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Abstract

Let G be univalent in the unit discA. Let §. C*xA—C be analytic in a domain
DCC and let p(z) be analytic in A with (p(z2), zp'(z);z)eD when zeA . Assume
that p(z) satisfies the differential subordination

piplz)y, zp'(z), z2) XG(z), zeA,
(where “ <” denotes subordination). We determine some conditions on ¢ and G

so that Rep(z) >p in A and give some applications of these resullts.

Let A={|z|<1},He(A) be the class of analytié functions f(z) in A and let
S(A) be the subclass of H(A) consisting of functions which are univalent in A.

At first we prove a lemma.

Lemma Let QC C, a¢C with Rea>>1. Suppose that the function y; C*xA~>C
is analytic in a domain DCC and satisfies the condition

p(r+ix, ys z) §Q, zeA (1)
I S VT )
for all real x and y< TRe(a—1) [(a-1)—ix]|".
If p(z)eH (A) with p(0) =a and
P(p(z), zp'(z);2) e, zeA, (2)

i then Rep(z)>1 in A.
Proof Clearly, we need only to prove that

a+ (a-21)z

p(z) <50 , zeA. (3)
To do this, let
plz) = a+1(a_—w2(‘;))w(2) , Z€A. (4)

Where o(z)eH(A) with o(0)=0 and eo(z)*1 ‘in A, We wish to show
|o(z)|<1 for all zeA, If this is not the case, then there is a point z, in A

= satisfying |zo|=r<{1 such that
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max|w(z)|=|w(zy)|=1.

|z|=r _
By Jack’s Lemma, we obtain zyw'(z,) =/ w(z,), where />1. Let w(zy) =e” (0<

6<27). A simple calculus yields

v

) plzy) =1+ix,

where
_ sinéd _
x= Ima+—————1 —cos&’Re(a T)€R,
and
l
/ —_ .
zop(Zo)‘— l_cosa Re(a T).

From (2 ) we obtain
{

¥(p(zy),2op'(24)5 29) =91 +ix, —T_—(:—()S—H—Re(a—r);zo)eg. (5)
On the other hand, we have
o - R S N S PO T
T~ cosd Re(a- 1)< T cosd Re(a-1) = TRe(a=1) [(a—1)—ix|".

This contradicts (1) and hence we may conclude that |w(z)|<1 in A, By (4),
subordination ( 3) holds. The proof of the Lemma is complete.
For the case of 1=0, another proof of this Lemma may be found in [1 ].

Theorem | Let a>0, p(z)eH(A) with p(0)=a and 0<%§1<a. If p(z) sa-
tisfies the differential subordination

/
p(2)+aZ2 2 Gy, zeA,

p(z)
then Rep(z)>1 in A. Where _
+(a-2w) (a—1)
G(z =4 4 cl’Z 1(_1_22/42 sy U=T-— QGZTT .

Proof The function G(z) is a conformal map of A onto the half-plane Rew
~.,_ata—-1)
T 27

Setting Q=G(A) and

/7
¥(p(2), zp(2);2)= p(z>+a£%(é))—

in the W-plane,

in Lemma, hence we obtain
Y(p(z),zp'(2);2)€Q, zeA,
We shall show that g satisfies the condition (1 ). In fact, for all x€R, z¢A and

y<- .

[ S _ 2 2y
2(a—1) {la=0y+x7y,

We have

, _ ary ala—1)
Rey(r+ix, ysz)=1+ Ty <7~ 57 ,

and hence the condition (1) holds, i.e. ¥(t+ix, y; z) §Q. The conclusion of

Theorem 1 follows from the Lemma.
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Corollary | Let p>8(1-2p), B>0,0<p<1. Let A(z)cH(A) with h(0) =1
and satisfying

_ . 1=-p
Reh(z)>p RV DR zeA.
Suppose g(z)=1+ «+ be a regular solution of the differential equation
zq'(z) _
g(z)+ Bty h(z) (6)

in A, then Reg(z)>pin A.
Proof Setting a=8+y,71=80+y, a=1 and p(z)=pB4g(z)+py in Theorem 1, we

have 0<—g—§1<a, and ﬂh(z)+y—<L(f:—zz—ﬂl~z.—, (zeA), where y=1- aZ;T .

Together with (6 ), all the conditions of Theorem 1 are satisfied, and so we
have Re(Bgq(z)+y)>1, therefore conclusion of corollary 1 holds,

By the help of the proof of Theorem 1 we can moreover prove the follow-
ing theorem .

Theorem 2 Let p(z)eH(A), p(0)=a, Rea>r7., If aeR, at>0 and p(z) satis-

fies .
zp'(2) at(a-21)z
P(z)+a 2(2) -2

then Re p(z)>7 in A.
In order to prove Theorem 3, we consider the function (compare [ 4 ]).

, Z€A,

ACz)
=2C , z€A, 7)
Qulz) = 2C = 7 = (
where Rea>>0, A(z)=(z+b)/(1+bz) With
1

C=

Rea (\a|\/a2+2111€z +alma), a>0

and beA is defined by a=2 Cb/(1-b").

Since A(z) is an'automorphism of the disc A, therefore Q,(z) is univalent
in A (i.e, Q/(2)eS(A)), Clearly, Q,(0)=a and QJA) is the complex plane with
a slit along the half-lines; Rew=0, Imw>C and Rew =0, Imw< - C.

Theorem 3 Let a>0, Rea>0 and Ima<0.If p(z)eH (A) with p(0)=a and

p(z)+a—z£(/—(zz)L-<Qa(z), z€A, (8)
then Re p(z)>0 in A,
Proof If we let Q=Q(A) and
W(p(z),zp'(2)sz)=p(z)+azp'(z)/ p(z), zeA
in Lemma, then
P p(2),zp'(2);2) €Q), zeA,
We can prove that ¢ satisfies condition (1), i.e.
s(x, y)=¢lix, ysz)=ix+ay/ix&Q
for all xeR, zeA and
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1 L2 1 2 2
y< - 2Rea|a—1x| = “ZRea ¥ +]a|”=2xIma).

In fact, if x=0, then s(x, y)=co&Q. If x>0, then Res(x, y)=0 and

ax*+ ala|’~ 2axIma
2 xRea =C.

Similarly, for x<0 we deduce Res(x, y)=0 and Ims(x, y)< - C. Hence conc-
lusion of Theorem 3 follows from the Lemma.

Remark The restriction for complex number ¢ in [4, Theorem 1] is not suf-
ficient, because for x< 0, one cannot deduce Im p(z)>C (see [4 ]). A similar

Ims(x, y) =x—%)2x+

case appeared in [4, Theorem 2] too.
By using Theorem 3 we obtain the following results,
Corollary 2 Let p(z)eH(A) with p(0)=1. For a>0 and

zp’(2) _ 1+z 2az
p(Z) "<Q1(Z)— 1-2z + 1—22’ ZéA,

we have p(z)<(1+2z)/(1-2z) in A,
For a=1, this result was proved in [2].

p(z)+a

From Corollary 2 we easily obtain (because C= Ja(a+2)).
Corollary 3 Let a>0 and p(z)eH(A) with p(0)=1. If either

/
(i) |p(z>+a—Z‘1’,((—zZ))—1|<1+a,
or
(ii) |Im (p(2)+azp'(z)/p(z)|<Jala+2)

holds for zeA, then Rep(z)>0 in A.
We now consider some applications of these Theorems and Corollaries.
Let ] _
A={f(2); feH(A), f(O=1- f(0)=0)
and let A stands for AN {0}.
If aeR, p<1, Reu>p, g(z)eS(A) and f(z)ed with f(z)-f'(z)#0 in A such

that ,
z2f(2) L zf@
a(1+——f/(z)")+(// a}_—f(z) < g(z), zeA, (9)
then we say that f(z) belongs to the class M (a, v, p; g(2)).
For the choice of ¥ =1 and g(z):1+—(11:—zgﬂz—, M(a,p,p; g(z)) reduces to

the class of a-convex functions of order p. Again when a=0, yze“ , Ae(—m/2,

e+ (e*-2pcosi)z

1/2), and g(z)= >

, this yields the class of A-spiralike func-

tions of order p, and so on.
St. Ruscheweyh and V. Singh proved the following result in [3].
Theorem A Let y=8+p, >0, Rey>0. Assume f(z)eM (1, y,Rey, g(z)),
where
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g(z)< /4+(,u1——22Rey)z , z€A,

Then Re(pzf'(z)/ f(2))>Rey in A.
From Theorem A, one can deduce a sufficient condition related to spiralike

functions, this result discussed by Eenigenburg et al in [ 6 ].
We now give a generalized version of the Theorem A,
Theorem 4 Let ap>0 and

g(z) < /4+1(;:-22p)z , Z€A.

Assume f(z)eM(a, u,p;e(z)), then

Re(”—z—[—(i) >p

f(z)
- inA, N
Proof If we let
p(2)=uzfi2)/f(2), (10)
then )
p(z) +a—zﬁ:z§) < g(z), (1)

the conclusion immediately follows from Theorem 2.
By Theorem 4 we obtain
Corollary 4 Let Ae(~n/2,7/2), p<l, acR, apcosi=>0.If

e+ (e"-2pcosi)z
1-z

g(z)= , Z€A,
then .
M(a,e” , pcosiy g(z)NC S,(p).
Where S,(p) is the class of A-spiralike functions of order p. .
By means of Theorem 2, 3 and combining (10) with (11) we can obtain

Theorem § Let a>0,0<p <1, u>p. If

g(2) <LEUEDE (0 (1)), zea,
then ¢
M(a,/l,ﬂ;g(z))CS*(_-%)(M('a,u,O;g(z))CS*(O)).
Where S*(p) is the class of starlike functions of order p.
Finally we discﬁss a class of integral operators.

Let B,yeC, B#0, f(z)eA, we denote

F(z)=J(f) (2)= {J::f))—fozty'lf(t)"dt}””, zeA. (12)
zZ
/ N
If we let p(z)zﬁ—?g—(ﬁzi)"—+y, “then by (12) we obtain
- Czpiz) _ , zfN(2)
p(2)+ p(z) - ﬂ f(z) +7. A (13)

S+ S. Miller et al proved the following result in[35].
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Theorem B Let 8,y¢C, /3=}/.‘3|e"1 , Ae(-71/2,1/2). If peR and satisfies — Rey/

Rep<p<1, then the integral operator (12) satisfies ’
J. S, (p)—=S8,(p).

This Theorem improved the corresponding result discussed by S. Bajpai in [ 7 ].

Clearly, Theorem B is an immediate corollary of the Theorem 2.

By using Theorem 3 we obtain

Theorem 6 Let 8=|gle”, ie(-n/2,71/2) and

Re(B+p)>0=>|B|pcosi+Rey, p<l.

If Im(f+»)<0, f(z)eA and

/
z_}’(%)_+ y=<Qy.,(2), ze€A,

then the function F(z) given by operator (12) belongs to S,(p).
Proof From Theorem 3 and (13), we obtain Re p(z)>0>|B]pcosi+ Rey.
Hence
Re(e”zF(z2)/F(2))>pcosi, zeA.
The proof is complete.
If we let =0, =1/a>0, then (12) becomes

F(z)=J(f) ()= ([ o vede ) (14)

Setting p(z) = zF'(z)/F(z), by (14) we have
zp'(z _ zf'(2)

p(z) f(z)

From Theorem 2 and corollary 1, we obtain following two results, respectively.

Corollary § If a >0, 0<<p <1, then the operator (14) maps S*(p) onto the
class of a-convex functions of order p, the subclass of S*p).

Corollary 6 If pe[1/2,1), a>0, then the operator (14) satisfies
a(l—p)
_ 2p
By Corollary 6 (letting a =1 ), we obtain
Corollary 7 If pe[1/2,1), g(z)eA and

p(z)+a

J. S*p - —>S¥p).

" —
in A, then g(z)eS"(p),

In particular, letting p=1/2 in corollary 7, this result is well-known . Also,
if g(z)ed, and |g"(2)/g'(z)|<1 in A, then g(z)eS*1/2).

From Theorem 6 or Corollary 2 we can deduce

Corollary 8 If a>0, f(z)eA and

/
. zf(z) _1+z 2az
o QD= T

’ZGA,
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then the function F(z) given by (14) belongs to S*(0).
This result was recently proved in [4].
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— X HE S MNEEREEA

ELN I
ORI LIT % B2 M R
w ®

BA={]z|<1}. BEH¢: C'xA—>CERXIE DC CHMHT, GRA iy BHFTEY.
HAPRBITRE p(z2) WRMANBXR
Y(p(z), zp'(z2);52)<XG(2), zeA,

METHRE & MGHRE R AEFZ Rep(z) >p (zeA), FHAHXEERHELNA.
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