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In this talk I am going to give a brief introduction to some aspects of my recent work.
This concerns some very common questions in dynamical systems on the torus. In the
book “Nonlinear Differential Equations” by G. Sansone and R. Conti (1964), topic of
differential equations on the torus were referred to the following three papers:

[1] A.N. Kolmogorov, Dynamical systems with an integral invariant on the torus, Dokl.

Acad. Nauk SSSR, 93(1953), 763-766.
[2] S. Sternberg, On differential equations on the torus, Amer. J. Math.,79(1957),
397-402. .
. [3] E.J. Akutowicz, The ergodic property of the characteristics on a torus, Quart. J.
Math., (2) 9(1958), 275-281.

My work is related to these papers. I shall split the talk into three sections. The first
section is the global structure of trajectories for differential equations on the torus with
an integral invariant; the second section is the ergodicity of these systems with respect to
the invariant measure given by the integral invariant, and finally, the third section is the
unique ergodicity of dynamical systems on the torus.

Section 1 The global structure of trajectories for differential equations.on the torus with
an integral invariant,

Consider a system of ordinary differential equations

Z—:: = X(z), z € S(phase space). = - (1)

Suppose f(p,t) is the flow defined by (1).
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Definition 1 If there is a function M(z) > 0 such that [, M(z)dz = [, M(z)dz for
any domain D C S and D; = f(D,t),Vt € R?, then (1) is called a system which possecsses
an integral invariant .

Consider the differential system defined on a torus 7'

-

dz dy

E:X(x,y), E;=Y(x,y)- (2)

Suppose that this system satisfies the following conditions:

Hi. X,Y €C!,and X(z+1,y) = X(z,y+ 1) = X(z,9),Y(z+ 1,9) = Y(z,y + 1) =
Y(z,y).

H2. There exists an integral invariant U(z,y) € C! and U(z + 1,y) = U(z,y + 1) =
U(z,y). '
H3. The singular points are isolated.

In the case X*+Y?2 > 0, it is shown in ([1], X,Y are analytic) and in ([2], X,Y € C")
that the global topological structure of trajectories for (2) is the same as for the system
d d
Ti%: =1, :i% = a. (where « is a real number)

In the general case, let

— fol ,[01 U(z,y)Y (=, y)dxd.;/
Jo Jo U(z,9)X(z,y)dzdy’

then we have the following theorems (see [4]: Yu Shuxiang, J. of Differential Equations,
53:2(1984), 277-287).

(3)

p

Theorem 1 Suppose that the system (2) satisfies H1, H2 and HS. Then all orbits, ezcept
singular points and separatrices connecting them, are closed curves if and only if p is a
rational number.

Theorem 2 Suppose that the system (2) satisfies H1, H2 and HS. If p is an irrational
number and (2) has no center type of singular points, then there are orbits which are dense
in the torus. ‘

Therefore, we see that the qualitative behavior of the flow is classified in terms of the
rationality of p and the analysis for singular points.. For any given differential system there
is a simple criterion to determine to which type it belongs.

Qualitative behaviour
(a) the rational structure type
(b) the completely dense type
(c) the mixed type (a mixture of dense domains and rational domains)
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Now let us turn to the second question.

Section 2 The ergodicity of the system (2).

Suppose that f : T? x R! — T? is a flow defined by (2). By the definition of an
integral invariant, we know that

- e

is an invariant measure for the flow f.

A problem is: Whether or not the completely dense type is ergodic with respect to
p#(A)?

To this question, an answer is the following (see [5]: Chen Yong-Hong, Acta Mathe-
matica Sinica,30:1(1987), 111-114)

Theorem 3 Suppose that the system (2) satisfies Hi, H2 and HS. Then f is ergodic
with respect to p(A) if and only if p is an irrational number and (2) has no center type of
singular points.

In [5], the author also proved the following result for the flow which does not necessarily
possess an integral invariant.

Theorem 4 Suppose thatg: T*x R' — T? is a C'—flow defined on the torus T?. If it
satisfies the conditions (2) the singular points are 1solated, and (8) there is a nontrivial
P stable trajectory v such that the closure 5§ = T?.

Then the dynamical system (T2,g) has at most one nontrivial ergodic invariant mea-
sure.

In the case of a torus, Theorem 4 is a generalization of a result of Katok (see [6]: A.B.
Katok, Dokl. Acad. Nauks SSR, 211(4)(1973), 775-778). Because Theorem 4 does not
require the condition that there are no singular points.

Now let me move on to the third question.

Section 3 The unique ergodicity of dynamical systems on the torus.

If ¢ is a measure preserving transformation of a probability space S with measure pu,
then Birkhoff’s Ergodic Theorem concluded that for every function f € L! the following
limit (time average) exists almost everywhere with respect.to u:

n—1
nll’rgo’—l1 Z f(p*z) = f(z), ae. (5)
k=0



However, in practice, for a given point zp € S, this theorem can not tell us whether the
time average lim,,—, o % Sl f(©Fzp) exists, even when ¢ is ergodic with respect to u. So,
it 1s of significance to find some conditions under which the time average exists everywhere.
This question is closely related to that of the unique ergodicity of a transformation.

Suppose that S is a compact metric space and (S,¢) is a (topological) dynamical
system. Suppose V() is the set of all normalized Borel measure invariant with respect
ot . A well known result of Kryloff and Bogoliouboff is that V () is non-empty.

Definition 2 A dynamical system (S, ¢) is said to be uniquely ergodic if it has precisely
one normalized Borel invariant measure. Similarly a flow (S, ¢;) is uniquely ergodic if it
has precisely one normalized Borel invariant measure.

Now we suppose that S is a torus 7'2. E.J. Akutowicz in [3] proved that every C*—flow
which has neither singular points nor closed orbits is uniquely ergodic. '

This result has not been improved for a long time. It was still cited in the book “An
Introduction to the Theory of Smooth Dynamical Systems” by Wieslaw Szlenk (1984).

Problem: Is the C?—smooth condition necessary?

First, Han Mao-an (see (7], Acta Mathematica Sinica, New Series, 4:4(1988), 338-342)
proved that if ¢, is a C1—flow or a C°—flow satisfying certain additional ccndition on the
torus, then ¢, is uniquely ergodic whenever it has neither singular points nor closed orbits.

Recently, I obtained the following result (see (8], Yu Shuxiang, Chinese Ann. of Math.,
10A:5(1989), 214-216)

Theorem 5 Suppose ¢; is a continuous flow on the torus T%. If there are no rest points
and closed orbits, then ¢, is uniquely ergodic.
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