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On Derivation Approximation of Bernstein Operator*

f)azmg Xu Chunning
(Changchun Institute of osts and Telecommunications, Changchun, China)

If f is a function defined on [0,1], then the Bernstein polynomial B,(f;z) of f is as
follows

Ba(fi) = 3 1(5) Pa(z), Pusle) o= ) o*(1 — 2", (1)
n k
k=0

If f is bounded on [0, 1}, z is a point if discontinuty of the frist kind, Herzog and Hinlk
proved

Jim Bu(fi2) = 2(/(=") + /(). G

Furthermore, Cheng(?l gave the rate of convergence above when f is bounded variation
on [0,1]. A question we are interested in is that if f' € BV(0,1], what is B}, approximate
to f!'? What is error estimation we have obtained?

Throrem Let f' € BV[0,1]. Then for z € (0,1),

| Bn(f;z) - %(f’(x+)+f'(x~))|
10V + 15|l (2(1 ~2))"1 %
2[(n - Dz(1 - a:)]-;- + n-1 kz:l z—VT- (9 z)

131 (=) = ) |
4(n - Da(t - 2)}3

where || f']| = maxo<z<1 | f'(z) |, Vi(gL) is total variation of g., on [a,b], g.(t) as follows

(-6, z<ts,
9:(t) = { 0, t=az, (3)
')y —f'(z7), 0<t<u.

Proof Let z € (0,1) be a only point of discontinuity of the frist kind. Then there
exist kg,0 < kg < n, such that z € (1‘;3, L‘ﬂil) Using

By(fi) =n Z(f("’—ﬂ) ~ [ENPa(a),
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we get
| BL(fi2) - 27 )+ £ )|
S+ T+ D e s Ey-p

k=0 k=Ko+1 k=k¢

+ |Zf( )P—lk(x)——(f(z )+ f'(z7)) |
= A+B—|A1+A2+A3|+B.

IA

~1k(2)] |

By £« £ <k k=0,1,.,n-1,and

Pap(2) < 5(nz(l - 2)) 7, (4

we have

5 £S 5 Vo(f')
A < < ‘ 17
R e e LRl v ey
where % <& < knll,k < ko — 1. Similarly, we have | |
| g |< 5Va(f) -
2[(n - 1)z(1 - z)]2

On using.(4) we get

1 n(r(2d) - (@) +n(s(2) - 1(22)

15]| /)] .
= 9[(n - 1)z(1 - z)]3

| As |

IA

—1,ko (x)

If z is the end of [X2, kutl] then

S 5Va(f')
A= —))P,.- < -
[ Al= S0e) - 1) Parsla) 1< EEETRTE
On using
£'6) = (1) + £1=7) + 846 + 5 (=) - 1'(z"))sgnlt - 2),
we have

B = | Bas(79) = 3/ + £ <] Baa(akia) |

+31£1(a%) = £1(27) || Ba-s(sgn(e — 2);) |
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From [1,2], we have

—1n-1 +T
| Ba1(9%32) | ——"— 3(z(1 >V ()
k=1 z—7k=
_and
4
B,_1(sgn(t — z);z) |= - P 1k(z) [< T
Buote =R T = X 3
Ifz= %, then
| Baoa(sgn(t —2);2) | < [{ D2 = D YPa-1x(2) |+ | Pacypi(z) |
< "~ 13 .
2[(n - 1)z(1 - =)}2
Therefore,we have
3(:1:(1—1'))‘ - 13 i ro—
B < -1 S(ET) - f(z7)].
n-l k}: ,_VW " et ST IEN

The theorem is proved. 0O
Finally, we point out that the results we have obtained in this paper can not be
improved.
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