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A Short Proof on the Bandwidth of
) A Graph and its Compiement*
Lin Yixun Yuan Jinjiang
(Department of Mathematics, Zhengzhou University)
A labeling of a graph G=(V,E) is a bijection f;¥V—{1,2,+|V|! For a labe-
ling f, denote
B(G, f)=rg?g|f(x)—f(y) .
The bandwidth of G is defined by
B(G) =mian(G, i)
P. Z.Chinn, F.R.K.Chung, P. Erdés and R.L.Graham''’ proved that
B(G)+ B(G)>n-2
where G is the complement of G. In this note we present a short proof.
We will use a variant of Harper's lower bound %! as follows.
Remark | For any labeling [,
B(G, f)> max|N(f (1, m)))|
1< m<n
where [a,bjé{er|a£x£b},N(S)é{er\S| 3xe¢S such that xye E(G)}
(SC V). .
Two special graphs P,',‘ and P,’,‘ will be taken into account, where
V(P =V(P)={1,2, +,n},
E(PY={ij]0< j- i<k},
E(PH={ijlk+1<j-i<n-1}.
When drawing these graphs, we always
~ put the vertices 1,2, *», n successively

on a line (as shown in Fig 1).
Remark 2 B(PH)>n—k-2.
Proof For any given labeling f,
denote u,= f '(i), i=1,2,++,n. In the
sequence (u, ,u;, -, u,), let u, be the

first vertex which is adjacent to a pre- Figure 1 (1"3)
vious vertex, say u, (]<<m). Without loss of generality, we may assume that
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u<u,. Then k+1<u,~u,<n-1.
We denote S={uy,uy,,u,’ =01, m)) and w'=min{u ,uy, - u,} <u .
Since SN\{u,) is an independent set, it follows that
SClu*,u*+ kU {u,).

Moreover, each vertex x<u* is adjacent to u,; each vertex y>u*+ k is adja-
cent to u*. Thus '

NSO VN (Lu*y w+ kU {u,}).
Therefore

IN(S)| = n—k-2.
By Remark 1,
B(G, /H)Z|N(S)|Z>n-k-2

for any labeling f. This completes the proof.
Remark 3 B(G) + B(G)>n-2.
Proof Suppose B(G)=k. Then GC P, GDP'. Thus B(G)>B(P)>n- k-
2, and so B(G)+ B(G)>n-2. [ ]

It is easy to construct a labeling which achieves the bound in Remark 2.
So B(PY=n- k-2. By using the same method, we can obtain that B(CH) =
min{n-k-2,2(n-2k-2)}.
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