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Abstract We investigate a new class of functions for which we obtain, represersoiion
thearem, coellicient inequalities, distortion theorem, closure theorem, extreme paints and
rading of conpvexity thearem.

1. Introduction

tm=1 analyvtic and

Let S, denote the class of fucntions f{2) = 2 Y ov_y Gprm—127
p—valent in the unit disc £ = {z€ C:|z| < 1}.

A function f will be called p—valent or multivalent in E if no value of the function is
taken for more than p values of 2 in E and if at least one value of the function is taken
on exaclly p times. When p is one, the function will be called univalent or simple.

A function f in S, is said to be subordinate to a function F, denoted by f < F, if
there exists an analytic function ®(z) with |®(z)| < |2|,2 € E such that f = Fo ®.

For 0 < a < 1,p > 1 we say that f € S;(a) if and only if

zf'(2) <y 1+ (2a~ 1)z

,2€ E,
IO NP
or equivalently f € Sy(a) if and only if
zf!{z
2y P
lzf,zf <1 forz€ E.

Consider the function sh(2) = 2P /(1 — 2)?*(1=2) which is equivalent to

oo
2P+ Z C(a, m)2Pt™1, (1)

m=2

where
I (2p(l—0) +F-2)
Cla,m) - —* (m = 1)1 . (2)
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Clearly, s4(z) € Sy (a) and it is a decreasing function of a.
The convolution or Hadamard product of two power series

o0

f(Z) = Z aP+m*lzp+m_1:

m=1
and g(2) = Yooo_; bptm-12PT™ 1 is defined as the power series

o0

(f *g)(z) = Z ap+m—lbp+m—lzp+m_l-
m=1

An analytic and p—valent function of the form f(z) = 2P + ap412Pt1 + - -+ is said to
be in the class P2,p > 1,0 < a < 1, if f * S% € s;(a), where sh(2) is defined as in (1).

The class RL = R,, class of prestarlike {unctions, was introduced by Ruscheweyh St.
[2] in 1977 and [urther studied by Sheil-Small, Silverman and Silvia [3].

A function [ in R is said to be in Rp[o] il it can be expressed in the form

o0

[) =2 = Y lagemol2?t™ 1,

m=2

2. Representation theorem
Theorem 1 A necessary and sufficient condition for f to be in the class RP[a] is that

the funclional 1) * {2 () 3
z)*{sh{z)/(1 -2
R N (FRFAe)
salisfy Re{G(o,p,2)} > ip—(llf'ay[p(l — 2a) + a] for z € E.

Proof Suppose f € RP[a], then g = sf, « f € S, (a). From the identity

sh(z)
1—=z

= sa(2)? [p(1 ~ 20)h(z) + 2A(2)]

1
' 2p(1 — )
where h(z) = 2z”/(1 — 2), it [ollows that

O R O~

= o(e)+ 51,(—11;—)[[1»(1 - 20)h(2) + 2K'(2)]

slv p(1 - 20)h(2) + 2h'(2)]

1 '
- m[p(l - 2a)g(2) + 2¢'(2)}-
It follows that »
f(2) = salz) 1 zg'(2)

1—-z .. 1 - 2« g
1)« o(s) ~ ap(i— o) P 20 F Tyl ®)
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This proves the necessary part of the theorem. Conversely, (3) implies that g € S, () and
hence the theorem.

The [ollowing result which is due to R.M. Goel and N.S. Sohi [1] is used for the
particular values of A =1 and B = 2a — 1 in the next section.

Theorem 11 A function f(z) = 2P — 2, |apsn)2Pt™ belongs to T, (A, B) if and only
Ul

[e¢]

211+ A)n+ (B — A)pllapsn| < (B - A)p.

n=1

8. The result 1is sharp.
Coefficient inequalities

Some necessary and sufficient conditions for a function to be in R?[a] are given by the
following

Theorem 2 A function f(z) = 27 — 3.5 _, |aptm-11227™ 1 is in RPla], 0 < a < 1 4f
and only if

[ee]

2_lm = 1)+ (1 - a)p]Cla,m)lapsm-1| < (1 —a)p.

m=2

The result is sharp for the funclion

(1-a)p

i p+m—1 > .
[m — 1+(1——a)p]C(a,m)z for m > 2

fle) =2 -

Proof We know from [1] that }°_,[m — 1+ (1 — a)pllaptm-1| < (1 — a)p if and
only if f(z) = 2% — Loz lapim-1|2PT™1 belongs to s}(a). Since [ & (z) = 2 —-
% s laptm—1]C (o, m)zP ™1 the result follows.

Corollary If f(2) = 2F = Yoo g |aptm-1|C{a, m)z? "™ 1 € RP[a],0 < a < 1,p > 1, then
laptm-1] < [m—1+-((11-—:))5rc(a =) with equality only for funclion of the form

(1—-a)p
=17 (1= )lC(am)

2t m > 2

Je) = -

4. Extreme points

Theorem 3 Sel f,(z) = 2P and fyym-1(z) = 27 — ¥m_]+((11:5)’3qa,m)zp+m_l. Then [ €
RPla],0 < a < 1,p > 1ifand only if it can be expressed in the form 3 003 Apym—1fptm-1(2)

where Apim—1 >0 and 30 1 Apym—y = 1.

Proof Suppose f(z) = Y ioe1 Ap+m—1fp+m-1(2). Then

00 (L~ &)pApim—1 [m-1+ (1 - a)p]Cla,m) oo B v
,g;:g [m‘1+(1‘a;P]C(a,m) ' (1—a)p ~m2=:2/\p+»m-1—1—/\p51.
-— 409 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Therefore, f € RP|a} by Theorem 2. Conversely, suppose

o
f{2) = 2P - E laptm-1]2Pt™ 1€ RPlo],6< a<1,p> 1.
m=2
Then
- (1-a)p
[ ST (1= a)piCla, m)

<

!a}H'm-—ll ym2 2.
Set ' | o
im -1+ (1 - a)p|C(a,m)ayim—1 =
ATl dd =1- % At
(1-a)p ’ mZ:,z m
From Theorem 2, it follows that A, > 0. Since f(2) = Y 7°_; Apsm—1fp+m—1(2), the proof
is complete.

)‘p+m—1 =

5. Distortion theorems
Theorem 4 If f(2) = 2F — 3% 4 |apim-112PT™"1 € RP[a],0 < a < 1,p > 1. Then

rp+1 ’ rpt1
20+ (1 - a)p) <<+ 201+ (1 — a)p)’

9 u

2| =,

(p+ 1)r?

(P"f‘ 1)rp |Z
1+ (1-a)p)’

2(1+ (1 - a)p)

(i7) pret — << pr 4 2 |=r.

The result is sharp.

Proof From Theorem 3, we have that

P (1 - Ot)p

v’ — max (1 — a)p pptm=—1
2 =101 = )plCla, m)

[m - 1(1 — o)p]C (e, m) ’

<|f(r)] 5r”+m"?x

where m > 2,|z| = r. It suffices to show that A(a,m,p) = [m—1+((11::))pp]C(a ) is a de-

creasing function of m. From (2) we have that C{a,m) = [2p(1 - a) + m = 1]/mC(a, m).
Therefore, we have A(a,m,p) > A(a,m + 1,p),m > 2 whenever

[+ (1= e)pl2p(l - o) +m—1] -1+ (1 - a)p].

3

m

This is equivalent to pm(1 — @) + 2p*(1 — a)? + p(m — 1)(1 — &) > 0, which is true and
hence proves the first part of the theorem.
Similarly, one can get the inequality (ii).

Corollary Let f € RP[a]. Then the disc |z| < 1 is mapped onto a domain that contains

. 1+2{1—a)p
the disc |w| < grr=a%0T

The result follows upon letting r — 1 in the equality (i) on the left side of Theorem 4.

6. Clourse Theorem
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We prove that R?{a] is closed under convex linear combination.

Theorem 5 If f(2) = 22— % _4|apim-1|C(a,m)zPT™ Y and g(2) = 2P =30, |bptm-1]
C(a,m)zPt™1 are in RPla], then h{z) = 2F — Y0, Hlapym-1| + [bpsm-1|}zPt ™!
is also in RP[a|.

Proof Since f and g are in RP[a] we have by Theorem 2

S fm = 1+ (1 a)plCler mlapem] < (1~ ap,

and
Y Im =14 (1= &)p|Ca, m)|bprm-1] < (1~ a)p,

m=2

Adding these two equalitites we get

izlm 1)+ (1= @)pIC e, m) Hfapemos] + pmaa]) < (1 - adp,
which implies that h(z) belongs to R?[a].
7. Radius of convexity theorem

Theorem 6 If f(2) € RP[a| then f(2) is p—valent convez in the disc

m—1+(1—a)p[ P 2wt
(1—a)p pt+m-—1

l2| < Kp = inf {

The result 1s sharp.

Proof It is sufficient to prove that |1 + sz"zz —p| < pfor |z| < K,. We have

L") — m=2(p+m—1)(m = Dlappm-a|z™
Ty T e e m Diagem et <7
< ST (ptm—1)|apymo1llz/™ ! < PP (4)
m=2

But by Theorem 2, 3 7°_, %EC(a,mﬂaHm._ﬂ < 1. Hence (4) will be satisfied if

-12 —14(1 -
[gil_n__.l] Izlm—-l < m—-1-4(1 a)pC(a,m),
p (1 — a)p
or if |
_ - 2 w1
L B (T [T 3 .

(I-a)p ‘p+m-1

The theorem follows easily from (5).
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