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On Conditional Beleaf Functions *

Yu Chunhai
(Jinzhou Teachers College, China)

Abstract The criteria for establishing conditional beleaf function are suggested, and the
advantages and disadvantages of the suggested conditional beleaf functions are discussed.
Finally a new formula, which satisfies all the desired conditions, is given for computing
conditional beleaf.

§1. Preliminary

Beleaf function is a generalization of probability measure. It was introduced by Demp-
ster (2], and has been developed in great detail by Shfer {5,6,7]. Conditional beleaf func-
tions, just like conditional probability in the theory of probability, is a important part of
the theory of beleaf functions. The main goal of this paper is to find out a best formula
for computing conditional beleaf.

Let Q be a nonempty set, J be a sigma-algebra of subsets of €1, and F a real-valued
function defined on J. We shall call F a beleaf function on (2, J) iff

(*) F(0) =0,F(Q2) = 1. (++) If I is a finite subset of the set N of all natural numbers
and {A}U{A;:1 €I} C J, then

Udca=F)> 3 ()P 4).

el 0AJCI JjeJ

If this is the case we call (2, J, F) a beleaf space.

For a given beleaf space (£, J, F), there is a probability space (X, 2%, P) and a mapping
I' : X — J such that F(A) = P{z : I'(z) ¢ A}. Conversely, if for (Q,J) there is
a probability space (X,2%,P) and a set-valued mapping I' which takes points in X to
nonempty subsets of (1, then the real-valued function F defined above is a beleaf function
on (Q2,J) [4]. We call (X,2%, P,T) a source of (Q, J, F).

Furthermore if (0 is finite, we difine mapping m : 2% — [0,1] by m(A) = P{z : ['(z) =
A}. The function m satisfies: '

(i) m(0) =0; (ii) Y m(A)=1; (iii) F(B)= Y m(A).
ACB
and

Acn
Conversely, if m is a function which satisfies (i) (ii), then the function F defined
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by (iii) is a beleaf function on (£1,J) [4]. We call m the mass function of F.
§2. Some examples of beleaf functions

We suggest here three kinds of beleaf functions which will be used to check some certain
facts about conditional beleaf functions.

2.1 Let (02,29, P) be a finite probability space. Then for any r > 1, F = P" is a beleaf
function.

Proof First we suppose r = n be a integer, and 2 = {z, - +,2m}. Then from P(z,) +
oo+ P(zm) = P(2) = 1 we get

[P(z1) + -+ Plam))"
n! y k.
= X 2 grogat) e PRee).

S I
{il,"';ik}c{ll‘“.m} 0<j‘1 ,4..,1"."5" .711 J!k
Jiy et =n

Now define m : 2% — [0, 1], by m(8) = 0,

n! N . |
2 ij"(xil)“'P'k(z;k), k<n
Pl m) =) s
1 =
0, k>n.

It is easy to see that »  m(A) = 1. Then for any B C (1, we define F(B) = Z m(A),
Acn ACB
F is a beleaf function on (£2,27), and it is easy to check that F(B) = P"*(B) for all B C 1.

We next consider r > 1 be any real number. To prove F(B) = P"(B) is a beleaf
function on (£2,2%), we need to show

Bc Q= Y (-1)'B-41p(4) > 0. (2.1)
ACB
Since B is finite we can write {A: A C B} = {Ay,- -, At, Agyr, -+, As} With |[B — Ayl is
even for 1 <+ <t,and |B — A;|isodd for t + 1 < ¢ < s. Then we can rewrite (2.1) as

PT(Ay) + -+ P (A¢) > PT (A1) + -+ + PT(4,).

Let g(r) = P"(Ay) + -+ + P"(A;) and h(r) = P"(A¢s1) + -+ - + PT(A4,). Since g(1) = h(1)
and g(n) > h(n) for all integer n, and g(r) and h(r) are convex functions of r, we can
conclude that g(r) > h(r) for alll real numbers r > 1, which implies F = P’ is a beleaf
function.

2.2 Let Q= {z;,---,zm}, and g :  — [0,1] such that

m
111+ tg(z:)) = 1 + ¢ for some t > 0.
=1 =
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&

k
Then we can define m : 2% — [0,1] by m(#) = 0 and m({=z;,,---,zi,}) = tk‘IH 9(zi;)-
i=1
Then

k n
Yom(a)= X 7 [ele) = [I0+te(z) -1 =1

Acn {i1, i }C{1,,m} =1

So F(B) = Y _ m(A) is a beleaf function on (£2,2%). For example Q = {z1, 22, 23,24}, 9(1
ACB
) = L(es) = 1,6(zs) = ,9(20) = s and ¢ = 1, then F(B) = 3" m(4) = [] (1+ s
ACB Z;EB
z;)) — 1 is a beleaf function.

2.3 Let X = {a,b,c}, P be a probability measure on (X, 2X) corresponding to the random
choice P(a) = P(b) = P(c) = L. Let @ = {(a,b),(a,c),(b,c),(c,b)} and T' : X — 2% given
by T'(a) = {(a,d),(a,c)},T(b) = {(b,¢)},T(c) = {(c,b)}. We define F : 2% — [0,1] by
F(A) = P{z : T(z) c A} then (Q2,2%, F) is a beleaf space with source (X,2%, P,T).

§3. The criteria for beleaf conditioning

Let (2, J, F) be a beleaf space. Given a conditional operator F(-/-) we wish it satisfies
the following properties which are reasonable by taking a serious consideration.

(I) If F is an additive probability measure, F(-/-) is as the same as probability condi-
tioning.

(I} For any B with F(B) # 0, F(-/ B) remains a beleaf function on (2, J).

(IIT) F(-/-) is commutative, i.e. Fg(A/C) = Fc(A/B), where Fg(-) = F(-/B), Fc(-) =
F(-/C).

(IV) F(-/-) satisfies the sand which principle, i.e. F(A) > min(F(A/B), F(A/B)), where
B is the complement of B.

The following conditional beleaf operators were proposed by some authors, none of
which satisfies all the conditions above.

(1) F*(A/B)= F(ANB)/F(B) [1;

(2) F(A/B)=[F(AuB)-F(B)|/[1-F(B)] [2;

(3) F*(A/B) =[F(A) - F(AnB)|/[1 - F(B)] [1];

(4) F*(A/B)=F(ANB)/[F(AnB)+1-F(AUB)] [3).

Proposition 3.1 F*(-/-), F4(-/-) and F¥(-/-) satisfy all the conditions but (IV).

Proof (I)It is easy to check.
(I1) See [1] for F*(-/-) and F¥(-/-), and see [2] for F?(-/-).
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(III) Since

Fp(A/C) = F3(ANC)/F3(C)={F(ANCn B)/F(B)}/{F(BNC)/F(B)}
= F(AnCnB)/F(BnC),
F(4A/C) {F(AUC - F5(C)}/{1 - F5(C)}

on

{F(AuCuUB) - F(B))/(1~ F(B)) - (F(Cu B) - F(B))/(1 - F(B))}
/{1~ (F(Cu B) - F(B))/(1 - F(B))}

{F(AUBUC)- F(BUC)}/{1- F(BUC)},

{FB(A) - FE(ANC)}/(1 - F5(C))

{(F(A) - F(An B))/(1- F(B)) - (F(ANC) - F(ANnCn B))}

/{1~ (F(C) - F(BNnC))/(1 - F(B))}

{F(A) - F(AnB) - F(AnC)+ F(AnCn B)}

/{1 - F(B)- F(C)+ F(BnC)}.

Fg(A/C)

(N I

fl

Then by the symmetry of B and C, it is easy to see that F§(A/C) = F&(A/B), F&(A/C) =
D%(A/B), and F2(4/C) = F2(A/B).

(IV) Let (22,27, F) be the beleaf space given in 2.3. First we choose A = {(a,b), (b, ¢),
(¢,b)}, and B = {(a,c), (b,c)}, then

F(A) = P{z:T(z) c A} = P({b,c}) =2/3,
F*(A/B) = F(AnB))/F(B)= P{z:T(z) c AnB}/P{z:T'(z) c B}
= PUB/PN =1,
F*(4/B) = F(ANB)/F(B) = P({e})/P({e}) = 1.

So F(A) < min(F*(A/B), F*(A/B)).
Second we choose A = {(a,b),(a,c)}, and B = {(a,b), (c,b)}, then

F(A) = P{z:I(z) c A} = P({8}) = 1/3,

F'(4/B) = [F(AuB)- F(B)|/[1~ F(B)] = [P({a,b}) ~ P({8})]/[1 - P({b})]
= (2/3-1/3)/(1-1/3)=1/2,

F'(A/B) = [F(AuB)~ F(B)|/[1- F(B)] = [P({b,c}) - P({c})]/IL ~ P({c})]
= (2/3-1/3)/(1-1/3)=1/2,

F*(A/B) = [F(A)-F(AnB)|/[1- F(B)] = [P({a}) - P(®))/[1 - P({s})

o= @3)/a-1/3)=1/2,
F¥(A/B) = [F(A)- F(AnB)|/[1 - F(B)] =[P({a}) - P(9)]/[1 - P({c})

(1/3)/(1 — 1/3) = 1/2.
So
F(A) < min(F%(A/B), F(A/B)), F(A) < min(F¥(A/B), F*(A/B)).
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Lemma 3.1 Let (Q,J,F) be a beleaf space, and P = {p : p is a probability on (Q2,))
with p(A) > F(A) for all A € J}. If F(-/-) satisfies F(A/B) < info,epp(A/B), then
F(A) > min(F(A/B),F(A/B)).

Proof Since F(A) = pig}; p(A) (5], and for any p* € P

> min(p*(A/B),p"(A/B))
> min(inf p(A/B), inf p(A/B)) 2 min(F(4/B), F(A/B)).

Hence
F(A) > min(F(A/B), F(A/B)).

Proposition 3.2 F?(./.) satisfies the conditions (I)-(IV) but (III).

Proof (I)It is easy to check. (II)See (3].
(IV) Let P be the set given in Lemma 3.1. Then for any p € P

1-p(AuB)=1-p((An B))=p(ANn B).
Now we have

F*(A/B) F(AN B)/[F(ANnB)+1~ F(AU B)]
1/{1+ (1 - F(AUB))/F(An B)] < 1/{1+ (1 - p(AU B)/p(AN B)]
p(An B)/[p(An B) + 1~ p(Au B)] = p(AN B)/[p(AN B) + p(AN B)]
p(40 B)/o(B) = p(4/B)
Then by Lemma 3.1 F(A) > min(F*(A/B), F*(A/B)). .

(III) Let (©2,2%, F) be a beleaf space given in 2.2 with Q = {z1,z2, 23,24} and g(z1) =
1/2,9(z2) = 1/4,9(z3) = 1/16,g(z4) = 1/255 and t = 1. Now choose A = {z,},B =
{z1,72,23} and C = {z1,z2}. Then

oo

Fh(A/C) FR(ANC)/{FE(ANC)+1 - Fh(AUC)}
{F(AnCnB)/(F(AnNCNB)+1-F((AnC)uU B))}
J{F(ANCNB)/(F(ANCNB)+1-F((ANC)UB))+1
~ F((AuC)nB)/(F((AuC)n B)+1- F(AuCu B))}
13515/27019,

FE(AN B)/|FE(An B) +1 - F(AuU B)]
}P(ANBNC)/(F(ANBNC) +1- F((An B)u&))}
/[{F(ANBNC)/(F(ANBNC)+1-F({(AnB)uC))+1
- F((AUB)NC)/(F((AuB)NC)+1- F(Au BuC))}
= 5/9,

F(A/B)

o

So FR(A/C) # F&(A/B).
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§4. A desirable conditional beleaf operator

Lemma 4.1 For any beleaf space (0, J, F) we have

F(A) > min[min(F*(A/B), F*(A/B)),min(F¥(A/B), F*(A/B))].

Proof Suppose F(A) < F*(A/B) = F(An B)/F(B), then F(An B) > F(A)F(B). It
follows that

F*(A/B) = [F(A) - F(An B)I/[1 - F(B)] < [F(A) - F(A)F(B)]/[1 - F(B)] = F(A).

Now the result follows.

From Lemma 4.1 one will guess that if F(-/-) is the operator which we wish to find
out, the value of min{F(A/B), F(A/B)) may lies between min(#*(A/B), F*(A/B)) and
min(F*¥(A/B), F¥(A/B)). So it is reasonable to consider F(A/B) lise between F*(A/B)
and F“(A/B). Based on this fact we suggest the following

F*"(A/B) = [F(AN B) + F(A) — F(An B)|/[F(B) + 1 - F(B)].
Theorem F7"(-/-) satisfies all the conditions of (1)- (IV).

Proof (I)It is easy to check.

(II) We need to prove F"(-/B) satisfies (*) and (*%).

(*) Straightforward. (*x) Let I be a finite subset of N and {A}U{A; ;1€ I} C J
with A D User A;. Since F*(-/B) and F*(-/B) are beleaf functions on (2, J) we have

FaA(1B) > 3 (-n)YMF((() 4)(B)

0£JICI j€d

and

F(A) - F(a(1B) 2 3. (-n)MFU(F([ 4;) - F(( 4,) ) B))-

P£JICF jeJ JEJ
Then 1t follows

F(A(1B)+ F(A) - F(A()B) > Y (-)MMY(F() 4)+ F((N 4N B)

0#JCI JEJ jeJ

- F(() 47)( B)).

jed
Deviding both sides by 1+ F(B) — F(B) we get

FY(4/B)2 3 (-)MIIFY(() 4;)/B).
p£JCI jeJ
Hence F"(-/B) satisfies (**).
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(I11) From

Fg(A/C) = [Fg(ANC) + F5(A) - FE(ANC)|/[1 + F5(C) — F5(C)]

and
FE(ANC) = [F(ANCNB)+ F(ANC)—- F(AnCn B))/[1+ F(B) - F(B)),
Fg(A) = [F(ANnB)+ F(A) - F(An B)|/[1+ F(B) - F(B)],
FB(ANnC) = [F(AnCNnB)+FANnC)-F(AnCn B)]/[1+ F(B) — F(B)],
FE(C) = [F(BNC)+ F(C)- F(BnCQC)}/[1+ F(B) - F(B)),
FE(C) = |F(CnB)+ F(C)- F(Cn B)|/[1+ F(B) — F(B)],

we can get

Fg(A/C) = [F(A)+ F(ANB)+ F(ANC)-F(ANB) - F(ANnC)+ F(ANBNC)
—F(ANBNC)-F(AnBNC)+ F(AnBNC)|/[1 + F(B)
- F(B)+ F(C)-F(C)+ F(BNC)+ F(BNC)~-F(BnNnC)- F(BnC).

Then by the symmetry of B and C it is easy to see that FF(A/C) = F3(A/B).

() 1If
F(A) < F*(A/B) = [F(A) + F(AN B) - F(An B)|/(1+ F(B) - F(B)],  (4.1)
F(A) < F*(A/B) = |[F(A)+ F(AN B) - F(AN B)|/[1+ F(B) - F(B)].  (4.2)

hold at the same time, then since 1 + F(B) — F(B) > 0 and 1+ F(B) - F(B) > 0 it
follows that

F(A)[1 + F(B) — F(B)] + F(A)[1 + F(B) — F(B)]
< F(A)+ F(An B) - F(An B) + F(A) + F(An B) - F(ANn B).

Then 2F(A) > 2F(A), which is impossible. So we have F(A4) > F"(A/B) or F(A) >
F™(A/B). Hence
. F(A) > min(F™(A/B), F*(A/B)).
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