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On the Durrmeyer Op_erator over Arbitrary Triangles*

Wu Shuntang

(Zhenjiang Teachers’ College)

| . Introduefion .
Let f be an integrable function on [0,1), then the Durrmeyer operator

“ f) applied to f is
M f; x) = (n+1>2 ,(x)jf(r)P,,(r)dt,

where P,(x) —( )x'(1-x)". This operator was first .mtroduced by Durrmeyer
[1], then Dernenmc [2] and Gao [ 3] studied the approximate properties

of M,(s, ) in spaces C(0,1], C*(0,1)(k>1), L,(0,1] , BV(0,1) and Sobaley
space W,pEO,lj respectively In this paper we shall. generalize the operator M,

on [0,1] to the triangles in plane.

Let T,,T,,T, be the vertices of .triangle T. We ~shall. identify any point p ‘
in T with its barycentric coordinates (u,», w) and write p= p(y, »,w), where
, py=u7;+sz+ wly, uto+w=1, u>0, s3>0, w>0,
A function f defined on 7 can be expressed in terms of the barycentric coordi-
.. nates: of p, i.e. f(p) = f("v,. v,,w), then the Durrmeyer operator Mn(-,ﬁ’, p) over

" triangle T is given by

N D W ) | WAV ot L (1)
J3 i+j+k=n

Where J,k(P) =n) /uﬂk!uvw is the Bernstein basis polynomials, the mtegral
is surface integral over triangle T.

The purpose of this paper is that we shall discuss a series of approximate
properties of the operator (1) in space ct (T) , L (T) and W, (T), etc.

2 . Error estimate in space C(T)

Suppuse that X is a compact set in a normed linear space We denote by
C(X) the space.: -of all continuous functlons on X, the modulus of. continuity of
-f denoted by o,( ), sz C(X)—=C(X) is a linear posnttve -operator. Then we have

Lemma | Let X,be,a‘ convex set, then
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o (A8) < (1+ (A w,d),
where (1) denotes integet part of 4.
Lemma 2 If f,g¢C(X), then
< & fix) w2l x),
Lemma 3 If a sequence of the linear positive operators { «(f3x)} (n= 1,2,3,
) satisfies the conditions on X:
(i) «{lsx}=1,

(i) g;{||t—xn’;x><f}, (A>0)

whhere X is a convex set. Then for any feC(X), we have

| <l fC1) 38— f(x) ||m<m‘in(A, J‘Z)w,(—jlf—) . (2)

Proof Writing

(Ll fsxy, i Bl x| > 1,
<, {f(t);x}—{ e
) Fpr-xi>1 0 if JBJt-x|<1.
Observe that, ¢, is also a linear positive operator. Then for A4<1,

Bl- zf>1
| aral £C0 5 x} = £(2) || < Q’n{wf( fe- x|, ©)

<+ o, (Bl - x| 2o (—

Jﬂ.
<1+ <, X Va(
(v @ (JBl-xls ey Jﬁ.
1 : - x| 2K (1+ A) (3)
<{ +mrs‘;|>1m'“t x5 x} o (—= Jﬁ <a+ w,(J 5 |

for A>1, using the lemma 2, we have

| 2l f(0)s x} - | <(1+ «{JBilt-x]s x}} o Ji>
<A+ Do (—— Jﬁ (4)

1 1
{1+ C e {Busx} 2ol el ]t x||2;x}]2}w,( 77

By (3) and (4), we get(2),
The following lemmas are easily shown:
Lemma 4 vya,pB,7>0, we have

«s _ Tl+a QA+ I +yp
ﬂ“”w’d""/? I'(3+a+ p+p)

Lemma § The following equalities are true;
(i) M(1;x) =1, ‘

_ 21— -t - wHn+ 120>+ P+ W) -2

(n 3)(n+4)
By lemmas (3) and (5) above, we directly obtain the followi(ng theorem,
Theorem | If f(p)= f(u,v,0)€C(T), then for n>1 ‘

(i) M| P - p|?s P)
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2/3 '
IMCSCPYs = (D) < L+ =5 )‘"’(J+4) (5)

3. Convergence of derivative of M, (f:p)

Now we discuss the convergent property of the derivative of M,(fip). In
this section, we assume that
’ f(ll,l),w)=f(U,0,1“ll‘l)).
Lemma 8 vyr,seN, r+s<n the following equality holds;
L0 nt(n+2)! r+s
M, ( f( Y3 p) =——= . : (-1 -
- Ou i /(s p J3(n—r—s)|(n+ r+ 9!
IR VACAIN va e T e APV FPNADT (6)

i+ j+k=n-r-
Proof Using the Leibmz formula and inverting the order of summations, we

get
a'
— M) p
Ou
('H'Z)! ! ” ’
_ _ - I e DY ()
T J3n-m1 o<.+zk:<n r( DI ,,‘p)”{Z( 1)(1) 40 j=rk+ ‘l.{ S dp
r n(n+2)! Z n-r .
(1) J . APE .,
(=D 3= D1t 1 ocibrannr b7k P2k
where F. . ”{ " ,,’, LY fpHdp'.

Usmg the Leibniz formula again and inverting the order of summations four

times, we may acquire
aH-.l'

W I fer)s p}
nl(n+ 2N £oaIom o om-k res-m, S n-r-s
-1 J ol )F,
C JB—r—91(n+ )l mo kszm i}=:0 = b Cm i m s s P Fi
r4s (n+2)! -r-s - @ . mp; S
=(-qy—nl I P [[ —{3= (-D"5)-
¢ J3(n—r—1(n+r) 0<i+k§n-r g Ppimrosk P frj ou’ {:A:‘o m
.‘Il"++r:j-r—s+m, H,“_,,,(p’)}f(p’)dp/. (7)
But easily note that ,
s $ .
0 o 12 = (n+r+S)! Z(;l)m(s )JI"++:j—r—s+mk+r+s m o (8)

_ariw,}-r,k*’*"(p)_ (n+n)! 5

Hence (6) is a consequence of (7) and (8).
Now we consider the operator

. + + + Il r—=s n+r+s
M:(ﬁp)? (n r+sJ?1)(n+ r+s+2) . % ~*(p) J‘J~ Jx+r1+s NG f(p')dp;
i+ j+k=n-r- .
’ 9
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where r,seNand 0<r+s<<n.It will be observad that M:(f; p) are positive linear

operators too. Using lemma 3 again, we*may prove the following theorem:
Theorem 2 Let r,s be any fixed positive integer such that r+s<n; feC(T),

then for all n large enough, |

“

| MCSs ) = £p) < (14 J7) € J%). (10)

From this, we get
Theorem 3 If yr',seN, r<r,s'<s,
r'+s
0’0"
then for all n large enough, we have

f(peC(T),

" (n—r—-91(n+r+s+2)1

+5
— 1
p— *—_
n!(”+2)! auravs Mn(f;p) a s f(p) "oo<(],+\/2)w ( JT )-
v _ . ' (11)
Where @*(+) are the modulus of continuity of P fip.
r+s’ rs
- Corollarg | If for any r’<r,s’<s,—a,;7— S(p) eC(T), then

~M
¢ 4 o0’ (3 D)

—»——— f(p) (n—>o00) uniformly on T.
ou 0p

3. Asymptotic formula

By means of the methods smnlar to (6) or (7)), we get

Theawem 4 If all second order partial derivatives of f are continuous on 7T,
then vypeT holds .

M5 = fim+ e -aw Y af +(1-30) f+<1—3w> af]
2 -
+—Eu(1—u)af+1)(1 0f+w(1—w)—a—-L
PN it P i SRR S i S (12)
“ dudy 00w wdu n

4. The convergence in space L,(T) and W, (T). .

First of Aall, let's discuss the convergence in space L ,(T). The norm of - fe
L,(T) i denoted by “f“L,(r)’ number ¢ is conjugate exponent to p.

Lemma 7 yfe¢L,(T) and 1< p< +oo we have .

1M, Qs Dl < /| L. (13)

Proof If p= + oo, since ||f|||;m(r)= ess sup f(Q), the inequality holds cer-

tainly. If P=1 since
“M (f(Q’)iQ)“ L(p

mmﬁﬁﬂ_zi ] ,,,,k(Q>”Jmk(Q)f( ")dQ'|dQ
. i+j+k=n
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(n+1 |
< n+J3)(n+2> y{ﬁf;" ,,,,k<Q)” 7 (0D £(07 |d0Ndo

=J'TJ' | £(Q"H|aQ’ = "f"Ll(T) ’

the inequality (13) holds too. Now let 1< p< +00, the Holder ineqﬁality yi-
elds

{ T Ja@ [[J,'i,,k(Q)lf(Q)ldQ

i+j+k=n

< = J,:,,k(gy)(fj e @D fQ)aQ’y
I+ j+ k= T

3
<<(,,+f)(,,+2)> 2 ,,k<Q>ff ,,k(Q)If(Q’)I’dQ

i+j+k=n

From this we get
IM.r@ )@ "L,(T)
(n+ D(n+2) I Y " n , / L
<= fCampara? 5. S @ff Jlue)lseh e
.
The proof of Lemma 7 is complete,
Theorem 5 Let fe¢L (T), then
lim | M £(Q)s @ - F@ I (7, = 0. (14)

Proof Since feLp(T), then 'Ve¢>0 there exists a continuous function ¢ with
a compact support in T, such that
1= gl g <e.
Since ge¢C(T), then by the theorem 1,3 N, such that ¥n>N
IM(es @ -2(@) | .<e. |
Now by the Minkowski inequélity and lemma 7,
IM(f5 @ - Dy |
<IMf @ -Mye Dl 17 - gllL,erHM(g; ¥ 1(7))

<2|/-glim + M2 Q) - 2@ |l o, < (2 +|T] e
where |T|is the area of triangle T. This proves (14).

Finally, let us deal with the convergence in Sobolev space W, (T). Let r,,
r,are nonnegative integers, r=(r,,r,), |r|=r,+r,, Df=( alr |/6u’ﬁv )f, the norm
of f(p)eW,(T) is denoted by | fly, o ,

1

"f”w"(r) :(l [E ”D"'f"L(T) T-

In this case, we obtain results similar to in space L (T) as follows;
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Lemma 8 If f(Q)eW,(T), then
IM @l ., <l o -
Theorem g If f(Q)eW”(T) , then we have
lim| M, 3 @) = £ lw, 7, =0.
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