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Abstract

This paper deals with the convergence rate and the I’-saturation for approxi-
mation by integral type Meyer-Konig and Zeller operators. The open problems po-

sed in [ 2] are solved.

| The operators

Mf,0=5 f(—Kym (x), 0<x<I,
k=0 nt+k

m, (x) = (n;k) -
are known as Meyer-Konig and Zeller operators. Their global behaviour was
described by Becker and Nessel- in [ 1 ]. However, we know that the operators
M, cannot be used in integral metrics. In order to extend M, to I’-metric Chen
Wenzhong introduced in [ 2 ] the following modified operators

Ln<f,x>=ki (Cob [ mas0 f) dwomy(x), e L0, 1),
=0 0

1
Coi= fo m, (w)du,

and called them the integral type Meyer-Konig and Zeller operators. As for appro
ximation by L,, Chen proved several results. In this paper,  we discuss the
I’ approximation by L,. We have proved the quantitative theorem and L’-sa-
turation theorem for approximation by L,. Therefore the open problems posed in
[ 2] are solved. ’

Let @(x)=x(1-x%, 1< p<oo, |+|,= ||, and S,={feL7(0,1); f  abso-
lutely continuous, ¢ f'¢I’ for p>1,0r ¢ f¢BV, p=1}. The wéighted modulus for
fel’ is defined by

N 2
ww(f’t)p—oilizt ”Ahﬁff ”p

Ath(x):{f(x+h)—2f(x)+f(x-h), xt he(0,1),
0

x+th&W,1).

* Received July.2 1989.
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Our main results are:
Theorem | For f¢S,, we have
L 1< Cn A+ [0S ], 1<p<e
Cn ("‘pf"oo+ "wf"BV) s p=1.
where C is a constant depending only on p.
Theorem 2 Let feI’. Then : .
"Lnf— A nng(n_l ”f||p+w¢(f’ n_7)p) .
Theorem 3 Suppose that feI’. Then
(1) |L,f-f|,=on") iff f=const.a.e. ;
(2) ||Lf-F|,=0n") iff feS,.

2 We now establish some lemmas

Lemma | Let s(x)=x(1-x)"'. Then
L(s,x)—s(x)=(n+1)",

Proof By calculating, we have

L,(s, x) :g (C;Uolt(l O m (DA m, (x)

&, (ntk+D)(nt k+2) (k+1)
-/;)( n+1 ) n
= k+1

m,(x)=(n+ 1" +x(1-x)".

The Lemma 1 is proved.

k —_ -—
Lemma 2 lLet S,=0, S,=>_.i ', k>1 and r,,k=C,,,‘(f0110gtm,,k(t)dt. Then
i=1

Tk = Yoirn™ (Spok™ Si)
oran= — (ntk+ 1) ' —(n+ k+2)7".

Proof Integrating by parts we get

follogtm,,k(t)dt = - Ck+ D)+ n"<n+1>j01 M1 e (Dlogrdr.

Thus
= = Gt D'+ Cobn (nt D [Umy . (D loged e

- = — 1 -
= —(k+ DG idm L (Dlogrdr = =k DT =,

Hence r,,= rogen— (Sp+i— Si)« On the other hand,
- 1
Tok+n= Co;cn.fo moi+1 (1) logrde
1
= (et k+ 1) (nt k+2) [ #(1 - 1) logrdre

= —(n+k+1) "'~ (n+tk+2)" .

We complete the proof of Lemma 2.
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Lemma 3 Let r(x)=logx— log(l - x) and p'+¢ '=1 for 1<Z p<loo, or ¢ '=1

for p=oc, We have

qu;“(L,,rl M ,=0cn ) (n->oo) .
Proof Since L, are linear operators, we need only prove the following two
inequalities }
le? (L,(logzr, x) —logx) ||, << Cn’! (2.1)
and ‘
o7 (L,(log(1 = 1), x)~log(1—x) | ,<Cn". (2.2)

For Ai“(S,Mk-S m, (x)= 21 (1-x)', we have by lemma 2
L,(logz, x) - logx:g:“ ! _[“' logrm, (1) diym, (x) + Z K- o
:gwow (S, S, m k<x>+2k (1- 20"
:o<n‘1>+k§jﬂk"<1fx>".

We here use the fact 3. My X) Foran=O0(n ') (cf.[2,lemma 1]). Therefore
k=0

[ 1L, logr,x) ~ logx|dx= Cn' ¢ 3 (kCk+ 1) < Cn”
k=n+1

and
sup | x(L,(logr,x) - logx)|< sup (Cn x+ Z K x(1-x0<cn ' .
0, x L 0. T+l
By the Riesz-Thorin theorem (cf. [3, p.525]), we have proved the inequality
(2.1) .

With respect of (2.2), we have by calculating

L,(log(1 =1, =3 m, () (rop. = (S, e= Spay))
k=0

:0<n“>—k};0mnk<x><s,,+f S, ) =0(n ")+ log(l- x),

So L,(log(l-r),x)—log(l—x)= on" ), the inequality (2.2) holds apparently.
The lemma 3 is proved.

3 The proof of theorem | Let g(x):s(x))rr(x):l)ijrloglf For any
x, te(0,1) and feS,, there holds
S = [ =900 [0t — gl + [ (glw = gendlpw ffu). (3.1)
7

Applying the operators L, to (3.1) in the variable s, we obtain
LS, x)= flx)=g(x) f(x)(L,(g, x)— glx))+ L,,(fx( gluw) — g(oHdle (w £ Cw)).
!

Tak_ing I’-norms on both sides and applying lemmas 1 and 2, we obtain
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WL~ fl,<cnt | f],+ ]|L,,(Lx(g(u)—~ () d(ew [ ||, (3.2)

(for p=1, “f/”,, is replaced by ))<pf’”m).
In order to estimate the second term of the right in (3.2), we consider the

linear operators
ALy )= nL,( [ (g~ g()dh(w), x) .
t

Write

(glu)y—glt)), =

{g(u)—g(t), if w>r,
if uw<lr.

’

For ue BY, we have

jo’ |A,(h, x>|dxgnj01|dh(u>|(j: L,((g(w) = g( 9),, x)dx+ [“L,((g() ~ g(w), , ) dx) .
Since fo](L,,(f, x)= f(x))dx=0 for any feL',
JLCCg = g, 0dx+ [L,((g() = g(w),, x)dx
=["(L,(g, )~ g(x)dx=0(n")

which implies
[ 14,y 0 A< C a0

Put H,,(t,x)ZEC;Lmnk(t)m,,k(x). Using lemmas 1 and 2, we obtain
|4,Ch, 00| = nL, ([ (e ~ g() R (wdu, x)
14
1 x
<n|K|, [ Hit,0 [ (glu) - g(t))duds
0 t
1
:n)jh’”wfo H,(t,x)(x(logx—log )+ (1- x)(log(l — x)

~log(1- 1)+ (== 7%=) + (log(1 - 1) ~log(1 ~ x))dr
=n|H |, 0" HLCIH e
The Riesz-Thorin theorem gives
|4 |, <C|H |, , p=1, Kel’0,1).
Taking h(u)—w(u)f/(u), we see that
| L [ (e = g dCo () f N | ,= 0" | 480 £ |,
t
Cn (o f)
g{ B I <P/f I, »>1, (3.3)
Cn |of |sv

Combining (3.2) and (3.3), we complete the proof of theorem 1.

4 Thep ~of of the theorem 2 ‘
For any #4"1°(0,1), from theorem ! we can also obtain

| Lk~ k), <Cn 'R+ |ok"],) -
For fel’(0,1), we have (restricting ||4],<2|f],)
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ILof= 1, L S~ |, S Rl [ Lk R,
<2 f= k|, Cn ' oR" |+ L)
SO SR+ n o] )+ Cr Y f ],
This implies X
|L S~ F1,<CK D+ Cn’| 1],
where
K,(f,o=infl||f~ h|,*t|eh"|,, eh"eL’(0,1)}.
Applying the weak equivalent relationship between K ,(f, #*) and w,f,1), (cf.
[4, Theorem 2.1.1]), we have
[ s 1= C S o fon )
which provides the theorem 2.
5 The proof of the theorem 3
The theorem 3 follows from the theorem 1 above and the theorems 5 and
6 in [2].
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