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Character and Soivability*
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As well known, the use of the character theory to study propery of groups
is a major breakthrough in group theory. One of the most celebrated resu-
Its is Burnside’s theorem which asserts that a group with order divisible by at
most two primes is solvable. This theorem uncovers that there is a close rela-
tion between the character and the solvability. It has been conjectured that only
in a solvable group it is possible to have x(1)= |G: Z(G)| where xeIrr(G). In this
paper, we look into the relations between character and solvability, and show
that the conjecture is true under some additional conditions ,

In this paper, we shall use thei symbols in [ 1]. Let G denote always a
finite group, Irr (G) be the set of all irreducible characters of G, c¢.d-
(G)={x(D)|xeIrr(G)}. Our main results are the following

Proposition | If 2|x(1) for every nonlinear character xelrr(G), then G
is solvable.

Proposition 2 Let xelIrr(G). If 2}x(1) and 2| |Z(x).Kerx|, then GXG'.

Proposition 3 Let xelrr(G). If x(1)%1 and X(1)2=lG:Z(G)| , then |Z(G).
Kerx|>1.

Proposition 4 Let xelrr(G), x(1)=x1. If X(152=|G, Z(G)] and |Z(G): Kerx|>2,
then G has at least one irreducible character x, such that X, x, Kerx, =Kerx
and x(1)=x(1).

Proposition§ Let |Irr(G)|<4, and there is an irreducibe charactor xelrr(G)

' with x(1)*=|G: Z(G)

Proposition 6 Let \Irr(G)|=5, and there isisan irreducible charactor xelrr(G)
with 1(1)’=|G:Z(G)|. If 34x( 1), then G is solvable.

Proposition 7 Let |Irr(G)|=6, and there is an irreducible character xelrr(G)
with X(l)z=|G;Z(G)], 34x(1) and |Z(G).Ker(x)}>>2, Then G is solvable.

Proposition 8 Let |Irr(G)|<6, and there is an irredicible character Xelrr(G)
with x(1)*=16.Z(G)

. Then G is solvable.

. Assume either X,(1)=2%,(1) or 3} (X, (1), X,(1)), for all
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Xy, X,¢lrr(G). Then G is solvable.
Proposition 9 Let |c.d. (G)|=4, and there is an irreducible character xe¢
Irr(G) with X(1)’=|G.Z(G)]. Then GxG’'.
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