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Abstract

In this paper the techniques of nonstandard analysis are used to establish the
quasi-Duhamel Principle. The applications of our result lead to simple nonstan-
dard proofs for some theorems of ciassical mathemaucal analysis,This principle is

also very useful for nonstandard asym ptotic approximation of sums and integrals.

§ 0. Introduction

It is well known [ 4] that Duhamel’s Theorem is a fundamental lemma in
the applications of the classical integral calculus. In recent papers [1,2]we ge-
neralized it to hyperreal field (which we call here H-field) * R, thus giving the
extended Duhamel Principle. The aim of the present paper is to show a more
general form of this principle, called the quasi-Duhamel Principle, in which
the conditions concerning infinitesimals are left out in particylar, It is evident
that this new form will have still wider uses, such as to verify directfy an im-
portant condition which guarantees the existence of Riemann- Stieltjes integral,
and other classical results (c¢f. § 2). Also, it will be expected that this result
is a very convenient tool for such problems as counting arguments and that stan-

dard infinite structures are approximated by s-finite structures.
§ | . Quasi- Duhamel Principle

Theorem (Quasi-Duhamel Principle). Let {sj}j('N, {s/} je* N, {rj}je'N
and {rj’}je'N be four intermal sequences inH-field *R such that for each j<n,
where n is any finite or infinite natural number,

(i) s//$=1,

(ii) TIsl=1L is finite,
Jj=1

(iii) p=r/,

(iv) r and rare finite,
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Then the following near-equality holds;

irjsj:irj's; (1)
j=1 J=1

and ° (F’j"/) =° (x2ris)) . (2)
=1 i=1

Proof We may consider only the case that n is finite. Since r/~r, and
s//s;~1, 8, =r/—r and n,= §//s;—1 are infinitesimals. We have $/—§;,=n;s;, and
$0 §/=(1+np)s;. Thus

s —ris,= (=) s+ r(si-5)=0,(1+n)8+0n$ (3)
By transfer principle, every s-finite set of hyperreal numbers has a largest ele-

ment, therefore we may write

160 =max (l6,)),  lol =max (Inl}, |ra|=maxlrn)),

which are obviously infinitesimals. Hence we have
£ 05~ 2 nsi<clola+hnb +lenld £ls) = oL =0,
j=1 Jj= j=

where ¢ is some infinitesimal, This justifies (1) .

"
It is easily seen the «-finite sum )} r;s; is finite. In fact, by transfer, -
/=1

max {|rj|) =r exists and is finite since every r; is finite, Thus
1<i<n

|121rj $,|<lefjl Is,i<rtL.
= j:

Therefore } r; s, has standard‘part. From this fact we obtain ( 2). 8
j=1

§ 2. Application

As applications of the principle we show a few results of the asymptotic
approximations and give simple proofs of some known facts about the Riemann-
Stieltjes integral .

| . Asymptotic approximations of sums

Corollary |. In the theorem, if the conditions which r, and r] are finite for
all j<{n are left out, then

j};ir;sj.’:j;(pn;j)r]sj , (4)

where each p; is infinitesimal .
Proof From (3), we have _
rj’s;— (1 +p7j)rjsj:0,(1 +n)8; .
Therefore (4 ) is immediate, [ ]
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Corollary 2, (The corollary of dominated 'apprdximation) If the conditions

(i)—(iv) in the principle are satisfied only for finite natural number n and

assume 3/, is a standard convergent series such that |rs,|, |r/s/|<t, for all je
i=1 4

*N, then

Erjsiziri,sj/‘ | (5)
Proof By the quasi-Duhamel Principle we have
n n
Lng=1rs .
By Robinson’s Sequential Lemma, there is an infinite natural number w such
that

W

w
AL
Jj=1

J=1

Since dominated series Xitj converges, Y_I;8; and jzlfj’s,’ converge. Hence
Jj= j=1 =

f}rjsj:o and irj’s;:o. Thus

i>w J>e

,Z’,-sj:i'}”j/- - ]

2 . Riemann- Stieltjes integral

Theorem. If f is continuous on (a, ) and g is of finite variation (bounded
variation) on (a, b), then f is Riemann-integrable with respect to g over (a,b],

Proof For any *-finite fine partition of ([a, b

A, ={a=1,<t,<1,=b},
such that 7,~¢, , (1<j<w), where we’N\ N, by the Hyperreal Extreme Value
Theorem, the »-finite upper Dardoux- Stieltjes sum Y and the »-finite lower
Darboux- Stieltjes sum *L exist. Thus it follows at once by the quasi- Duhamel
Principle that
‘U tg A0 ="L("f, %, A .

This shows that feR(g) over [a, b]. [ ]

Theorem Assume fe¢R(g) over (a, b), and assume that ¢ has a derivative
g on (a,b]) and g’¢R over (a,b). Then

fbf(x) dg(x) =fabf(x)g’(x)dx : (6)
Proof For any A, as in the preceding theorem, since
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A'e="g(1) —"g(1,:) ="¢'(1)) A1, + 0 AL,
where @ is an infinitesimal and A7;=1,-1;,_,, it is clear that 'g’(tj) Atj/Aj'g’—Vl .Also
?f(sj)z'f(t,), where ¢,_,<{;<t; for j<w, since the function f is uniformly

continuous on compact set [a, ). Because g is obviously of finite variation,

ild,'gl is finite. It is immediately from our principle that
i=1

S A=Y "f(p e (1) AL
Jj=1 j=1

Taking standard part, (6) is established. [ ]

Definition (relative derivate). Let F and g be standard real-valued functions

on (a,bJ CR and let x, be any standard point on {4, b] which belongs to no

interval of constancy of the function g. If for every non-zero infinitesimal # in
*R, there is a unique real- valued “Monad Function” Sf(xy) such that

o, "F(x+6) = "F(xp

*g(x,+6) —"g(xy)

then F(x) is said to be relative differentiable with respect to g at x,, and f(x,)

) =f(xy),

is called the relative derivate of F with respect to g at x,, and write

If F and g have standard derivete at x,, it is quite obvious that
F'(x,)
g/( xo)

Definition (relative primitive function). Let F and g be standard real-valued

F,(xy) = (&'(x0) #0) .

functions on some interval ACR . The function F is called a relative primitive
of a function f with respect to g on the interval A if f is the relative derivate
of F with respect to g on A, that is, if F;(x) = f(x) for all x on A.

Theorem. Assume f is continuous on (a, b] and assume g is of finite varia-
tion on (a,b]. Let F be any relative primitive of f with respect to g on (a, b].
Then

[P f(xrdg(x) = Fb) - F(a) .

Proof Since fbfdg exists, we may make such s-finite partitton of {a, b] as
a

A,={a=xy, Xy X5y, x,=b},
x;=a+(j/w)(b-a),
T J=0,1,2,0 w, we'NN\UN,
and write x,-x,_,=(b-a)/w=dx. The difference dx is obviously infinitesimal.
It follows from the quasi- Duhamel Principle that
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w o * ~-*F(x,
Fb) - F@ = 35 —25m 290 Z FU) s
Jj=1 g(xj-|+d-x)_‘ g(xj_l)

zjZ:'F,/(x;-l)Aj‘&’ =2 fx, 0 4% .
=1 j=1
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