal value
function f" is also homogeneous quasiconvex on U,

Proof For all a,8>0,a+B8=1,and u,,u,eU by the assumptions.

Sfau, + Buy) = sup  flx, au; + Buy) << sup f(xyau +Buy
xeClau +Bu) xemax(C(u)V C(u,)]
<max{ sup f(x, u,), sup f(x,u)} =max{f(u), f(u,}
xeC(u,) xeC(u,)

i.e., f" is quasiconvex on U the proof of positively homogeneous is similar to
Theorem 3,1. thus completing the proof of the Theorem. '
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Remark 3.] It is rather easy to obtain specializations of the above results
to homogeneous quasiconcavity (or quasiconvexity ) at a point and uniform qua-
siconvexity. The above result to the parametric optimization problems Py(u) and
P'(u) can be easily obtained in a manner analogous t'o P(u). But it is rather
difficult to generatize P(u) and Py(u). This is because the sublinear property
and homogeneous concavity (or quasiconcavity) of constraint set value mapping
C can be not given by the same properties of g and h,

Remark 3.2 The above results are not applicable for homogeneous conca-
ve (quasiconcave) case, but we add to a fundamental assumption condition e,
g., for all wu ,u,el, x,¢C(uy) (i=1,2,) the following inequality is correct:

f(xl’ul>>(0r<)f(x29 usy)

The results to homogeneous quasiconcavity can be stated in a manner ana-
logous to homogeneous quasiconvexity specially.

Remark 3.3 We may state deeply homogeneous quasiconcavity (or quasicon-
vexity) properties of the optimal function under correspondind the some special
structrues of the constraint set value mapping, such as homogeneous quasimo-
notoic homogeneous topological closure concave (convex), homogeneous hull
concave (convex) and homogeneous closure hull quasiconcave (quasiconvex) ca-

se, etc..
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