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A Note on Finite Solvable (g)—group and (s — ¢)—group*
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Abstract. In [1], [2], the authors studied the finite solvable group in which every
subnormal subgroup is quasinormal (i.e., (s — g)—group) and the finite solvable group in
which every subnormal subgroup is s—quasinormal (i.e., (s — g)—group). In this paper,
we shall characterize finite solvable (g)—groups and (s — g)—groups by general nilpotent
groups and give the classification of inner (s — g)—groups. :

For convenience, we introduce the following definitions and symbols.

Definition 1 Let H be a subgroup of group G. If VK < G,HK = KH holds, then

H is called quasinormal subgroup of G, written as HqnG, if for any prime p | |G|,P €

sylp(G), HP = PH holds, then H is called an s—quasinormal subgroup of G, written as

HsqnG. :
HsnG means that H is a subnormal subgroup of G.

Definition 2 Let G be a finite group. If every subnormal subgroup of G is quasinormal,
then G is called (g)—group; if every subnormal subgroup of G is s—quasinormal subgroup
of G, then G is called (s — ¢)—group; if every subgroup of G is quasinormal, then G is
called quasi-Hamilton group.

Definition 3 Let [[(G) = {p1,p2,--*,pPn} be a prime factor set of | G |. If there exists
Sylow subgroups P; € syl pi(G) (1 =1,2,---,n)suchthatVa € P;,b€ Pj,< a >< b >=<
b >< a > holds, then G is called a general nilpotent group, {P, Pz,--, P,} is called a
general nilpotent basis.

Definition 4 If every proper subgroup of group G is a (s — ¢)—group, but G is not a
(s — ¢)—group, then G is called a inner (s — g)—group.

Lemma 1 Let G be a general nilpotent group and {P1, Pa,---,Pp} a general nilpotent
basis of G. Then

1) IfQISR; thenQin:QjR,i:,1)2)'”171';
2) IfQi <P and Q; < Pi(i # j), then QiQ; = Q;Q;.
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Proof Assume a € Q;,b€ P,,i# j,then <a><b>=<b><a>,ie,ab= bta®.
Hence ab € P,Q;. It follows that Q;P; C P;Q;. Conversely, it is easy to obtain that
Q;P: € PQj, so PQ; = Q;P;. If i = j, obviously, Q;F; = F;Q;. Therefore, 1) holds. 2)

follows in a similar way. O

Lemma 211 G is a finite solvable (q)—group if and only if G has a Abel normal Hall
subgroup N of order odd such that

1) G/N is Hamilton group;

2) VzeN,VyeG,z¥ =zHW) k(y) is integer.

Theorem 1 G 1s finite solvable (q)—group if and only if G is a general nilpotent group
in which every Sylow subgroup ts quasi-Hamultion group.

Proof Necessity is obvious by Lemma 2.

For the converse part, let {P;, P;,---,P,} be a general nilpotent basis of G. Then
G = PPy---P,. Assume HsnG,K < G. Since general nilpotent group is supersolvable
group [3, Th. 9.6], we have K = Q1Q2---Qn, where Q; € sylp;(G) and if p; J|K|,Q: =
1,1 € 1 € n. Obviously, it is enough to prove HQ; = Q;H. By Sylow’s Theorem, it can
be assumed that Q; C P (where z; € G),t = 1,2,---,n. Thus it is obvious that Vz € G,

H = (HNP?)(HnPF)--(Hn P?).
Taking in turn ¢ = 2; (1 = 1,2,---,n), we get
=(HNPF)HNPy)---(Hn PE).
For H N Pf(i # j), since H N P C P, it follows from Lemma 2 that
(HNPF)Qi=Qi(HnN P¥),i=1,2,---,n
For H N P, since Q; and H N P are all subgroups of P, Pf‘; is a quasi-Hamilton

group, so (H N P7)Q; = Q;(H N P*) . Thus we obtain Q;H = HQ;,{ = 1,2,---,n, and
hence HK = KH. So G is a (¢g)—group. O

Lemma 3 Assume G s a solvable group, G = NM, N<4G, and (|[M|,|N|) =1, szsnG
then H = (H 0 M)(H N N).

Proof Since HsnG, we may assume H = Ho < Hy<d---a4 H; <G . We will prove
Hy = (H; " M)(H¢ N N). Obviously,

(HgﬁM)(HtﬂN) C H;. ’ (1)

On the other hand, if |H;| | |M| or |Hy| | |N|, by Hall’s theorem for solvable group, since
H; 4G, we obtain H; C M or H; C N. In this situation, H; = (H, N M)(H; N N).
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If |Hy J|M|,|H:| J|N|, assume |H;| = ab, a | |[M|,b | |N|. Since H, is slovable, so H;
has a Sylow basis. Hence, there exists a subgroup H; of order a and a subgroup Hj of
order b such that H; = H{ H;. Thus there exists some z € G such that Hy C M* H; C N
for any h € Hy, it follow that h = hyhy, where hy € Hf € M® hy € H; C N. Therefore
h=nhyhy € (Ht N Mz)(Ht N N), i.e., H, C (Ht N Mz)(Ht n N).Since H;<a@G, so

H, = (H,n M)(H,n N). (2)

We obtain from (1) and (2) that H, = (H; N M)(H N N).
Since H,; satisfies all the conditions in Lemma 3. It follows by induction that H =
(HNM)(HNN). ’

Lemma 4[2. Th.2.3] G is a finite solvable (s — ¢)—group if and if only if G has a
normal Abel Hall subgroup N of odd order such that

1) G/N is nilpotent group,

2) Vze N,y G,zv=z*v) k(y) is integer.

Theorem 2 G 1is a finite solvable (s — q)—group if and only if G is a general nilpotent
group.
Proof Necessity is trivial by Lemma 4. Conversely, let G be a general nilpotent group,
|G| = pI'p3? - pi~, where p; < pg < +++ < p, and p; is prime (1 < 1 < n). Thus
there exists a general nilpotent basis {P;, P;,---,P,} such that G = P,P;--- P, and
Va€ P;,Vbe Pj,<a><b>=<b><a>.

Let N = P,P3--- P,. Then N<G,(|P,|,|N|)=1and G = PN = PFN,(Vz € N). Let
HsnG, by Lemma 3, H = (HNPy)(HNN). Since HNN<H,so HNNsnG and HNNsnN.

Let Ny = P3P,--- P,, then N = P,N; = PfNy,(Vz € G). In the same way, HN N =
(HANNNP)(HNNNN;) =(HnP)(HNNy).

We proceed in a similar way and finally obtain

H:(Hﬂpl)(Hﬂpz)(HﬂPn)

Similarly,we can obtain that Vz € G, H = (H n Pf)(H N P§)---(H N PZ). Take any
p € sylP;(G), then there exists some z € G such that P = P?. Since {Pf,P5,---,P7} is
also a general nilpotent basis of G, hence
PH = PFH=PF(HnP{)(HNPF)---(HNF)
= (HNR)F(HNPF)---(HNFy) ="
(HNnP{)(HNPg)---(HNP;)=HP.

Thus we obtain HsqnG, i.e., G is a solvable (s — ¢)—group. 0O
Finally, we list the following corollaries without proof.

Corollary 1 The subgroup, (quotient group) of a general nilpotent group 1s still a general

— 251 —



nilpotent group.

Corollary 2 G ts an inner (s—q)—group if and only if G is precisely one of the following:
L. q—basic group of order p*qP, the exponent b of ¢ mod p is more than 1.
II. Inner supersolvable group of order pqP ,p™ | ¢ — 1, > 2, the definition relation is

aP*=cl=c]=--=cl=1,cic; = ¢jc;,1 < 1,5 < p.

¢t =ciy, 1 =12, ,p—1,cp = ci, the exponent of t mod q is p*~t.

III. The group of order p*q%,p| ¢ — 1. The definition relation is
af® = b‘{ = 1;b1b2 = bzbl,

b = b5 b3 = 052 k1 # k2 (mod ¢), kL = k) (mod ).
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