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Let us denote by
=X, el = 11
the n distinct zeros of

Tx)=—n(n- 1).[7)(1P,,,,(t)dt =(1-xHP,_(x),
where P, (x) is the Legendre polynomial of degree n-1 with the normaliza-
tion P,_ (1) =1. The zeros of the derivative n/(x)= —n(n-1)P,_,(x) are denoted
by A; (k=1,2,+=,n—1). The following relation is valid:

e Xy <x e ey <o <X Lo <A< = 1 (1

Let f(x) be a continuous function defined in [ -1,1], that is, f(x)e¢C[ -1,1
1]. By the general theory of Pal interpolation (see [1,2]), there exists a unique
poly omial Q,(f, x) of degree at most 2an—1 for which in the case of nodes
(1)uthe following equations hold;

Q. fy x0) = fx)y QUfix0) =y (k=120 1), (2)
where x:: -1, {yj(};\’:I are arbitrary real numbers. Q(f, x) can be called Pal -
type interpolation polynomials and represented in the form

0,0/, x) =kéf(xk)Ak(x) +:§y,§Bk(x) + 3, C (X)), (3)
where A(x) (k=1,2,, n). B(x) (k=1,2,»+,n-1) and C,(x) are defined as in
[3].In this paper,“0O(1)” and C will always denote different positive constants
independent of x, n and r,

On the convergence of Q. (f, x) as n—>occand the degree of approximation,
in 1985 Eneduanya [ 2] proved: .

Theorem E Let f(x) be r-times continuously differentiable on the interval
[-1,1] and r>1, ¥ = f(x}) (k=1,2,++,n). Then for arbitrary xe[ - 1,1] and n_»
2r +3,

[H

Q. fy x) = f(x)] :0<1>w(f<”;—}l—>-n"'* logn, (4)

* Received Dec.26. 1988.
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where o(f’; ») is the modulus of continuity of f(x).
Recently, Xie [ 3] has improved statement ( 4) and given better estimate
for the rate of conveérgence,
Theorem X Under the conditions of theorem E, then
70|
Jn
holds wuniformly in xe[-1,1], n>2r+3.
Notice that (5) implies that if 7,(x)=0 then Q. f, x) =f(x), that is, Q,(,
x) interpolates f(x) at the zeros of 7z,(x). In this note, the new upper and lo-

wer bounded estimates are derived for the error committed in approximating a

1001, ) - £(x)| = 0(1) (S5 oy (5)

continuous function f(x) by Gal-type interpolation polynomials,

Devore [ 4] proved that, for f(x)e¢C[-1,1], there exists a sequence of po-
lynomials u,(x) =u,(f,x) of degree <2n-1 such that,

1__ 2
|0 =)< oty LoX (- 1<x<D),

where w,( f; +) is the modulus of smoothness of order 2 of f(x).

Theorem | Let f(x)e¢C[-1,1] and let u,(x) be the sequnce of polynomials
of Devore’s theorem, y} = uyx,) (k=1,2,+», n). Then, for Q,(f, x) of (2), (3)
and - 1< x<1, we have

J1

p— 2 P
|Q,|(f’ x) _f(x)l :0(1){0)2(f§_—'l~x'—) +«/nl7r,,(x)|‘02(f¥ 71‘)},

Let us suppose that some function w,(t) satisfies the following properties
(i) wyn)>0 for >0, 0,(0) =0, 0,(T) >w,(?) if T>1, e,(t)is continuous
for >0,

2

(i) w—t(ﬁ is monotone increasing for />0,
2

. t?
(ii1) ETW =0.
Let us denote by C(w, the class of all continuous functions f(x) in [-1,
1] for which o,( i 1) <<a(f)w,(1), where a(f) >0 depends only on f(x), @,(f)is
defined by (i), (ii) and (iii).
Theorem 2 If we choose v,=0 (k=1,2,°s,n) and ,(f) generally satisfying
oo

(i), (ii) and (iii). Then there exists an f"(x)¢C(w,) and a sequence {n};

such that for Q,(f",x) of (2). (3), there holds
, ) ) 1 ’
'Q,.(f »0) - f (0)|>an2(7) s (n=n,n,,n, )

This lower estimate shows that theorem 1 cannot be significantly improved

if one considers all functions f(x)e¢C[-1,1].
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Theorem 3 Under the conditions of theorem E, then

el
10,0 £, %) = £(0] = 0D {00 (S 1y n 7"

L
100 0,0, (ST 2y T

holds uniformly in xe[ —1,1], n>>2r+1. where o (f”3+) (k=r+1,r+2) is the k-

th modulus of continuity of f”(x).
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