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Abstract Algebraic-geometry foundations for non- linear spline functions are estab-
lished. The structure of algebraic spline curves and surfaces represented by implicit
forms are investigated. The necessary and sufficient conditions for smooth connection of
algebraic curves(or surfaces) are presented.

1.Definitions and Notations

An algebraic curve of degree of n is determined by a certain bivariate polynomial
equation
aoo + @102 + ao1y + + + aony”™ = 0,

where a;; € K, 34 i-p a?j #0, and K is a field.

Notations Denote by K|z|' the field of formal power series over K in z,and by K(z)"
the ficld of cxtended fractional power sertes over K in z.

Definition The definitions of Newton polygon and characteristic equation of an algebraic
curve are referred to R.J. Walkerll). For a curve f(z,9) =0, we take a transformation

Y= x”(C-f— y),

where —r) 1s the gradient of the boundary segment in the Newton polygon previously con-
sidered and ¢ is @ non-zero rool of the Newton characteristic equation. Then we can
get another equation of fi(z,y) = O. The Newton polygon and characteristic equation of
f1(z,y) = O are called the second Newton characteristics, etc.,s0 we can define r-th Newton
characteristics.

The following conclusions will be used.

Theoreml.1(Puiseux’s theorem) The field K(x)* is algebraically closed.

Lemma 1.1  There is a unique set of elements i1, -+, §n € K(z)" such that f(z,y) =
an [Ii21(y — %)
Lemma 1.2 [fO(a,) < 0(a;),t =0,1,---,n— 1, then all the elements y; in Lemma 1.1
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belong to K|z|*. K|z|* is a domain whose elements are in K(z)* of non-negative order.

Lemma 1.3 Soppose O(a,) = 0,0(ap) > 0, O(g;) > 0,4+ = 1,2,--- ,n — 1,, then for at
least one of the §; of Lemma 1.1, O(g;) > 0.

2.Structural Characteristics of Algebraic Spline Curves

In this section, we shall consider the problem of connection between algebraic curves.

Let curves of degree of n.and m be determined by C; : fi(z,y) = 0and C3 : fa(z,y) =
0, respectively.

The following conclusions are true.

Theorem 2.1 Algebraic curves Cy and C; are connected at origin iff one of the follouing
conditions holds:

1. K > —1(or K < —1), where K is the gradient of a common boundary segment of
Newton polygons of curves Cy and Cy;

2.the two Newton characteristic equations corresponding to a common boundary seg-
ment of Cy and Cy have a common real root, when the gradient of the common segment
s —1.

Remark If K is a complez field and if the power series @;(z) converges in a domain <,
then each root of f(z,y) = 0 can be shown to be convergent in similar domain.
Let s(u) = maz{s:ry+---+r, < u}, where —r;(f = 1,2,---,s) are the gradient of
the boundary segment in i-th Newton polygon of an algebraic curve f(z,y) =0.
Generally, we have

Theorem 2.2 Algebraic curves C) and C; are C"-connected iff one of the following
conditions holds:

1. there are i-th(i < s(r)) Newton polygon of Cy and Cy such that the gradient of their
common boundary segment is greater than —1;

2.there always exzists a common boundary segment of i-th(i = 1,2,--+,s(r)) Newton
polygon of Cy and Cy , which has the same gradient —k(k > 1,1is an integer), and Newton
characteristic equations corresponding to the equations have a common root.

From Theorem 2.2, we can easily obtain

Corollary 2.1 If curves C; : g(z,y) = 0 and Cz : h(z,y) = O have no common
component, and if the gradient of ¢ boundary segment of Newton polygon of Cy 1s —r.
Then curve f(x,y) = g(z,y) + h(z,y) = 0 and g(z,y) = 0 are C" '-connected at the
intersection point of Cy and C,.

The following results are extensions of Theorem 2.2.

Proposition 2.1 For the situation conic, there are algebraic spline curves(non-degenerate)
of C* and CB3. -

Proposition 2.2 Two irreducible conics Cy and Cy are C? connective at the intersection
point of Cy and C; iff there 1is a linear function Pi(z,y) such that

filz,y) — fo(z,y) = (=, y) Pi(z,v),
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where I(z,y) = O is the tangent equation of Cy and C, at the intersection point (z*,y*)
and P(z*,y*) = 0.

Proposition 2.3 Two irreducible conics Cy, and Cy are C® connective at the intersection
point of Cy and Cy iff there is a constant C such that

fl(xay) - fz(:l:,y) = C[I(I, y)]z’

where [(z,y) = 0 is the tangent equation of Cy and C3 at the intersection point.
Generally, we can get the following crucial result.

Theorem 2.3 Two algebraic curves of degree n are C"*k(O < k < n—1)-connected iff

there .ezists a polynomial Q(z,y) € P:—(k+1) such that .
fl(m’ y) - f2(x> y) = Q(I, y)[[(l’, y)]k+11

wherel(z,y) = 0 is the tangent equation of C1 and C; at the intersection point.

Example Construct an algebraic spline curve, such that the curve cosses the points
A1(0,0), A5(1,1), A3(2,1.5), A4(3,2.5) and satisfies y(})(0) = 3,y(®)(0) = —20,y®)(0) =
360, with C3-smoothness on [0, 3].

Cr:-3z+z+y+y?=0, z&[0,1]

C; : 28+ 31z — 85y + 627 — 422y + 62y =0, =z € [1,2]

29818 3
: 8(z - 2) 22 17y - =
Cs:8(e=2)+ Tz - 2)? - 17(y - 3)
561 28929818 3
(35~ e~ A-3)
289 290818 1117 2
o 3mr 3 W '_)_Oxe[”]

In view of the fact that the conic has no flex point, it can be verified directly that if
the nodes of spline curve determine a convex polygon, then the corresponding conic spline
curve is also convex.

3. Structure Characteristics of Algebraic Spline Surfaces

We define an infinite sum of the following type:
Z a;jziyj,a;j €K,
4520

where K is a field. So we obtain bivariate formal series over K of K[z,y|'.

If all elements of K|[z,y]' are convergent, it is known that K{z,y|' is a unique factor-
ization domain, and K(z,y) = K|[z'/™,y'/")" is a domain.

Let the equation of an algebraic surface can be written in form

n n—1 .
f(x>y)z) = Z a,(o)(y)z‘ + (Z a,gl)(y)x")z +- +apz”

@ e 0,
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which can be expressed symmetrically as

n i ) n—1 ; '
fmw2) = S el @y + (X e (@)y)z + - +anz"
1=0 =0

i

dP W) + g W)z + -+ 872", (3.2)

Suppose that

A: o(fP(z)) < O(s(2)), 046§ () < O(sP W), =12, ,m,

and that the Newton polygons of (3.1) and (3.2) on z and y are identical, respectively.
Denote by z — z — y the process of solving the power series solutions of f(z,y,2z) =0
for z under the assumption above.

Theorem 3.1 The processes z — z — y and z — y — = are equivalent.
Here, we get the result which is weaker than the situation of single variate.

Theorem 3.2 Under the assumption as above, the algebraic surface f(z,y,z) = O has
at least one solution in K(z,y).
Let AS = {algebraic surfaces which satisfy the condition A}.

Lemma 3.1 If the algebraic curves Cy and Cy have the same places of curve, then C;
and Cy unll express the same curve.

Theorem 3.3 Let both surfaces My and M, be in AS ", then M, and M, are C"-connected
on the line x = 0 iff the i- th(i = 1,2,--- ,r) Newton characteristic equations on = of My
and My have the same roots.

Theorem 3.4 Let M; : fi(z,y,2) =0¢€ AS" M, : f2(z,y,2) = 0€ AS" and My cross
the y-azis, then algebraic surfaces

M3ZM1+}£M£:0, ;16(1,0)

and m, are C""'-connected on z = 0.

£
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