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Abstract

Littlewood-Paley operators, g-function, s -function and g;—function (A>3),
considered as operators on the space of functions of weighted bounded mean
osciliation BMO, ((BMO) ), are “bounded operators ”. Exactly, we proved that
if £/ BMO _((BMO),) and |{x,Tf(x)#c<}|>0; then Tf is also in BMO ((BMO) )
and there is a constant C independent of f such that ITflsmo <C1/|BMmo,

UTffBmo <C|fl(BMo) ), where T is one of those Littlewood-Paley operators .

§ | Introductlon

In (1], B. Muckenhoupt and R.L. Wheeden introduced the space of func-
- tions of weighted bounded mean oscillation.

Let f(x) and W (x) be locally integrable in R" and w>0, we say that f
is of bounded mean oscillation with weight w if there is a constant C such
that :

[ fx0) = foldx<C [ wlx)dx, where fo=1/]Q|f,f(x)dx (1.1
for all n-dimensional “cubes” Q whose sides are parallel to the coordinate axes,

We write BMO,= {f;f€ L' .(R" and f satisfies (1.1)}. The smallest cons-
tant C which satisfies (1.1) is called the BMO, norm of f and is denoted by
1/l |

Another weighted definition of this class is also given as follows,

LlIf = (hy Jwodx<C [ wix dx, (1.2)

where (f), = fof(x)w(x)dx/fgw(x)dx for all Q.
~ And we write (BMO),={f,f L} (R" and f satisfies (I.2)}. The smallest
constant C which satisfies (1.2) is called the (BMO)  norm of f and is denoted
oy [ f] o e

Wang (7], Yao (8], Han (9) and Kurtz {10 ] have considered the Littlewood-
Paley operators on BMO. Using a similar. way of proof, they obtained a lot of
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good results .
~ Here, we deal with the weighted cases and get the following conclusions.
Theorem | Let we 4, and f¢& BMOW(R")J. Suppose 4>3, then either g(f) (x)
(s(HX), g3(H (x)) =00 aves,or g(fN)(x)(s(H(x), g;(NH(x))<co a.e.
and there is a constant C independent of f and x such that
16O Vs SCUA, U5 T KCU s B2 [ =CUA ) -
Theorem 2 Let w A_and f (BMO), Suppose >1, th=n scither g(f)(x)
(s(H(x), g:(«f) (x))=o0 a.e.,or g( ) (x)(s(H(x), g;(f) (x))<loo a.e.and
the}e is a constant C independent of S and x such that
DL, WO I8N a0 <CI AL
" We assume all sets and functions are measurable, using y; and |E| to denote
_the characteristic function and Lebesgue measure of the measurable set E and
dQ the cube with the same centre as Q and its edge length being d times as
long as that of cube Q.
We also use C to denote constants which may change from line to line

and independent of f and x.

§ 2 The proof of Theorem |

Let xeR", y>>0, f{x, y) be the Poisson integral of f, and
g(N) o = ([ "y |grad(f(x, ) |2dp)' 2,
s(H o =(ff |y "grad (f(z, ) |*dzdy)' "2,
where I'(x) ={(z,y) R™', |z-x|<y}and
| gl (x) = ([ i (y/(y+ |z =x)) ny! 7" grad( f(z,)) |*dzdy)'”?, where
A>1. '
The proof of Theorem 1 is based on the following Lemma and Corollary.
Lemma Let we A4,(1<p<e), fe BMO, and Q be a cube centred at x,
and having edge length r.Then there is a constant C depending only on »
and p such that for any arbitrary positive y>0,
IR.[ SO = fol/ (™ +|x— x| ™) Jdx
<Cy"M A+ Inty/ 1 D)1, maxiw@/ 0], w(E0)/ | 20]} .
Corollary Let we A4,, f€e BMO,, ¢>0 and Q as in the Lemma. There is a
'constapt C depending only on n and ¢ such that
' J‘R r"+’+|x—xo|"”) |dx<Cr™* 11, v/ |Q
Certainly, .
Jar U0 = fol/Cr +]x= x> " 2dx<<Cr ™| fl.. . w@@/ el
where w (Q) = fg w(x)dx .

.
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For we 4, , by the property of Muckenhoupt class, we also have we
ase)/ne Taking p=(n +&)/n in the Lemma , the Corollary is immediate .
In particular, if we take Q, to be the unit cube, ¢=1, then
[ UF GO = fol/ L+ | " Mx<C| £, . w(Qy) «
It follows that [ .(|fGx)|/(1+|x][)"" Jdx ¢, if f&BMO,. As we know, this
condition is equivalent to the finiteness of the Poisson integral f(x,y), y>0,
of f, and it is possible. to consider Littlewood-Paley operators on BMO .
Proof (Lemma) Firstly, we prove the Lemma on }he special case, y=r.
Let Q(k) =2"0,0Q(05=0Q, (k=1,2, ), then
lfQ(k.)f_ fQ(k—1)|<(1/|Q(k— D DI

A

|£C0) = £ gpldx

), Qk)
<C| £, Q) /|Q U] (k=1,2,0) .
and
[y 1 Fx) - f,,ldx_<fc(k)|f<x> = fouldx+ QU 1| £, — fol
KA @R) +100G0 | 5 10~ o)
SO Q@) + 10O 2 (w(QUN/ Q)
<cl] w,,jz'fjlz"“-f’w(Q(j)').
So '

Iwﬂﬂx) = fol/ (r"?* |x-xo|"’) Jdx
S Q00 = fddx+ X2 o< qun 1y UF(0) = Sal/ 7+ |5 x| "9 Jdx

<r 4 £ ,,,..w(Q>+c§_f (247" 170> - Jaldx

Qtk)

< flew@ +C S (2 "ﬁ RN CIDIDITT I

Since w A4,(1<p<o0), ’ ‘
w(Q(N)I<Cw(Q(j))N\Q(j- 1)) and f Jw(x) /P |x= x| |dx<Cr" " (Q)/lQl,

thus, -
}:{--- =X (2 ""Ez w(Q(j)))
i Z’E "‘"’""‘“-(zfn""'w(Q(j)\Q(j—1)))}
= f Z_: 2 kDD g1y, "w(Q()H)NQG - 1) Y}
<c§ L2/ W @) NQG~ 1)) )
<c§ {ja(n\m 1)[w(x)/(r"h]x x| ") Jdx}
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<C JR,[w(x~)/(r"”+ Jx = x,o] " d x
<Cr*"'w(Q@) /|Q|.

Therefore ,

f t|f<x> S Pl @+ C S @0 )
A w@Y [0l

This completes the proof of the special case of the Lemma.
For the general case, arguing as in b_the‘proof of (10,Lemmal .1), we can
finish the proof of the Lemma .
Proof (Theorem 1) Suppose |{g(f)Fo}|>0 and decompose f as in (10]
_ fx)=fi(x) + f,(x) + f3(x),
where f,(x) = f,, f,(x)=[{f(x) - fdxq and f;(x)=(f(x) ‘fo]xco
Obviously, g(f) (x)=0 and
- (%) g(fy) €L'(Q) and j|g<f,> () |dg<C | f., . w(QD .
In fact,since wg¢ 4, and feBMO,_, by (1], we get
w({xe Q:|f(x)~ folw >a})<CExp(-ca/|f] w,,)w(Q) .
Where C, ¢ are constants independent of f. Thus,
jkam wldx = [ | (f(x) = fpw 'wxdx.,

<C [ aBxp(-ca/|fl.,Ow@de<C |f]} . WD .
For we A, , We have w¢ A4, and also w '€ 4, from (5], °
U i e < A et -
From (6 ], g(f;) (x)<Cs(f3) (x), hence,
||g(f2) “L Hw™ ‘dx)<Cu3(fz) "L 2w an <<C “fz"z.’(w ‘dx)<c “f" w,  (W(Q) ]”2

and
fc|g( £ (0 [dx<<Cw (@) 18D | 120w amy C IS |y W(Q)
(+) is proved. ‘
Next , we want to show that for sufficiently small d depending only on »n
there is a constant C depending only on n such that for all xe dqQ,
(i) g(f,‘)(x")<oo=>g(f,) (x)< o0,
(i) |g(f) (x) - g(f,)(x )|<C"f||w,,w(Q)/|Q|
where x’ is a point in 4Q as in (107,
Recall the proof of the corresponding results (i) and (ii) as in 17,Lemma
1, the estimates in (7 ] depend closely on the key property of BMO function,
(B [ LUSD = fod/(am e+t W< (A,/dD | f] |
where Qd is a cube with centre ¢, and edge length d
Repeat the argument of the proof of the correspondmg estimates in [7 ]

and use the preceding Lemma (Corollary) instead ofs (A), we can prove (i)
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and (ii). Arguing as in [10), g(f)(x)<(oca.e. is immediate.
Fmally, we want to show that |g(/) |, <C ||f|| w, W
Let Q be any cube in R",set Q=¢( 1/d)Q (Q =dQ) and choose a point
x' €dQ such that e(fp (x")<eo, Then, by (») and (ii),we get
jo,|g(f)<x) —g(f)(x") |dx = [, le(at 1) (x) —g(fy) (x) +g(f;) () - g(f) (x' )]dx
<fo,|g<f2>_<x) ldx+ [, |g(f) (x)-g(f) (x')]dx
<[Jef) oldx+ [ le(f;) (x) - g(f) (x")|dx (since @' CQ)
<O W@
<C||f||w,*w(Q) (since w(Q) = w((1/d)Q)<Cw(Q ). .
Since Q' is an ~ arbitrary cube, we have |g(/)|,, ,<C|f]|.... The proof
is completed for g-function. '
For s-function s(f) and g;-function g;(f) (1>3), arguing as in [ 8], noti
noticing the proof of Theorems in (8 Jis also depending on (A), we can

readily prove the similar results as stated in Theorem 1. (Use the preceding
Lemma instead) )
Theorem 1 is completed .

§ 3 The proof of Theorem 2

Proof (Theorem 2) By (1, Theorem 5. ), we claim that
(» ) If fe (BMO) ,and we 4_, then fe BMO,
and there exist constants C, ,C, indépendent of f such that
G <) <Gl e |
In fact, if .fe (BMO) ,, according to the proof of (1, Theorem 5.1, we get
W{x €Q: |f(x) —~Cq| >ah)<exp(—ca/| f| , Hw(@),
where C, ¢ are constants depending ohly on n. '
Since we'Am, there are positive constants 4,B,J and 7 such that
AE|/|Q) "<w(E)/w(Q)<B(E|/|@]°,
which implies o
| {x€e Q. |f(x) —Cy|>a} |<CExp(-ca/(n|f|,,.,)Q|,
and k . .
a/lep f lre ~Col<C [ Exp(-ca/(n|f],,,))da<C, |, . ",
Thus | /] <C,|f] |
Conversely,, by f€BMO, we can easily get v |
fe (BMO),, and llfll*,w<C||f|| . |
The claim is true. :
" Use (» ») if fe (BMO)w,then fEBMO, g(f)FE> a.e. from (7], (N e
- BMO, and

*yw® |
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lecn | <cl7l <C||fu,.,
Usmg (' ») again , we have g(f) ¢ (BMO),,
leH )., <Cle ], -
Therefore [g( |, , . <C|fl.,w-
- The. same argument for s-function s{(f), g:—function g:(ﬂ is also true.
Theorem 2 is completed . '
Remark |
Oéar]y, Theorem 1 and 2 are the extensions of the corresponding results
in (7] (8) (9)and (10] .
Remark 2
For Marcinkiewicz integral u#(f) (see (9]), we also have the similar results
as Theorem 1 and 2. ' '
At the end of this paper, we shall give the following proposition analogous
to the preceding Lemma in § 2.
Proposition If we 4, (1<p<<o0), fe (BMO) , and &>0, then
J Ul = (NG N/ [x = x| Iw(x) dx<<Cr | f1,, ww(@/ QI
where Q is a cube centred at x, and having edge lenth r.
Espeéialy,

D g W/ + x| w0 dx<C | ] , W(Qo) .,
where Q, is the unit cube. .

Proof (Proposition) Arguing similarlyasin (3 ] for k=1,2, -, we have
1D oinr w™ ) guie-1>, w|<[l/w(Q(k—1))]jQ(k O f(x) ) o, wlw(x)dx
<||f||,,,ww(Q(k))/w(Q(k ).

Since we 4,
w(Q (k) =w(20(k -1)) <C2"'w(Q(k- 1)) <Cw(Q(k-1))
w(Q(k)) =w(2X(Q)) <C(2H) "w(Q)
thus | (f) 5. 0 () ok~ 1.5 <C I 1]
fo(k) | £ = (g, |wx)dx |
<L) = (N gy W) dx +w(QUOY [ 4y, = (D
<CW Q) LK) | fll, e v
Therefore , .
IR.[If(X) = (g Wl /™ + |x x| ") ]w(x)dx
LIS = g /™ = x| ™) Jw (x ) dxe +

., ws and

o l

+ 2 w0, UG = N g /0™ 4+ 2= x| Iw(x)dx
LCG [ 1fG) = (g, Jwix)dx +
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WIF@ =g, wlw(x)dxj

+ 30 (2% _(""”)f
k=1
<Cr I A Q) + 2 (25 T (L4 ) (29 wQ) )
k=1

<O e utir B2 W)
cr | fl., w@/1Q1 .

The proposition is completed .
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