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Blow-up of Solutions of Semilinear Parabolic Equations*

Zhang Kenong
(Dept. of Math., Xiamen Univ., Fujian)

Abstract We study the existence of blow-up and the properties of set of blow-up
points of solutions for some semilinear parabolic equations. We also discuss the single
point blow-up of solution.

1. Imtroduction

We shall consider the following initial boundary value problem

U — Uz = f(u,us,z,t), (z,t) € (—a,a) x (0,T) (1)
u(ta,t) =0, te|0,T) (2)
u(:l:,()) - ¢(I)) EAS [_a:a] (3)

where f is a nonegative continuous differential function with respect to each variable, so
is ¢(z).

Recently there are many papers concerning the blow-up problem of the solutions to
semilinear parabolic equations. For example [1]-[5]. In this paper, we shall discuss the
blow-up problem for the more general form of equation.

2. The existence of blow-up

In this section, we consider the following initial boundary value problem for the special

form of f.
U —uzg = —(A(u))z+ B(u)+9(t), (z,t) € (—a,a)x (o,T) (4)
u(ta,t) = 0, te[0,T] (5)
u(z,0) = ¢(z), T € {—a,d| (6)

where ¢ € C?,¢(da) = 0,4 — (A(¢))z+ B(¢) > 0,4, < O(r = |z|) and A(u) > 0, A'(u) >
0, A"(u) > 0 for u > 0 (for example, A(u) = u*, k > 2, B(u) = vP,p > 2), g € C,¢(t) > 0.

For sufficiently small Tp, there is a unique solution to problem (4)-(6). When t < T,
by the maximum principle, we have u > 0 for all (z,t) € (—a,a) x (0,To). If the global
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solution does not exist, there must exist a time T such that a positive solution exist when
0<t<T,and u(z,t) tend to infinite when t — T, namely

lim sup u(z,t) = oco. (7
t—’T::E(—a.,a)

Then we call the blow-up occurs to the solution u(z,t), and time T is called blow-up time
of the solution. We give the definition of blow-up point as follows.

Definition A pointz € (—a,a) s called a blow-up point if there exists a sequence (T ,tm)
such that
tm = T2, — 2 and u(zm,tm) — o0 if m— oo.

In the following, we shall discuss the conditions under which the blow-up of the solu-
tions to problem (4)-(6) occurs.

Theorem 2.1 In problem (4)-(6), if $(z) > M and M 1s sufficiently large. Then their
solution blow-up in finite time.

Proof We consider another problem

v — v, = B(v)+g(t), (z,t) € (-b,b) x (0,T) (8)
v(b,t) = 0O, telo,T) (9)
v(z,0) = M, z€[-bb,b<a (10)

if M is sufficiently large, then there exists a time Ty at which v(z,t) blow-up, and we can
prove from v(z,t) = v(—z,t) (see [4]) that

v, <0 if 0<z<b,0<t<Ty.
Set

e v(z,t) = v(0,t) = m(t), (11)

r(z) = /Ot A'(m(r))dr,ro = r(to). (12)

When estimating the.blow-up rate of their solutions (as in [1]), we have

Ty
/ v(0,t) dt < co.
0
As in [4], set
M ={0<z<b0<t<Tp},
Q2 = {r(z) - ro <z <0,0<t < T},
Qs ={r{t)—ro—b<z<r(t)—ro,0 <t < T}
and introduce the function w(z,t) as follows
w(z,t)
w(z,t)
w(z,t)

(=,

ll

v(z,t) in
m(t) in
v(z — r(t) + ro,t) in Qs.
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Then by the v, <0,
we = Wap + (AW))s — BOW) - g(t) = AW)W, = v,A'() <O in 0Oy  (13)
Next, since ~v;z(0,t) > 0, thus
wi — Wz + (A(w))z — B(w) —g(t)

= wy — ez + wzA'(w) — B(w) — g(t) < m'(t) — B(m(t)) — g(t)
< v4(0,t) — v55(0,t) — B(v(0,t)) —g(t) =0 in Q. (14)

Finally, we have
Wy — Wz + (A(w))z - B(w) - g(t) = v Vzr'(t) = Uzz + 'vaI(v) - B(v) - g(t)
= v A'(v) — vor'(t) = v [A'(v) - A'(m(t))] <0 in Qs (15)

Since v, > 0, if £ < 0.
Also, w and w; are continuous across 8{1; U 3Q0; and 92; U 8(13, and w is the lower
solution to problem (4) in the interior of 1 = Q; U Q3 U Q3.
Since
w(z,0) =M >0, b <z<bb =b+ry,
w(z,t) =0, (z,t)€d,0\t=0,
where 9,00 is the parabolic boundary of (2. Consequently, if a > V,¢(z) > M, then
u(z,t) > w(z,t) when =¥ < z < b, and v(z,t) blow-up at a finite time when M is
sufficiently large, therefore w(z,t) blow-up too. As a result, u(z,t) blow-up at a finite
time. That ends the proof. O

Another sufficient condition for the occurrence of blow-up is given as follows.
Assume Z € (—a,a). Set p = a ~ |Z|, B(Z,p) = {z : |z — Z| < p} C (—a,a).

Theorem 2.2 For problems (4)-(6), if

T
[ oyt = oo, (16)
0
then for their solutions u(z,t), we have

lim u(z,t) = +o0 for all z € B(Z,p) (17)

t—r~
and u(z,t) blow-up everywhere in (—a,a).
Proof Suppose Z € (—a,a), on the B(Z,p), the solution v(z,t) to problem
w-vee = BO)+oll) (50) € (~a,a) x (0,7)

v(ta,t) = 0, t€][0,T)
v(z,0) = 0, z€][—a,q]
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is an upper solution for problem

- v, = g(t), (=z,t)e{lz-z|<p}x(0,T), (18)
v(z,t) = 0, Jz—z|=p,t€][0,T), (19)
v(z,0) = 0, |z—-Z|<p. (20)

Meanwhile, similar to Theorem 2.1(now M = 0), we may prove v(z,t) is a lower solution
for (4)-(6). In view of [T g(t) dt = +oo, thus §(%,t) — 400, as t — T~ (cf. [5], Th. 4.1).
And since v(z,t) > 9(z,t) on |z — Z| < p,t € (0,T), hence v(Z,t) — o0, ast — T~. But
z € (—a,a) is arbitrary, thus v(z,t) blow-up occurs everywhere, and so u(z,t) blow-up,
too. (O

3. Properties of blow-up sct

We consider the properties of blow-up set of solutions to the following initial boundary

problem
w— Uz = f(u,ug,z,1), (z,t) € (—a,a) x (0,T) (21)
u(ta,t) = 0, te(0,7), (22)
u(z,0) = ¢(z), T € [—a,al. (23)

Theorem 3.1 Consider (21)-(23). Suppose

(1), f(u,p,r,t)€CY, f>0,f1 >0,f(0,0,z,t) > 0, here and later f; denotes the partial
derivalive of f with respect to the 1th variable.

(2). There exists a positive function F(u), F'(u) > 0,F"(u) > 0 for u > 0. And
F(0) =0 ¢ f(0,0,z,t) = 0, and assume [* 7%77 < co. If there exists € > 0 small

enough such that
fiF = fF' > 2eFF +e(a— o) fo FF, (24)

where a — ag 18 properly small.

(3). f3<0,4fz>0;f3>0,fz<0;¢,<0,tfz>0;¢,>0, if z <O.
Then the blow-up set of u(z,t) is a compact subset of (—a,a).

Proof We shall prove that there exists a ; > 0, such that there is no blow-up point in
(—a,a)\ (—a+ 6§ ,a — ). For this purpose, consider first z = a, set Q} = («,a),a — « is
sufficiently small, Q; = (2a — qa,q).

Define the function

W(z,t) = u(z,t) —u(2a ~z,t),z€0Q,,0< t < T. (25)
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Then

wy — wy = f(u,uz,z,t) — f(u(2a — z,t)u, (20 — z,t), 20 — z,t)

= f(u(z,t),uz(z,t),2,t) — f(u(2a — z,t),u,(z,t),z,t) + f(u(2a — z,t), u(z,t),z,t)
- f(u(2a — z,t),u,(2a — z,t),2,t) + f(u(2a — z,t),u. (20 — z,1), 2,1)

- f(v(2a — z,t),u.(2a — z,t),2a — z,1) '

1w+ fawz + f3(2z — 2a)

éCw+Dw;;+2f3(:z;—Oz)), (26)

where C and D are bounded functiors for z € 2,0 <t < T. Since f3 <0, if z < a, we
conclude that

wi — wzgz — Cw — Dw, > 0. (27)
Next, consider the values of w on th: parabolic boundary of Q2.
w(e,t) = u(e,t) — u(2a — a,t) =0,
w(2a — a,t) = u(2a — a,t) — u(a,t) = u(2a —a,’) >0,
w(z,t) = u(z,0) — u(2a — z,0) > 0.

Thus, by the maximum principle, we have

w(z,t) >0, in Q x(0,7T). (28)
Since 5 ,
w, = 29— < 0, on {z=a}, (29)
oz

and « is arbitrary, we conclude by varying the value of a that there exists ag, such that
g% < 0 when (z,t) € @ x (0,T). In order to complete the proof, we introduce a function

@

J=u; +e(z—ag)F(u) in OQF x(0,7T). (30)

o
Then we compute, using (21)

9
Ji—Jzz = 5—(1“ — uzz) + ez — o) F'(w)(u — uz) — e(z — aO)F"(u)ui — 2eF'(u)u,
z

= fiug+ fous, + fas+e(z — o) F'f — e(z — ag) F"ul — 2 F'u,
= fild —e(z — a0)F| + fa|Jz — eF(u) — e(z — ap) F'uz) + f3
+e(z —ag)F'f —e(z — ag) F"ul — 2e F'u,
= [fi—e(z—ao)foF' —2eF'|J + f2J: + f3
—e(z—zo)|Ffi— F'f —e(z — ap)fo FF' — 2¢FF']
—eFfa— ez — ag) F"ul. (31)

Set C = f; —e(z — ag)F'f — 2¢F', D = f,. Then we have

Jt—Jz:—CJ—DJz:f3—€($—a0)[Ff1—F’f—2€FF'——€(I~ao)f2FFI] SO,

— 331 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



where C and D are bounded functions. By the maximum principle, we conclude that J
can not take positive maximum in Q} x (0,T).

When ¢ is sufficiently small, we conclude that J(z,0) < O since ¢, < 0 on [ag,a) x {t =
0}. Next, we have J(ag,t) < 0on {z = ag} x (0,T) from u; < 0. It remains to show that
J(a,t) < 0on {z=a} x(0,T).

Consider the following initial boundary value problem

vy — v =0, (z,t) € (—a,a) x (0,T), (21)
v(ta,t) =0, t€][0,T), (22)'
v(z,0) = p(z), z€|[—a,al. (23)'

Since f(u,uz,z,t) > 0, hence u(z,t) > v(z,t). Then we have

du _ Jdv
—_— < — < - = .
9. < 3. S0 < 0 on {z=a}x(0,T) (32)

Therefore, we have
J(a,t) = ugz(a,t) +e(a— ) F(0) <0 on {z=a}x (07

provided that € is small enough.
Applying the maximum principle, we conclude that

J(z,t) <0, (z,t) €0l x(0,T).

@q

Hence we have

~ up = |uz| > ez — ap) F(u). (33)
Set, o
G(s) = / Fd(s:). (34)
For (33), integrating with respect to z from z; to 3. Where ag \< Ty < 9 < a, we get
- 2
—Ll mdzZe/ﬁ (z — ao) dz (35)
and we have from (34)
a(;iu) ot agiu) 2 &(z - ao).
Hence
G(u(z2,1) = Glu(z1,1)) > Z[(z2 - a0)? = (21 — o). (36)
It follows that
G(u(z,t)) > -;-[(xz ~ a0)? - (21 — a0)?}] > 0. (37)

— 332 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Whent — T, there must be limsup,_, - u(x2,t) < oo, otherwise if limsup,_,p- u(zs,t) =
" 0o, then we have
G(u(zg,t)) =0, as t—T".

This contradicts (37). Thus

limsup u(z,t) < oo, ap <z <a.
(z.8)—(22,T7)

This shows that every point z which satisfies agp < z < a is not blow-up point. Finally,
the set of blow-up is a compact subset of (~a,a) because of the continuity of u(z,t), this
completes the proof. O ’

4. Single point blow-up problem

Consider the following IBYP

u — Uz = f(u,uz,7,t), (z,t) € (~a,a) x(0,7), (38)
u(ta,t) =0, t€][0,T), ) (39)
u(z,0) = p(z), =z € |-a,dq|, (40)

where T is the blow-up time of the solution to problem (38)-(40). Suppose

@ f € C, and f(u,u;,z,t) >.0 for u > 0;f(0,0,z,t) = 0;f1 > 0;f3 < O, if
z>0;f3>0,if z<0,fs >0.

(II)  p(+a) =0, >0,¢" + f(p,¢',2,0) > 0.

(IIT) There exists a positive function F(u) such that

. ®© d
F'(u) >0,F"(u) >0,F(0) =0 for u>0; and / < 00,
F(u)
and there exists § > 0 such that
fiF — fF' > 26FF' + §(x — x1) f-FF'.
Lemma 4.1 Suppose that (I)-(III) hold and p(z) satisfies

P'(z) >0, if —a<z<0, (41)
P'(z) <0, if 0<z<a,

then for the solution u(z,t) to the problem (38)-(40), there ezist two curves z = SE(t),t €
(0,T) such that

ug(z,t) >0, if —a<z<S(t),
uz(z,t)=0, if S™(t)<z<SH{),
uz(z,t) <0, if ST(t)<z<a.
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Proof Differentiating (38) with respect to z, we have
Uzt — Uzzz = f1uz + fauze + f3. (42)

Set Qr = (—a,a) x (0,T) and denote by Q% an element of the set {(z,t)|uz(z,t) > 0}.
We shall prove the parabolic boundary of @t must intersect the parabolic boundary of
Q. Indeed otherwise we have u, = O on the parabolic boundary of Q*. Hence, by the
maximum principle for (42) we have u, = 0 in Q% and this contradicts the definition of
Q™ since the intersection of the set {(z,t)|u;(z,t) > 0} with the parabolic boundary of
Q17 is a connected arc. Thus, {u; > 0} has one element Q% in Q.

Similarly, denote by Q~ the component of the set {u, < 0} and we can prove that @~
is connected. Moreover, we can prove that for any 0 < ¢ < T, {t = o} intersects QF in
just one interval. Thus, there exists z = s~ (t) which is one section of the boundary of
Q*, and there exists z = s (t) which is one section of the boundary of Q.

In the following, set

s~ =liminfs (t), s* =limsups™ (). (43)
t—~T- t—T-

Lemma 4.2 For the problem (88)-(40), if assumptions (I) and (II) hold, then a point
z € (—a,a) s a blow-up point if and only if

s <z<st.

Proof First we prove that if a point z is a blow-up point, then z € [s™, s*]. Indeced, for
any € > 0, choose tg such that T - t; is sufficiently small, set z; = s* +¢, R. = {(z,t)|z €
(z1,a),t € (t0,T)}, then u; < 0 in R.. In a similar way to the proof of Theorem 3.1, set

J=uz +68(z— z1)F(u),

we can conclude that there is no blow-up point in z; < £ < @, norin —a < ¢ < zp(zp =
s~ — €). This means that if z is a blow-up point then z € [s7,s7].

Below we shall prove that if z € [s™, s], then z is a blow-up point. In fact, there exists
sequences t,, — 7 such that € [s™ (L), s7 (tm)], namely, u(z,tn) = max_acz<q u(z,t),
hence u(z,tn,) — oo, when m — oo, that is, z is a blow-up point.

Theorem 4.3  If the above assumptions (I)-(III) hold, then there is only one blow-up
point of the solutions to problem (38)-(40).

Proof By Lemma 4.1 and Lemma 4.2, we need only to show st = 57 is sufficiently small
enough. Suppose st > s~ and let 0 < € < "+;’_. Set g = s~ — g, then by Lemma 4.2,
we have u(zo,t) <c. When 0<t < T. .

Now we choose ty < T such that T — t; is sufficiently small and st (ty) > s* — € and
u(zy,to) > c. Where z; = s*(to), then we have u(z1,t) > u(zo,t) if to <t < T. Assume
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o = 20$2 Without loss of generality, we can assume o < 0. Set R = {(z,t)|zo < z <
a,tg <t <T}.
Consider function

w(z,t) = u(z,t) — u(2a - z,t), (z,t) € R. (44)
Then w satisﬁes

w—wy, = f(u(z,t),u(z,t),2,t) - f(u2a - z,t),u: (20 — 7,t), 20 — 7, 8)
= fiw+ fow; + f3(2z — 20), : :
namely, ‘
Wi — Wyp — flw — fow, = 2(z — a)fs < 0. (45)

Since f3 > 0 in R.
On the parabolic boundary of R, we have

w(a,t) = u(e, t) — u(e,t) =0,
w(zo, t) = u(zo,t) — u(zy,t) <O,
w(z,to) = u(z,t0) — u(2a — z,t,) <0,

since uz(z,to) > 0 and uz(z,t0) £ 0, if z € (20, z1)-
By the maximum principle, we can conclude

u(z,t) < u(2a — z,t) in R.

Hence for any t € (to,T), the maximum of u(z,t) for 2o < z < z; cannot be attained for
z € [zg,a). Thus we have s~ (t) > a, when t; < t < T'. Consequently, s~ > o, namely

go+zy st(to)+s —e_ st—-e+s —e st+s™

- > = = = — &.
s o= 2 2 > 2 2 €
Thercfore
st+s~  _ st—s”
£E> — —§ = —_
2 2

This contradicts the above assumption. This shows st = s~. The proof is complete. [
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