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The Stability of a Class of Difference Equations*

Druan Kuschen
(Dept. of Math., Xinjiang University, Urumgi, China)

Abstract. In this paper, we study the stability of a class of difference equations, obtain
the sufficient conditions of asymptotic stability and uniformly asymptotic stability by
applying Liapunov functions. These results are a extension of Wang Lian et al’s results.

1. Imtroduction

Consider the difference equation

:(:(t + 1) = f(t,'.l‘) + (;t7 )
{ y(t + 1) = h(t, z, y),g y X

where (t,z,y) € IxXR*xR™, I == {to+s5 : 5 == 0,1,2,- -}, we suppose that f(t,z)+g(t,y) =
z and h(t,z,y) = y if and only if £ = 0 and y = 0. Assume that functions f,g and h are
denoted on I x R™ x R™ such that solution (z(t},y(t)) of (1) which passes through point
(lo, 0, y0) € [ x R™ x R™ has definition on I.

Definition 1. If a continuous funxtion a : [0,7;} — R* = [0,00) (or a : Rt — R%)
satisfies a(0) = 0 and increasing on [0,r1]( or on RY), then call a € K. Moreover, if
a:R" - RY,a€ K and lim,_,, a{r) = oo, then call a € KR.

Definition 2 If function f(t,«) : I x K™ —» R is continuous in z € Ry = {z € R",| z |<
H} and 37§67, max; <y f(s,2) < cothen call f ¢ r

Definition 3. Funcion V(t,z,y) : I x R" x ™ — R is a Liapunov function of (1) if V
1s continuous in (z,y) and AV (t,z y) =V {¢t+ 1,z{t + 1),y(t + 1)) — V(¢t,z,y) < 0.
Definition 4 If {unction p{t) + [ — RT satisfies for any a infinite sequence I} C
[,) 1, p(3) = i, then call p € [P

Lemma p(t) € [P f and only of for arbitrary € 0 there is K(c) e Nt ={0,1,2,.. .}
Jor any fimte sequence {Ly by, . e} <, Soiplh) > e

Proof If there is ¢y > O such that for any n & N7 there is {!1,¢3,...,¢,} C [ and

S0 n(l) < g, Then fet m - sowe obtain Y52, 506, < e5.this is a contradiction.
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Let ¢ = n, then there is K(n) such that }%, p(t;) > n, let n — oo, we obtain
Z.:l P(t|) = -+00, hence p € IP.

2. Main theroems
We have the following theorems.

Theorem 1 Suppose that (1) satisfies

1). There is a liapunov function Vi(t,z,y) on I X RY X R} such that V1(t,0,0) =
OVilt,z,¥) 2 aa(l =z | + | y |) end AVi(y)(t,2,9) < —pi(t)es(l v ) + walt,z,0) +
hl(t>x7y)vl(t7zay) <0.

2). For equation

z(t+ 1) = f(¢,2), (2)

there is a Liapunov function Vy(t,z) on I X Ry such that Va(t,z) > as(| z |),V2(t,0) =
0 and AVy(y)(t, z) < —pa(t)ea(Va(t, 2)) + ua(t, z) + ha(t, z)Va(t, z) < O,

Where ay,az,c1,¢2 € K,p1,ps € IP,uj,ug,hy,hy € r* and hy,hy > 0.Then solution
z =0,y =0 of (1) is asymptotically stable. ‘

Proof  From the condition 1), we obtain zero solution is stable, therefore, for arbi-
trary to € I there is §(tp) > O such that | z(t) | + | y(t) IS Has | zo | + | wo |<
8(to), where z(t) = z(t, zo, yo), ¥(t) = y(¢, Zo, o). First of all we prove y(t) — 0 as t — oo.
If there is g > 0 and T > tg such that | y(t) |> o as t > T, then by condition 1), we
obtain

Vi(t,z(t),¥(t)) < Vl(T,I(T)»y(T))—z—:m(S)cx(l y(s) )
=T
t—1

b3 (uals,5(5), ¥(5)) + ha(s, 2(), ¥)Va(s, 2(6),u(s)). (3)
=T

Since V'(t,z(t), y(t)) < V(to,Zo,yo) and uy, h; € r*, we can obtain
V6,50,90) < T 2(1),u(T) ~ eieo) 3l

Z max _ui(s,z(s),y(s)) + V(to, o, ¥o) Z max hi(s,z(s),y(s)). (4)

T |zl HvIsH st It lvi<H
Since p; € IP, hence we have V1 (t, z(t),y(t)) — —oo as t — co.Therefore liminf;_, |

y(t) |= 0. If there is eg > O and a sequence {t;},lim;_.oot; = oo such that | y(t;) |> eo,
then similar to the above same method we obtain

Vit 2(8), y(t)) < Va(to, z0,%0) — 3 pa(s)er(] u(s) )

8=ty
-1 i1
Z max uy(s, z(s),y(s)) + Vi(to, zo, ¥o) Z max hy (s, z(s), y(s)).
s=tg =iy
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Since

Y n@alve D> Y ptal v ) ak) 3 pi)

s=to t;<t-1 t,<t—

and }_%; p1(ti) = oo, so we can obtain Vi(t,z(t),y(t)) — —oco as t — oco. Therefore
limsup,_,, y(t) = 0.
Next we prove z(t) — 0 as t — oo. Let V3(t) = V,(t, z(t)), we have

AVa(t) |y = Va(t+1,1(t,z) +4(t,y)) - Va(t,z)
AVZ(t) ,(2) +V2(t + 17 f(t) .'L') +g(ta y)) - VZ(t + le(t) .'E))
—p2(t)ea(Va(t)) + ua(t, z) + ha(t, 2)Va(t) + N(H) | 9(t,9) | -
If lim infi—0 V2(£) # O, then there are £o > 0 and T > to such that Va(t) > o as t > T.
Since p(] y(t) |) — 0 as t — oo, choose T such that p(| y(t) |) < 1 ast > T, from
| 9(t,y) |< ©(t)p(| y ), we can obtain '

t—1 t—1 t-1

i

IA

Valt) < Va(T) 3 pal)eaVals)) + 3 (uals, ) + hals, 2)Va(s)) + N(H) 3 (o)
s=T =T =T
-1 -1
< Va(T) —ea(e0) D pals) + ) max uz(s, ) +
s=T =T '""'=
t—1 -1
+ V3(T) > max ho(s,z) + N(H) Y p(s).
=T |zI<H 3=T

Therefore we can obtain V,(t) — —co as t — oo. If imsup,_,, Va(¢) # 0, there are eg > 0
and a sequence {t;},lim;_,ot; = oo such that V3(t;) > €o. Choose T > o such that
p(ly(t)]) <1ast>T, we have

t-1 t-1
Va(t) < Va(T) = D pa(s)ea(Va(s)) + D max us(s, 2)
=T =T """~
-1 t—1
+ N(H) Y o(s)+Va(T) D max ha(s, z).
=T =T "=

Since 3i-rpa(s)ea(Va(s)) 2 Lrce-rpaltiea(Va(ti)) 2 Xycooncz(eo)pa(ts) and
32, pa(t;) = o0, so we can obtain V3(t) — —oo as t — oo, this is a contradiction. There-
fore '
limsup,_,, V2(t) = 0. From lim;, V2(t) = 0, we can obtain lim; z(t) = 0, which
completes the proof. 0O

From the proof of Theorem 1, we can estimate that domain D;,, H = {(z,y) €
RY x R% : Vi(to,z,y) < a1(H)} be included in an asymptotical stable domain of(1).

Further we may obtain the sufficient condition of uniformly asymptotical stability of

).
Theorem 2 If equation (1) satisfies the conditions of Theorem 1, and
3) “l(t:z»y) >0, u2(t’x7 y) 20,
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4) Vilt,z,y) > bi(lz |+ |y ), Va(t.z) > ba(} = |), where by,b3 € K,
then solution z =20,y = 0 of (1) is uniformly asymptotical stable.

Proof In the first place, we easily obtain that solution z = 0,y = 0 is uniformly stable,
therefore there is a 8y > O such that | z(t) | + | y(t) |< H as | zo | + | yo |< bo.

For arbitrary € > O there is §(¢) > 0 such that | z(t) | + | y(t) |[< eas| zo |+ | yo |< 6.
Choose integer K(c) such that p; and p; satisfy Lemma, and choose &;(¢) € (0,8(¢)/2)
such that p(] y(t) |) < 1 as | y(t) 1< &;(=). We can choose an even integer n such that

(1 -+ ]V])bl(}{) — (n/2)01(51/2) + M <0,
1+ N, 62(1¥ -~ ncy 02(5/2‘ + M;+ N H)K< 0,
\ 0/4)

where My = 302, maxyyich vils, z,y), My = T2, maxpyyycn v2(s,7,y), K =
Y es), Ny =332, maxy ey hi(s,z.y), Na = 3202, maxpicn ha(s, 7, 9).

Let B, = {tel:to+2(1—1)T7 <t <tg+ 2T} and Ty = nK(1), we will prove
either there is t; € E; such that | z(t}) | + | y(t!) i< &(¢), or there is ¢ € E; such that
[4(E2) > 61(6). Let Vi) = Va(t, 2(0), y(1), Va() = Valt, ().

a) Thereisat! € [to + 2(1 — 1)Ty,to+ 2(1 — )Ty + T such that | y(¢7) i< &/2. In
fact, if | y(t) |> 61/2 for t € [to + 2(5 — 1)1, t0 + 22 - 1)1 + T1j, tnen we have

0.1(51/2) < Vl(?q 4~ 2(7 - I)T] -t T])
to+2{(i-1)T1 4T,
Va(to +2(i — 1)T1) - . pi9)eill y(s) ) + M+ MiVa(to)
s=tp+2{i-1)T,
to+2(i~-1)T1+Th
< bi(H)—ca(6/2) > puls)+ M+ Niby(H)
s=tg+2(i—1)T,
< (1 + Nl)bl(H) - nc1(5]/2) + My <0,

IA

this is a contradiction.

b) If for t € [t},to + 2(T1], we have | y(t) [< &, then there is t; € [t} to + 2iT]
such that | z(t; |< 8(¢)/2, and | z(t; | + | y(t;) |< 8(¢). In fact, if | 2(t) |> 8(e)/2 for
t € [t],to + 2iT1],then we have

az(6/2) < Va(to + 2/Ty)
‘ to+2iTy
Vz(to + 21Ty — Tl) - Z pz(S)Cg(Vg(S)) + My + Nng(to) + N(H)K
s=to+2T - T}
< (14 Ny)bo(H) = neg(a3(8/2)) + My + N(H)K <0,

IA

this 1s a contradiction. _
c) If the conclusion b) does not hold, then there is t; € [t},to + 2¢Ty) such that

Ly(t;) 1> 81(e).
From the above discussion, we have either there is 1 < 7Ty such that thc conclusion
b) holds, hence | z(t) | + | y(t) |< € as t > tn -+ 2T¢ or for every E; there is t; € E;
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such that | y(t;) |> 61(¢). If the second result holds, then we can choose a finite éelqu-ence
{t;} c {t:.'}, 7=1,2,---,n/2 and t, # t, for s # r, such that

to+2T?
Vi(to+2T7) < Vito) = Y pils)er(] y(s) |) + My + MiVi(to)

i

(1 +N1)b1(H) - 01(51/2) Zp(tj) + M1
i=1

(1+ N1)by(H) = (n/2)c1(6:1/2) + My < 0,

IA

IA

this is a contradiction. Therefore there must be 1 < Ty and t: € E; such that | x(t;) |4 |
y(t;) [< 6(e). Thus we choose T'(€) = 2T} = 2(nK(1))? for € > 0, then | z(t) | + | y(t) |< €
as t > 1o+ T'(€), so solution z = 0,y = 0 is uniformly asymptotical stable, theis completes
the proof. O

In Theorems 1 and 2, if z = 0 and p,(t) =constant, then we can obtain the result in

(1]

From Theorems 1 and 2, we can also obtain the following result.

Curollary Suppose that there is Liapunov function V (t,z) such that V(t,0) = 0,a(| = |
) SV(tz) <b(] z|) and AV (t,z) < ~p(t)e(z), where a,b,c € K and P € IP, then
zerosolution z = 0 13 uniformly asymptotical stable.
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