Journal of Mathematical Research & Exposition
Vol.12, No.2, May 1992

A Note on the Toughness of Generalized Petersen Graphs*
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(Dept. of Math. & Stat., Univ. of Pittsburgh, Pittsburgh, PA 15260 USA)

.Abstract. We show that, for each integer n > 5, the toughness of a generalized Petersen
graph with 2n vertices is less than or equal to 4/3, and 4/3 is the best upper bound.

Let G be a graph and V(G) and E(G) be its vertex-set and edge-set respectively. The
toughness of G is defined as .

tHG) = min{uT(l—S_“jg—)},

where the mininum is taken over all disconnecting set S of V(G), |S| is the cordinality of
S, and w(G — S) is the number of components of the induced graph G — S. Let n be an
integer > 5. A generalized Petersen graph G(n,2) is a graph with

V(G(n’)z)) = {.’131, T2, T, Y1, Y2, )yn}; and
E(G(n,2)) = {(zi, zi+1), (vi, i+2), (i, %i);
i+ =1,2,---,n, and the subscripts are taken modulo n }.

Thus, G(5,2) is the Petersen graph which is drawn as follows:

A conjecture in [1] stated that if n > 5 and n = 1 mod 4, then t(G(n,2)) = 4/3. Here,
we show that the conjecture does not hold in general. In fact, motivated by the conjecture,
we shall prove the following:

Theorem Let n be an integer > 5. Then t(G(n,2)) < 4/3.

Example Consider G(13,2) with V(G(13,2)) = {z1,2z2, -, 213, ¥1,¥2," '+, ¥13}. Let
S = {z4, z7, 11, T13, Y2, Y5, Y6, Yo, Y12} be a disconnecting set in G(13,2). Then G(13,2)-S
is the following graph:
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Thus, |S| = 9 and the components in G(13,2) — S are the induced graphs of the
following sets:

{y1, 21,22, 23, y3}, {va}, {5, za}, {7}, {ys, ¥, To, T10, ¥10}, {12}, and {y11, 13}

Consequently t(G(13,2)) < |S|/w(G(13,2) — S) =9/7 < 4/3.
The proof of the theorem goes as follows:

Case 1. n =0mod 5, i.e., n = 5k where k is an integer > 1. For k = 1, let V(G(5,2)) =
{z1i,916,% = 1,2,--+,5}, and S = {z11, 713,14, Y15} be a disconnecting set in G(5,2).
Then G(5,2) — S is the following graph: '

T3 T2 Zi13 T4 T15

O O *——e

— ..

Yii Y12 Y13 Yie Y15
Thus, [S| = 4 and the components in G(5,2) — S are the induced graphs of the following
sets:

{12,912}, {y11, 913}, and {z14, 715}

Consequently t(G(5,2)) < |S|/w(G(5,2) — S) = 4/3. ‘

For k > 1, we “patch” k copies of G(5,2) graphs together. Let V(G(5k,2)) =
{xjiayjiyi =12,---,5and 5 = 1,2,---, k}) and § = {zjlyxj3)yj4;yj5)j = 1,2,---,k}
be a disconnecting set in G(5k,2). Then the components in G(5k,2) — S are the induced
graphs of the following sets:

For j = 1,2,-++,k,{zj2,y52}, {vj1,¥;3}, and {z;4,z;5}. Thus, |S| = 4k, w(G(5k,2) —
S) = 3k, and t(G(5k,2)) < |S|/w(G(5k,2) -~ S) = (4k)/(3k) = 4/3.

Case 2. n=1mod5,i.e., n =06+ 5k where k is an integer > 0.
For k = 0, let V(G(6,2)) = {um,vm,m = 1,2,---,6} and S = {uy,us,vs, v} be a
disconnecting set in G(6,2). Then G(6,2) — S is the following graph:

uy - U2 us Uy us Ug

LR

V3 U3 V4 5 Ve

Thus, |S| = 4, and the components in G(6,2) — S are the induced graphs of the
following sets:

{vl) 05}) {'l)z, Uz, ug, U4, U4} and {Ua}.
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Consequently t(G(6,2)) < |S|/w(G(6,2) — S) =4/3.
For k > 1, we “patch” G(6,2) with k copies of G(5,2) graphs. Let

V(G(6+5k,2)) = {Um,vm,-"’ji,yji,m: 1)2)"')6)": 1)2)“'75 a'ndj: 1,2)“')k}7

and

S = {u1,us,v3, 6, Z;1, %53, Yi4, Yj5, = 1,2, -, k}
be a disconnecting set in G(6 + 5k, 2). Then the components in G(6 + 5k,2) — S are the
induced graphs of the following sets: {v;}, {vs, u2, us, us,va}, {ue}, {vs, y11, v13},

{z12,y12}, {714, 215}, and for 7 =2,3, -+, k,{;2,y;2}, {v;1,¥73},and {z;4,2;5}.
Thus,|S| = 4+ 4k, w(G(6+5k,2) — S) = 6+3(k—1), and t(G(6+5k,2) < |S|/w(G(6+
5k,2) — S) = (4 + 4k)/(6 + 3(k — 1)) = 4/3.

Case 3. n=2mod5,i.e,n =17+ 5k where k is an integer > 0.
For k = 0, let V(G(7,2)) = {um,vm;m =1,2,---,7}, and S = {u;,us,vs,ve,v7} be a
disconnecting set in G(7,2). Then G(7,2) — S is the following graph:

Uy U us Uy us Ug uzy

Thus, |S| = 5, and the components in G(7,2) — S are the induced graphs of the
following sets: '
{v1}, {va, us, us, us,va},{vs}, and {us,ur}.

Consequently t(G(7,2)) < |S|/w(G(7,2) — S) =5/4 < 4/3. »

For k > 1, we “patch” G(7,2) with k copies of G(5,2) graphs. Let V(G(7 + 5k,2)) =
{%m,Vm, Zji, yji;m=1,2,--+ 7,1 =1,2,--+,5 and j=1,2,---k},and S = {u1,us,vs3, ve,
v7,Z51, Zj3, Y54, ¥55: 7 = 1,2, -, k} be a disconnecting set in G(7+5k,2). Then the compo-
nents in G(7+5k,2)—S are the induced graphs of the following sets: {v1}, {v2, ug, us, us, vy},
{vs},{ue,ur}, and for j = 1,2,-- -, k,{zj2,y;2}, {vj1,¥;3}, and {zjs,z;5}.

Thus, |S| = 5+ 4k,w(G(7 + 5k,2) — S) = 4 + 3k, and t(G(7 + 5k,2)) < |S|/w(G(T +
5k,2) — §) = (5 + 4k) /(4 + 3k) < 4/3.

Case 4. n =3 mod 5, i.e.,, n = 8 + 5k where k is an integer > 0.
For k = 0,let V(G(8,2)) = {um, vm;m = 1,2,---,8} and S = {uy, us, us, uz, vs, vy, , v7,
vg} be a disconnecting set in G(8,2). Then G(8,2) — S is the following graph:

’3] Ug Uus Uy us Ug uy Us
@] I o ® O I O ®
® O O ® O O
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Thus, |S| = 8, and the components in G(7,2) — S are the induced graphs of the
following sets: {v1}, {vz,u2},{us}, {vs}, {ve, us} and {ug}.

Consequently (G(8,2)) < |S|/w(G(8,2) —S) =8/6=4/3.

For k > 1, we “patch” G(8,2) with k copies of G(5,2) graphs. Let V(G(8 + 5k,2)) =
{um,Vm,zji,y;i;m=1,2,---,8,1 =1,2,---,5 and j=1,2,---,k}, and § = {uy,u3, us,
u7, v3, Vg, V7, V8, Tj1,%;3,Yj4, Y557 = 1,2,---,k} be a disconnecting set in G(8 + 5k,2).
Then the components in G(8 + 5k,2) — S are the induced graphs of the following sets:
{v1}, {v2, u2},{u4},{vs, },{vs, u6}, {ug} and for j = 1,2,---,k,{2;1,9;2}, {yj1,y;3} and
{zj1, 25}

Thus, |S| = 8+4k and w(G(8+5k,2) — S) = 6+ 3k, and t(G(8+5k,2)) < |S|/w(G(8+
5k,2) — S) = (8 + 4k)/(6 + 3k) = 4/3.

Case 5. n=4mod 5, ie.,n =9+ 5k where k is an integer > 0.
Fork =0,1et V(G(9,2)) = {um,vm;m =1,2,---9} and S = {uy, us, us, u7,v3, v4,vs, vo}
be a disconnecting set in G(9,2). Then G(8,2) — S is the following graph:

ui uz - ug uy4 ug ug uz ug ug
(@) I O ® O I (@] *—ae
® O (@) O O
n V2 v v4 Vg Ve v7 v Vg

Thus, |S| = 8, and the components in G(9,2) — S are the induced graphs of the
following sets: {vi}, {vz,u2}, {uq},{vs,v7},{vs,us} and {us, uo}.

Consequently t(G(9,2)) < |S|/w(G(9,2) — S) =8/6 =4/3.

For k > 1, we “patch” G(9,2) with k copies of G(5,2) graphs. Let V(G(9 + 5k,2)) =
{Um,Vm, Zji,yji;m=1,2,---,9,§=1,2,--- 5and 7 = 1,2,--- , k},and S = {uy, us, us, uz,
v3, V4, Vg, Vo, T;1, Tj3, Yj4, Yjs; J = 1,2,--+, k} be a disconnecting set in G(9 + 5k,2). Then
the components in G(9+5k, 2)—S are the induced graphs of the following sets: {v;}, {v2,uz},
{u4},{vs,v7},{us, uo}, and for j = 1,2, .-, k,{z;j2,yj2}, {yj1, yjs} and {z;4, 25}

Thus, |S| = 8+ 4k and w(G(9+5k, 2) — ) = 6+3k, and (G(9+5k,2)) < |S|/w(G(9+
5k,2) — S) = (8 + 4k)/(6 + 3k) = 4/3.

It is known that t(G(5,2)) = t(G(9,2)) = 4/3 (see [1]). Hence, 4/3 is the best upper
bound for t(G(n,2)) where n > 5.
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