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§ | Introduction

- The problem of approximation of continuous functions by Fourier-Jacobi
series has been discussed by D. P.Gupta and S. M. Mazhar in [1] and Sun Xie-
hua in £2]. In [ 6], we have obtained the degree of approximation of conti-
nuous functions by the Fejér sum of Fourier-Jacobi series. In this paper,a more
general method of approximation is considered, and the above result is exten-
ded.

1.1 The Jacobi polynomials P{*# (x) for fixed a>> -1, > -1, may be de-
fined on - 1< x<1 by the expansion
SRl o= R Az Rz B, [2|<L,

1
where R=(1-2xz+z)2%. It is well known that P.“*#’(x) are orthogonal on [ -1,

1] with weight do(x)=(1 - x)(1+x)%dx. If f(x)eL([-1,1];do), the Fourier-
Jacobi expansion is

o L
f(x)~> A2a, PP (x), (1.1)
n=¢
1
- where a,= A2 jl f() PP (t)do(r) are the Fourier-Jacobi coefficients of f(x) ,
- -1

L .
and A2 is the constant of orthonomalization of PP (x). The partial sim of

Fourier-Jacobi series is

n 1
S0P (fs %)= 0 A (x) =J'11f<t>K£“””<x, 1da(1),
=0 - |

where K% (x, 1) = 14, PP (x)P# (1) is the kernel function of the operator
=0

§# (.5 x), The Fejer sum of Fourier-Jacobi series of f(x) is defined by

FP (fy %)= SSEP (fi0= [ OWSD (6 0o (),

1
n+1 j=
where ’
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is the Fejér—]acobi kernel function.

oo

1.2 A series ¢, with the sequence of partial sums {r,} is said to be sum-
n=0

mable to s by a regular triangular matrix method (A), defined by Hardy [81],
such that A, ,=>0 for all k<n and A\, =0, k>n, also;/\n,k»I as n—>oo ,

write
oo
1,=2/\, (ri>s as n—>o0,
k=0

We call 7, the (/\)-means of ic,, .
n=0

§ 2 Results

2.1 The following result can be found in [ 6 ].
Theorem | Let

a, 0<x<1
B, —1<x<0
Then for any f(x)eC[-1,1) and n>2,
(1-x) Za 1-x° 1
0(1>_”7—‘—k:1w(f; P ), |y |§—2— ;
fx) = FP (fyx) = s - (2.2)
L-xhH T oa 1-x’ - 1
o1 Zw(f;——)’ |y|>_,
n k=1 k

where w( f; 1) is the modulus of continuity of f(x).

The next theorem is proved here.

Theorem 2 Let f(x)eC[-1,1). Then for - 1<x<{1 and n>>2, the degrece of
approximation by the triangular matrix-means of Fourier-Jacobi series of f is

given by ,
_3n D, - x’
0(1) (1~ x%) 3 k’k w<f;1kx ), !J»Ié%;
_ a,p — _
fO-TEP (fyx)= f(x)A-D, )+ bl sa D, .
o) (1-x*) 2 43 ——au(f; ),
sk k
ly|>% , (2.3)

where w( f;1) is the modulus of continuity of f(x), p is defined by (2.1), and
T.? (f; x) are the (A\)-means such that

k
Dn,k: ZE)/\n,r .
r=

Also, we define the sequence /N in terms of {A\, ,}, so that AW (x) 18 monotonic

n, (u) u)

decreasing for all u=>0, i.e. N\, =/, (, «

— 174 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



2.2 Let {P,}be a’éequence of positive constants such that
P": p0+ p1+u.+ p,~~>° as n—>oo,

The Norlund means of- series (1.1) are
n
NP f x>:%k‘;0 PSEE (£ %) .

It is clear that Theorem 2 implies the following
Corollary | Let p,>0 and {p,} be monotonic decreasing. Then for f(x)e¢
Cl(-1,1) and -1<<x<},

_3
(1-x*) 228 P, . 1-x°

i L
o(1) 2 kZJl 2 ST, =5
o= NSP(fs 0= L, b5 , (2.4)
(1-x) 2 42 P 1-x 1
o(1) 7 Zels /), P>y

where y is given by (2.1). /
A Fn+i+1)
n—k 1__. b n
A0 Where A= TG D

saro means of order 1 of series (1.1) are defined by
a,B) _L < i1l ota, By .
o (f;x)_AikZ::oA"”‘Sk (fs x).

Since Aj;lk is monotonic decreasing as k=0,1,++, n for A.>1, by Theorem 2 we

Choose N\, ;=

, For any real 4, the Ce-

have
Corollary 2 Let fix)eC[(-1,1]. Th}en for —1<x<1 and n=>2,

(1-x*) 2 & D,y 1- x° 1
: 2 s <=,
» o015 L kZl L e P lyl_z,
_ e, B¢ £, - i .
f(x) = CEP (fs x) <1—x2>“§"3‘" 5., L 1<2.5>
o) e kZ:I X w(f; ) 1y|>—~2,

n

. k
where D"’k:.ZOAiii and y is defined by (2.1).

Alk+1)

P AL for A>>1, by (2.5) it follows that

Since D, < (k+ 1A'=

3
275 o, 2

(1-x") 2 & 1-x 1
o(1) p kzlw(f;———k ), |y lgz ;
) =CHP (fex) = bl s , (2.6)
(1-x7) 2 +.& 1-x 1
o) : Lelfi—) . P>

when 1=1, we obtain (2.2) by (2.6).
In the whole paper, denote by “0” the numbers which are only dependent
of @ and B and independent of x,r and n,  but may be different in different occur-

rences.

—175—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



§ 3 Lemmas

We shall need the following lemmas.
For the Fourier-Jacobi kernal function, we have

Lemma |
, -1 _a 1 _£ 1 1
Om(1l—-x")y 2 4(1l—-1) 2 4(1+¢) 2 4, ))Z‘—z‘;
Kﬁ,""”(x, t) = . . N | (3.1)
Om -0 TA+n T, —1<y <+
and for -1<x, t<1 and r*x
A-xH T Ta-p i iasn 7T
o(1) X ! ,y> -k,
x—t 2
K8 (x,0) = B e e e (3.2)
o)L= 0 x-t(l ) ’ _1<y<_%’

where p is defined by (2.1).
The proof of (3.1) and (3.2) can easily be completed by using (2.1)—(2.7)

in[67].
Lemma'®’ 2 For the Fejer-Jacobi kernel function, we have for - 1<lx, r<1
and r+ x , 2L _a 1 Y
] - 74 — 2 4 + 2 4
o) (1-x7) (1 t)2 (1+1¢) ’ y2__;_’
n(x—t)
Wn(a’ﬂ)(x’t): (1—‘\_%~“i‘(l+t)7%_‘i‘ 1 (3.3)
o(l) i~ ) ’ _1<y<'—_0
n(x—1) 2

where p is defined by (2.1).

Lemma 3 If the sequence {/\,,} is defined as in Theorem 2, then
2
x

- x 4 Dn 1_
w(f; lnx ):0(]-)’(;1 k,k W(f; k )- (3.4)

The proof of Lemma 3 is similar to that of Lemma ! in [7]. »
Lemma 4 If the sequece {/\,,} is defined as in Theorem 2, then for -1-<Cx,

r<1
, -2-1 _a 1 _B 1 1
Olm(1—-x") 2 4 (1-¢) 2 4 (1+1) 2 4, yZ-T,
< (a, B) —
H\n K o0 e s .y 88
Oln)(1—¢1) 2 41+ 2 4, 1<y <--,
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and for -1<x, <1 and ‘x_,\zl_ii

2z _1 _a 1 B 1 1
oONU-x) 2T 4(-n2 F+pn 2 ip . LEIX
m ( |x*r|) x-1
n )’2“%‘;
ta, B) _
jZ::O/\,,,K, (xy8)= el 4 (Lt (3.6)
Oo(L)(1-1) 2 41+ 2 4D L4 g ———
"’(IX‘rI) x—t
-1<<-7,

where y is defined by (2.1).
Proof (3.5) can easily be obtained by (3.1). Now we prove (3.6). We

1
only prove (3.6) for 72—7. By the same method the proof for —1<y<—%

can be finished.

Choose m=integral part of ﬁ and suppose that |x 1-x . Now
ZO/\",,.K;"v”(x,.t) Z/\,,,K“’ D(x,n+ 3 A KB (x, 1), (3.7)
J= j=m+1

By (3.2), we have
m _ry 1 _a_1 _B_1 D, -
LNAKSP (e, D=0 (1-x") 7 (1= 2 41+ 7 (3.8)
j=0

For the second part of (3.7), we sum by parts and obtain

) /\,,,K(” & (x,t)—/\,, WLt DWSEP Gy 1) = N\, ey (m+ DWEE (x, 0.

Jj=m+1

+Z RAYy N o) G DWOP (x, 1)

j=m+

By monotonic decreasing property of A\, ; and (3.3), we get

> Ny K2 (xy 1)

j=m+1l

_r_1 _ae 1 _B 1
_ Ay 4 - 2 4 274 n-1
4 = 0(1) & x) (l(xt) [)2 (1+t) (/\n,n+/\n,m+1f21(/\";J_/\n,j*'l))
— Jj=m+
_r_ 1 _a 1 “B 1 N, .
SO (1-x")"2 (-0 2 4(1+1) 2 4 —"0
(x=1)
_r 1 _a_ 1 AL o m/N\, .
=0 (-x)"2 TU-n"7 T A+ T A—
m(x—1t)
L2 _1 _a 1 —
=0((1-x) 2 4(1- 2 41+ (l—x_)t—"*—— (3.9)
From (3.7)—(3.9), it follows that )
1 1 B  1=07"'D (Loxy
¥ a n, (——
< (a, ) - YT T (- 2 Y Ealld
;}An,,-K{- (x,N=0(1)(1-x") ¢ *(1-0 L1+ o
(3.10)
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1+x 1+ x
If we choose m=integral part of ————— and suppose that |x—¢|=>——

Clx-t n ’

by the same method we obtain

1 N L @F0TD sy
}:/\n,,K“’ Py =0 (1-x) T T -0 T T T —
(3.11)

Thus we complete the proof of Lemma 4.

§ 4 The Proof of Theorem 2

Since
FC) =TSP (fy %) = f(x)(1- DM>+j‘l(f(x)—f(z))ZO/\n,,.Kj.“Wx,z)‘dam
B =
= £ (1= Do)+ 0D [ @ fs |x=1 DT A, K (x,0]do (1),
- - j=0
it is enough if we can prove

[Los |x—zp]ﬁ)/\”,,x;w(x,t>|da<x>
[ P2

x2
) ’ \ylf;‘_

(4.1)
2

-3
o(1) (1-x*) 22 oSy

O (1 -x) Tty Lok -
=k k

We only prove (4.1) for [p|<

% By the same method, the proof for |y|>
5 can be completed. Write

1 n o
IS[ o(f; Ix—t|>l§/\,.,,~K§“"”<x, 1)|do(r)

1+x _1+ 1-x

:J‘:l 2+f X+J' 1+x L‘_"

n

1
* L*%w(f; |x_ ! I)IJ;)/\n,jKj-a’ﬂ)(x, t)ldg([)

AL+ L+ L+ L+1,. (4.2)
Assume that 0<"x<{l, then » =a. When —-1<x<0, the proof is similar. For

the first part of (4.2), by (3.11) we get

_a 1 lix s lx— e 1 L1
fi=0y(1-x) T[T ———]——J—‘”(’?; xt|t LD e (10T TAH0T T
- - SNTETE

When -1 <r<—1+ 1;x , it is clear that
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1+x

<x-t|<1+x, 1<1-r<2,

Hence
1+x

_a _ 1 - —-1+—= B_1
I,=0(1)(1-x* 2 4(1—”2“i)‘a)(f;1+x>pn,2j_1‘ T (1+1)2

_e 5
=0()(1-x) 7 4(f;1-x)D,,, (as D,,<2Dp,).

Similarly, for I, we have

a

e 1 l+x ’ a1 b
SO0 (1-xH 2 [ (—f’J———]—D 1ox (1-D2 41 +02

_1+l;x |x—1] "’(\x—t\)

Since 0<<x<1 and n>2, for -1+ 1;x< <x —% we have

%—él+t<2 and 1-x<t-r<2.

"And so
_e _ 1 @ _1 .lfx -tD
=0()(1-x") 2 tU-x02 ¢ ;;x‘”(f’ X! D i
. '1+"§— lx—tl (lx ‘]
=011 - x*) Zflz ‘”(f’”) D, (1rxydu.
Let uzl;”‘. Then
1+x
‘f ZMD Lexdu

1+x A
Ay n, =)

x

Copn . l+
:fzw(f;“-x)—*"”Ldv 0(1)2 "kl o(f3 ——

1-xt

41 D,
=0 - "L —pe(fs =), (as D, ,<2D,

Thus, we have

_&n=1 D, -
L=0(1)(1-x) T 5 —a(f; lkx ) .

Using (3.5), we obtain an estimate for I;, namely
’ AL
4

_a 1
z 4 (1+t) 2

_L-L x+£—~—£ !
=0m)(1-x")F 4 Le(fs fx—tP(1-1)

e 1 e lX a_1 £ 1
=01 - %) 2 Sa(fi2/m [ 1, (1-02 T(1+02 fdr.

As 0< x<1 and n>2,

Consequently,
e _ 1L P 3 a_ 1

=0mA-x*) 2 Yalf52/m | N (1-07F ddr

1-x 572

_a 1
=0(m(1-x")"% 4o(f; 2/md-x—=2)
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do (1)

1-x we have %_<_1+t§2.

_3
= o()(1-x) 2a(f;

(4.3)

1

4dr.

(4.4)

(4.5)

1-x
n ).



By Lemma 3, we get

=011 - x2) 22 "’* o f; 1;" ). (4.6)

‘'To estimate I,, we use (3.10) and obtain

_a_ (f; e _1 b 1
I,=0(1)(1-x*) 2 4(1-x) f l_xwf [x= 7] D - (1-p% 4(1+n? 4dr.
e |x -] A=)
1-x 1-x
For x+ <r<1- 5
1<1+t<2\and1;x£1—t<1—x,
then
_e_ L 2_5 g- o(f;
= ¥ 2 T (1~ )2 ,D . df
I, Q<1><1 x) (1-x) fl_» |x_t| ”,(!1“[)
= oS5 u)
=0(1)(1-x*) ZL e D”,(¥)du.
Similar to (4.4), we have
1-x - 2
5 @(fs u) B 1 p o l-x
j_l_;_,;———u D"y(l;_x)du—O(l)la:z—"‘Lk o(fs =) -
Consequently,
_3n=1 D, - x?
S0 (1 -x) I 2mk g L2 X (4.7)
i k k
For the last part of (4.2), we get by (3.10)
_a 1 - L,y.l_ s 1
o= T -0 —L——I—‘”(f’ = lep (1-02 FTa+n% Tq
- |x—1¢| (\x ,()
1-x '
When 1—-—2—£t<1, we have
—¢|<l-x and 1<1+r<2.
Hence -
a1 - a_1
=0((1-x) 20 (1-x zw(f;l—x)D,,,zfllle(l—t)z Tds
Tz
_3 .
=01~ x") %0(f31-x)D,, . (4.8)

From (4.2), (4.3) and (4.5)—(4.8), it follows that for | |g%,
o

I=0(1)(1-x%)" ZZ ’ o(f; l—kx ) .

The proof of Theorem 2 is completed.
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Fourier-Jacobi & ¥ A& 14ty 3t iELE R M a0E iR B

L
Cho i B K 0 A BE R
il B

& X BFR T Fourier-Jacobi % 4 — R & MR M EE, 483 T H X E 4ok B fSB R
B, BPB45IR R [6 ] #3%F Fourier-Jacobi %4 i Fejer fIi%s B Ry E 5 E M . FBf 43
# T Fourier-Jacobi & # 4 By Cesaro 14 (A>1) FiNorlund ¥ ¥ %} i 4 R B BT K .

—181 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



