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Abstract

Since several years, Artinian semisimple rings have drawn the attention of
various authors (cf. for example, [ 11-—[10]). The purpose of this paper is to
characterize Artinian semisimple rings in terms of P-injectivity., New characteri-
zations of Artinian semisimple rings are obtained. Necessary and sufficient con
ditions for prime rings to be Artinian simple are given. Several interesting pro-

perties of P-injective rings are derived.

All rings in this paper are associative with unit, and all modules are unital .
Let R be a ring.~ A4 left R- module M is called P-injective (cf.[81) if, for any
principal left ideal L, every left R- homomorphism f: L— M extends one of R
to M, i.e., there exists meM such that ’

f(ry=rm, for all reL.
A ring R is called P-injective if, as a left R-module, it is P-injective.

Let N be a submodule of a left R-module M. N is called essential in M,
if every nonzero submodule of M has nonzero intersection with N, in this case
we also say that M is an essential extension of N. N is said to be a closed
submodule of M, if N has no proper essential extensions inside M. If N is
essential in M, then write N _M. For xeM, we use (N:x) to denote the left
ideal {reRlrxe N} in R. For a¢R, we use /(a) to denote the left ideal {reR|ra=
0} of R, and [/ (a) is called a special left annihilator (cf.[11]). The singular
submodule of a left R-module M is Z(M) = {yeM|I(y)<< R}, and M is called
singular if Z(M)=M,Let Z,J denote respectivily the left singular ideal, the Ja-
cobson radical bf‘R,an'd Soec(Z),S denote respectivily the socle of right R-module
Z and the right socle of R. A4 ring R is called left perfect, if it satisfies the
descending chain condition on principal right ideals (c¢f. [12]).Let I be a subset
of a ring R. I is called left T-nilpotent, if for every sequence a;,a;,* in [
there is an n such that

a,*a, = 0.
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It is clear that a left T-nilpotent left ideal I is nil,

Lemma |[?' Let N be a submodule of a left R-module M. If N<_M, then

(N:x)< ,R for all xeM.

Proof For any a¢R and a=0, if ax=0, then ge(N.x), thus
03 Ra= (N, x)() Ra. "
If ax>x0, then Rax is a nonzero submodule of M. Because N<_M,thus N() Rax
20, so that there exists reR such that rax>x0 and rax¢<N, whence
ra>x0 and rae(N:x){\Ra.

At any rate, we always have (N:x){)Ra=x0, hence (N:x) is essential in R,
Lemma 2(133]1 4 ring R is P-injective if and only if r(/(a))=aR for all acR.
Lemma 314} If a ring R is P-injective, then Z=J.

Lemma 4 Let R be a P-injective ring. Then R is left perfect if and only
if R satisfies the ascending chain condition for special left annihilators.
Proof Assume that 'R is P-injective,, and satisfies the ascending chain con-
dition for special left annihilators. If 4R, i=1,2,+, and
aR2Oa RO 2a,R D
then
1la) T l(ay))Teee T i(a) Toee
Since R satisfies the ascending chain condition for special left annihilators ,
then there exists a natural number m such that
Ha,)=1(a,) =

By Lemma 2, we have

a,R=rl(a,)=r((a,,,))=a R= -

Therefore R is left perfect. Conversely, assume that R is P-injective and left

perfect. If aR, i=1,2, -, and

1(a))CT I(ay) T eeeCl(a)) T oee

then ' .

r(l{a ) D rltay)) Do 2Dr(l(a;) D see
It follows from Lemma 2 that '

‘ ayROa; RO Da,R D
Since 'R is left perfect, then there exists a natural number n such that
a,R=a, R= s

whence
' Ka,) = Ka,R)=1(a, \R)=Ia,,,) =

i.e., R satisfies the ascending chain condition for left special annihilators.
Lemma 5§ Let R be a P-injective ring. If R satisfies the ascending chain

condition for left special annihilators then
(1) R/J is a semisimple Artinian ring;
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(2) J is left T-nilpotent;
(3) Every nonzero right ideal of R contains a minimal right ideal.
The proof of this Lemma is straightforward (cf. Theorem 28. 4, [15]).
Lemma 6 Let R be a P-injective ring. If R satisfies the ascendind chain
condition for special left annijhilators, then S is an essential right ideal in R.
Proof If S is not an essential right ideal in R, then there exists a nonzero
right ideal K in R such that
SP K< R.
By Lemma 5, K contains a minimal right ideal aR, thus
0xaRCSNK
whence S\ K0, a contradiction.
The following question is raised by Yue Chi Ming in [(16]; Is a right P-
" injective ring with the maximal condition on right annihilators right Artinian?
At present, we can not answer this question, but we weaken the maximal
condition on right annihilators, and obtain the following interesting characte-
rization of Artinian semisimple rings:
Theorem | The following conditions are equivalent,
(1) R is a semisimple Artinian ring; .
(2) R is a P-injective ring, Z is a closed right ideal of R, and R satis-
fies the ascending chain condition for special left annihilators,
Proof Obviously, (1) implies (2).
Assume (2 )., It is clear .that Soc(Z)C_ S. Since S is semisimple right R-
module, then there exists a right ideal K of R such that
Soc(Z) PK=S.
By Lemma 6, S is an essential right ideal in R, i.e.,
S<.R (»)
If Z() K%x0, then it follows from Lemma 5(3) that
Soc(Z)N(ZN K)*0 '
which contradicts Soc(Z)() K= 0. Therefore
‘ ZYK=0 . (%)
It follows from (+) and (=) that
S=Soc(ZYPKCZBHBKCR
whence
ZCZPH K< R,
Because Z is a closed right ideal in R, (ZDK)/Z is an (essential submodule.
of the right R-module R/Z, i.e.,
‘ (ZPK)/Z< ,R/Z.
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By Lemma 3 and Lemma 5 (1), we obtain
(ZPK)/Z=R/Z.
Therefore there exists ke K such that
1-keZ=J
By Lemma 5 (2), J is T-nilpotent, thus there exists a natural number m such
that (1- k)"=0, it follows

1= f(k), flk) is a polynomial of k with integer coefficients,
whence 1¢K, K=R. It follows from (= *) that

Z=0, R=K=S.
This proves that R is Artinian semisimple .

In [ 7] it is shown that if every essential - left ideal of a ring R is the anni-
hilator, and R is left nonsingular, then R is Artinian semisimple. If we replace
“nonsingularity” by ¢ P-injectivity of singular simple R-modules”, and weaken
other the hypothesis, then we obtain the following characterization of Artinian
semisimple rings.

Theorem 2 The following conditions are equivalent,

(1) R is a semisimple Artinian ring;

(2) Every maximal essential left ideal of R is the left annihilator and
every singular simple left R-module is P-injective.

Proof Obviously, (1) implies (2).

Assume (2 ). For a left R—-module N, let a levft R-module M be an essen-
tial extension of N. If N3 M, then there exists x¢ M-N .By Lemma 1, we see

(N:x)<< ,R, (N:x)XR,
Thus there exists a maximal left ideal L of R such that
(N:x)CLC R, L _R.
It follows from the hypothesis that
L=1(I), for some subset I of R.
By maximality of L, there exists age¢l such that
L=I1(a), a¥x0.
If r,reR such that ra=ria, then r—rel(a), define
f:Ra—R/Il(a); ra—~>r+I(a)
it is easily seen that f is a left R-homomorphism. Because R//(a) is a
singular simple left R-module, there is beR such that
1+l(a)= fla)=ab+ I(a)
which vyields .
1-abella), a=aba
whence e=abx1 and ee=e.It follows that
L=l{e)=R(1-e), L{YRe=0 and Re=x0
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which contradicts that L<_R and L=R. Therefore N=M, i.e., N has no proper
essential extensions.” By well-known theorems, N is a injective left R-module.
It follows from Theorem 4.13 in [12] that R is Artinian semisimple.

Prime rings need not be Artinian simple. Conditions for prime rings to
be Ariinian simple are studied by various authors. In [2 ], it was shown that
a prime Goldie ring R with nonzero socle is a simple Artinian ring. This moti-
uates the following theorem, .

Theorem 3 Let R be a\ prime ring. If R satisfies the ascending chain con-
dition for special left annihilators, S%0,and S, as a left R-~module, is P-
injective, then R is a simple Artinian ring.

Proof (1) If a right ideal K of R satisfies K()S=0, then KSC K(NS=
0. Since R is a prime ring, therefore K= 0,'and S is an essential right ideal
in R.

In the same way as above, we 'may prove that S is also an essential
left ideal in R.

( 2) Since R satisfies the ascending chain condition for special left anni-
hilators, then the set ‘
{I{x)|x¢R and x30}
contains a maximal element [(a). If Z=0, then aZa30 because R is a prime
ring. Thus there is ceZ such that aca¥x0. It follows from the maximality of
I(a) that [(a) =[(aca). Since aca¢Z, we have
I(a)=1(aca) <R
whence /(a))Racx(0. Thereby there exists re¢R such that
racx0 and raca=0
which implies rel(aca)=1I1(a). Thus ra=0,rac=0 which contradicts rac=x0.
Therefore Z= 0. '
(3) If SR, then the .set
{I(x)|xe¢R and x ES}
contains a maximal element /(b) because R satisfies the ascending chain
condition for special left annihilators. By (2), there exists a nonzero left ideal L
of R such that
P (DL, R.
By (1), we have L{) S%0, so that there is deL()S and d=0.

If r,rneR and rdb=rdb, then (r-r)db=0 which implies that (r—r )del(b)

(VW\L=0, rd=r,d. Thereby we may define

f:Rdb—S; rdbr>rd
and it is easily seen that f is a left R-homomorphism. Since S is P-injective,
then there is heS such that
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d= f(db)=dbh
which implies that d(b— bhb)=0, del(b~ bhb).Since bES and heS, b-bhbES. By
maximality of /(b), thus I(b)=1(b— bhb). Thereby del(b- bhb) implies db=0,
d= dbh=0( which contradicts d*0. Therefore S=R, i.e., R is a semisimple Arti-
nian rihg.
(4) Let I be a nonzero ideal of R.- By (3), there exists a left ideal T
of R such that I@PT=R. This implies
ITCINT=0
Since R is a prime ring, then T=0, R=7, This proves that R is a simple Artinian

nian ring.
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p- M §f 1 55 Artin 2 8 %

¥R K
CERITEXFHER, XWD

i B

PR S HAER BB R A MR, I E RSB AT EW. A30H ERFR
PR HERZIE Artin L B3, RIVBBIMT EEER:
(1) BRREArtin 3B Y RE p- HEH, RONEFRBBRZMAEE, AR
WA BT TR
) (2) BFRAEArtin R BFY ANY RNENMERFREBEREFAT, HEERES
R R-BE P- WEE
(3) RIRAR Artin B HINY RIHER S0 RZEp-PSHE, FHRFRIEHK
ERLFIEERE.
R LR T X Artin 2 BIFERIAIR, To BRI T3 BIR 5340 48 3R 3 Z Al Y Bk
. ’

(3588 7))
I~ X3 R A B RIS IR

R K
(EWTHKEMER, T
i 3

AXMEK, BRESFUIGEHEL 22 ha@1(1). RIEE,

BREW, HQ=Endg(M), HpME)" UMAGHE. WA
(1) J(@=Z(Q);

(2) Q/J(Q) R Von Neumann i Wj3R.
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