o

Journal of Mathematical Research & Exposition
Vol.13, No.4, Nov. 1993

A Necessary and Sufficient Condition on Convergence

of Bounded Linear Operators in the Space of
Continuous Functions®*

Di Jizheng
(Dept. of Math., Shanxi Teachers University, Linfen)

Abstract. Korovkin [1] gave a necessary and sufficient condition on linear positive
approximation in Cla,b|. In this note, we give such a condition on general bounded
approximation in C|a, b

Let B be the space of bounded linear operators on C|a, | to C|[a,b]. For convenience,
we denote L(f) by L(f,z) or L(f(t),z), where L € B, f € Cla, b].

Theorem Let {L,} € B. L,(f,z) — f(z) (n — o0) uniformly on z € (a,b] for all
f € Cla,b| if and only if:

(i) There exists {6} C B such that 6,(f,z) — 0 (n — oo) uniformly on z € [a,b]
for every f € Cla,b], and for any f € Cla,b], f(t) > 0,t € [a, )],

La(f,z) + 6a(f,2) > 0 (1)

is valid for n=1,2,--+ ,z € [a,b).
(%) Ln(fi,z) — fi(z) (n— oo) uniformly on z € [a,d] for f;(t) =t',1 =0,1,2.

Proof For the necessity, we prove only (i). Let I be the identity element in B. Then
I - Ly € B. Since (I - L,)(f,z) = f(z) — Ln(f,z) — O uniformly on z € [a,b] for any
f€Cla,b] (n— o), and L,(f,z)+ (I - L,)(f,z) = f(z) > 0forn=1,2,---,2 € [a,b].
If f €Cla,b], f(t) >0,t € [a,b], (i) is true for 6y = I — Lp,n =1,2,---,

On the contrary, let (i} and (ii) be valid for Ly,8,. For any f € C[a,b], since it is
continuous uniformly on [a, b], then for any € > 0, there exists § > 0 such that

U ey v g < p - 1@ < P02z e o)

Let Fz(l)(t) = f(t) - f(z) + ZIg—{—ﬂ(t — z)? + €. Then for any fixed z € [a,b], one has
FY > 0 (t € [a,b]), hence Lo(FM(t),y) + 6.(FV(1),y) > O,n = 1,2,-+-,y € [a,B].
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Naturally, L,,(F,El)(t),a:) + 6,.(F,Sl)(t), z) > 0,n =1,2,---. By linearity of é, we have
162 (F{ (2),2))|
162(f(t),z) — f(2)bn(1,2) + —5— 2 “ f I [64(t%, 2) — 228,(t, z) + 2264 (1, 7)) + €6n(1, 2)]

I}

IA

1607 (8), )1 11 £ 1| 181, 2)] + ” 20 s, e, 2)

+ 20|62, )] +02|6n(1,z>n'+e|5n(1,z)l, (2)
where C = max{|al,|b|}. By (2) and (i) we know that 5,,(F,£1)(t),x) — 0 (n — o0)
uniformly on z € [a,b]. Then

Ln(f(t),z) — Ln(f(2), 2)
> ” f I SN La((t — 2)2,2) - eLa(1, 2) — 6 (FV (), 7). (3)

By the same discussion we can get

La(f(t),2) — La(f(x), )
2 “ f “ Ln((t — x)z 12) + €Ln(1 Z) + 6n(F(2)(t) I)) (4)

where Féz)(t) =—f(t)+ f(z)+ ng}f—u(t— )2 +¢, and 6, ( ,(2)(t), z) — 0 (n — oo) uniformly
on z € [a,b].

Notice that L.(f(z),z) = f(z)Ln(1,z) — f(z),Lna((t — z)%,2) — O uniformly on
z € [a,b] when n — oo, the desired result is achived by (3) and (4). The proof is complete.
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