Jonrnal of Mathematical Research and Exposition
., Vol. 11 No.2, May, 1991
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Abstract

~ In this paper we give useful convergence criteria for Hermite-Fejer interpo-
lation H,(f, x). One of them is. H{(f, x) converges uniformly to f(x) if and only
if the norms of H, (f, x) are uniformly bounded for all » and H,,(xk,x) converges

uniformly to X for k= 1, 2.

| Introduction
Consider a system of nodes
1<, L xyy ool i, <1, m=1,2, 000

and in the following for simplicity write x; for x,,. The Hermite-Fejer interpo-

lation H,( f, x) of degree 2n—1 satisfying -
H(f, x)= f(x,)), H(fy x)=0, i=1,ee,n

is given by

H,(f, x)=2 f(x) A(x),
. i=1

where
A = (1= 20 0, i1, e
‘ w'(x;) . ’ *
~ 1,(x)= (x“v;,-()xn)/(x,) , i=1, e, n;
w(x)=(x—x)e(x—x,).
' Denote
B(x)=(x—x)I(x), i=1,+, n.
In this paper we give useful convergence criteria for H,(f,x)} to feC (-1,
1J. This is the following (=>: = converges uniformly on [ - 1,1]to);
Theorem For the Hermite- Fejer interpolation the following statements are
equivalent:
(a) H(f,x) f(x) (n—>o0), yfeCl(-1,1) (1)
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(b) 2. |A{x)|< C=consz. (2)
i=1

and

H(x*, x=x" (n>o0), k=1,2; (3)

(¢c) (2) holds and
Sx-x)4(x)=0 (n>o0), k=1,2; (4)
i=l

(d) (2) holds and
S x'B(x)=0 (n>o0), k=1,2; (5)
i=1

(e) (2) holds and
S (x-x)'Bx)™0  (n—>o0), k=1,2. (6)
i=1

We see that this result is very similar to the famous Korovkin theorem for
positive operators although H,(f, x) is not necessérily a positive operator. In
Section 2 we shall give an auxiliary lemma which is of independent interest.
In Section 3 we shall complete the proof of this theorem. Finally, in Section
4, we shall deduce some interesting corollaries.*

2 An auxiliary lemma

Lemma .
ST (x-x) A x) = k3o (X~ x0T B, 1<k<2n-1. (7)
i1 i=1
Proof We need the identities
4:1 A(x)=1 (8)
and
;x,’.‘A,-(x)+ kle,k—lB,-(x):xk, 1<k<2n-1. (9)
Hence

k . R L. k R . R
3 (x—x)f A0 = T A0 Y (—1)’(’]‘.) X = ey (—1)’(’]?) XY x4, ()
i i i=0 i=1 i
Y kY kig i o il
=x +Zl(~l)(j)x (x) = j2xi 'B(x))
J= i
k A k . . .
=x"2 (- (K) -2 (-1 () T T B
Jj=0 J j=1 J i
_ koo - k-1 k=i _j=1_ k1
—kZ’Bi(X)Z‘l( iy (j-l)x xi =kX (x—x)" B(x).
i J= i
Remark The conclusions for A=1 and k=2 are given by [ 1] and [ 2] res-
pectively. ’

3 Proof
(a) = (b) By the Banach theorem [3,p.216].
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(b) = (¢) (3), together with (8), implies (4).

(c) = (e) By the lemma.

(e)e (d) Trivial.

(e)=»(a) It follows from (6 ) that for any fixed A>3

|2 x T B(x)| = |xk_'ZBj(x) -2 (x*= x T B(x)|
< |2 B,-(x)|+Z|xk_2+ x P e x T (x- x) Bi(x)
<X B(x) |+ (k=) (x=x)B(x)=0 (n—>o0),

Thus in fact (6 ) implies by (9) that
Y xjA(0= 5 (n>o0), k=1,2,3,
Using the Banach theorem mentioned above we conclude (a) .

4 Corollaries
From the theorem and the Korovkin theorem for positive operators we imme-

diately obtain .

Corollary | For normal systems of nodes, i.e., 4, (x)>0,i=1,%,n, (1)
is valid if and only if one of-the following equivalent conditions is satisfied;
(a) Y (x-x)'A4(x)>0, (n—>o0) ;
i=1 !
(b) > |x— x| A(x)=>0, (n—>o0);
i=1
(¢) S (x—x) i) =0, (n—>o0).
i=1

Proof Obviously we need only show the equivalence of (a) and (b). By

Cauchy Inequality we see that

N}.—

%Z (x= x40 |x - x| A, (0 (X A0 X (x= x) 2 A,(x))
1
= (D (x-x) A2,
Corollary 2 If ( 2) is satisfied and
S lx-x [1x) 20,  (n—>o00)
i=1

then (1) holds.
The proof is trivial and this result generalizes Theorem 2 under the assump-

tion of normlization in [ 1 ].
Corollary 3

z:;(x— X)) <2 3 | A0
i= i=1
- and especially for normal systems ‘of nodes

Z—:1 (x— x) 1k 0 < 2.
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Proof From (7) with k=2.
Corollary 4 For normal systems of nodes and for any feC[-1,1],
Hm Y fxplix) = f(x), -1<x<1

oo =1
and the convergence is uniform in the interval -1+ r<x<1-¢,where >0,

Proof In [ 1] it is shown that for normal systems of nodes

lim Y /A0 =1, -1<x<1

n>o0 j=1

and
lim > x— x,|/{(x) =0, -1<x<1
n>oo =1
and, further, both the convergences are uniform in the interval -1+ < x<1-r.

Thus by the Korovkin theorem the conclusion of the corollary is valid.

Remark In [11 the same conclusion is obtained only for strongly normal

systems of nodes.
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