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Isomorphic Decomposition of Complete
Graphs into Graceful Forests*

L: Dengzmin
(Yuzhou University, Chongging, 630033)

Abstract. In 1985, S.Ruiz [3] generalized Kirkman’s theorem to linear forests (graph
each component of which is a path). It is the object of the paper to generalize Kirkman’s
Theorem to a class of graceful forests.

Throughout the present paper we shall only be concerned with simple graph, that is,
graphs in which a pair of G vertices is incident with at most one edge and no loops are
admitted. The sets of vertices and edges of a graph G are denoted by V(G) and E(G),
respectively.

If G is a graph and H,, Hy,---, Hpo(n > 2) are nonempty, pairwise edge-desjoint sub-
graph of G having the property that

B(G) = ) B(H),

=1
then we say that G is the edge sum of Hy, H,,---, H,, and wirte
G=Hi®H,® - ®H, (1)

In such a case, we also say that G can be decomposed into the subgraphs Hy, Ha, -+, Hn.
If there is a graph H that is isomorphic to each of the subgraphs Hy, Hs,- -+, H,, then ex-
pression (1) is called a H- decomposition of G, the graph G is said to be H-decomposable,
and H is an isopart of. (For the meanings of terms not defined herein, see [1])

In 1947, Kirkman/? discovered a combinatorial theorem which, when expressed in
graph theory terminology, stipulates that the complete gtaph K,, is 1-factorable, or
equivalently, K3, is nKj-decomposable for every n > 1. In 1985, S.Ruizl® generalized
Kirkman’s theorem to linear forests (graph each component of which is a path).

It is the object of the paper to generalize Kirkman’s theorem to caterpillar forests.

A tree T is gracefully numbered when each vertex v is assigned a value f(v), each edge
uv is assigned the value f(uv) =|f(u) — f(v)|, and the set equations

{f(lveV(G)} = {L2,...,p},
{f(w)|uwwe E(G)} = {1,2,...,p—-1}
*Received Nov.23 1989.
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hold, where p is the order of T. A tree T is graceful if it admits a graceful numbering. A
forest F is graceful if a new graceful tree was obtained by stringing all components of F.
A tree T is caterpillar, if T be a tree with all vertices either on a single certral path, or
distance 1 away from it. If each component of forest F is a caterpillar tree, then F is said
a caterpillar forest. Obviously, caterpillar forest is graceful.

Example The forest F is graceful, it’s all components can be stringed into a graceful
tree (Fig.1)
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The vertex A is called repeated vertex.

Evidently, the linear forests is a special case of the caterpillar forests.

Theorem 1 If F 1s a caterpillar forest of size n without 1solated vertices, then Ky, s
F-decomposable.

Proof Assume that the caterpillar forest is given by
F=Tn+1YUTn41Y--UTpn 41,

where Ty, 41 is a caterpillar, and {E(Tp,41)| = ni,n1 +n2 + -+ ny=n.

Let T'(V, E) be the new caterpillar tree we obtain by stringing T, 41, Tny+1,**, Tn+1,
‘then |[V| =n+1,|E| = n. Since T is a graceful tree, without loss of generality, suppose a
graceful numbering of T is the following:

v1=:1,v2:2,--~,vk:k,°--,vn+1:n+1.

Now we construct a (2n + 1) X (2n + 1) circulant matrix A. The first of A is
U1Vs - Uptpyg 00---0.
N —’

n terms
Vi U2 U Upyg 0 o .- 0
0 vy vy .- Vn Upyr O .- 0
A= 4] 0 0 U1 12 trr Up Unp4d
tpy1 O --- 0 0 vy vz -c Uy
v U3 "t Upyt 0 cee 0 O v

In other words, 1th row of A is obtained from the first row of A by a cyclic shift of
1 — 1 steps, and so any circulant matrix is determined by the first row.

Since {v1,vs,*,vnt1} is a graceful numbering of T, and by the construction of A4, it
is easy to see that in each pair of distinct columns of A there is exactly a pair of vertices
is joined by an edge. Furthermore, we observe that

(i) There are exactly n + 1 vertices of T in each row of A.
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(ii) There are exactly n + 1 vertices vy,vg, -, vp41 of T in each column of A, and
d(vl) + d(vz) + -+ d(v,,+1) = 2n. :
Now, if all vertices in each column of A are identified, we shall obtain a simple graph

G in which each pair distinct vertices is joined by an edge, and d(v) = 2n, for each vertex
v € G. Therefore G = K2pn41,

Kon1=G=TOT®---®T (2n+1 terms).

Since T is a caterpillar tree, we can give a graceful numbering of T such that d(v;) =
d(1) = 1, and the vertex v is not a repeated vertex.(Fig.1)

Without loss of generality, we may assume that the vertex v; belongs the component
Tn1+l-

Let ! be an even integer. By the matrix A, we construct the forest F{; ;) as follows:

Fin+1) = Tny41 Y Tr'1.2+1 U---UTy_ 41U Tr'1[+l

where Ty, +1, Tny+1,°*+, Tny_,+1 belong to the first row of A, components Ty, 1,7y, 41,
T}, +1, belong to (n+1)th row of A. Similarly we obtained forests F(z ni2), - -, Fint1,2n+1)5
Fint2,)s 5 Flng2,1) > Fansin)-

By the construction of the matrix A and F is a caterpillar forest without isolated
vertices, we have that

Fuj=F (i,j=1,2,--,2n +1).

Therefor,

K1 = ToTe®---0T

Fani1)® Fiznt2) @+ @ Fans1n)
= FOFD---®F (2n+1) terms.

The results in the case of odd [ can be proved similarly.

Consequently theorem 1 is proved.

Example A forest with 6 vertices and 4 edges (n = 4). The new caterpillar tree T
we obtain by stringing all components of F, and the tree T is gracefully numbered:(Fig.2)
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Fig.2
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0 1 2 3 4 5 0 0 O
0 0 1 2 3 4 5 0 O
A= 0 0 01 2 3 4 5 O
0 60 0 0 .1 2 3 4 5
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Hence
Ky = Fl15)® Fl2,6) D F(37) D Fla8) ® F5,0)® Fi6,1) @ Fi7,2) ® Fs3) ® Flo4)
= FOF®---®F (9terms.)
Theorem 2 If F is a caterpillar forest of size n without isolated vertices, then Koy, 1s
F.decomposable.

Proof Assume that the caterpillar forest is given by
3
F=TiUT,U---UT, > |E(T;)|=n.
=1

Let T(V, E) be the new caterpillar tree we obtain by stringing Ty, Ty, -+, Ts, then |V| =
n+1,|E| = n. Since T is a caterpillar tree, without loss of generality, suppose a graceful
numbering of T is the following

v1:1,v2:2,---,vn+1=n+1.

Since T is a caterpillar tree, we can give a graceful numbering of T such that d(v;) =
d(1) =1.

Now we construct a (2n — 1) X 2n mateix A having the property that the entries in the
first column are vy, and the entries in ith column (¢ = 2,3,...,2n) forma (2n—1)x(2n—1)
circulant matrix A;. The first row of A; 1s

vz)vs,...,vnvn+1 gO...O
(r—1) terms
vl v2 v3 LR vn+1 0 . 0
v1 0 v2 V3 e Vn+1 0 e 0
U1
A_ vl 0 PP 0 vz v3 .o vn-f-l _ Ul
V] Upgl 0 o e 0 v . Un A]
V1
" V4 Vs **° Unyil 0 0 et VU2 v3
V1 V3 Vg °°° Up Un+1 o .-+ 0 v2
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By virtue of the matrix A, we can prove that Kj, is F-decomposable by the same
argument in the proof of theorem 1.
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