Proof The proof immediately follows from Theorem 3 and Corollary 2 and Corollary 3.
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On Half-Primary Rings

Dong Xuedong
(Dept. of Math., Liaoning Normal University, Dalian,China)

Abstract A commutative ring R is called a (restricted) half- primary ring if for each
(non-zero) principal ideal 4 of R, V/A is a prime ideal. In this paper we characterize the
restricted half-primary rings, and give a complete classification of Noetherian restricted
half-primary rings with identity and a condition that a half-primary domain is a pseudo-
valuation domain.

Key words half-primary ring, pseudo-valuation domain, commutative ring.

A commutative ring R is called a (restricted) half-primary ring if for each (non-zero)
principal ideal A of R,v/A is a prime ideal. Rings considered in [1]—[5] are all restricted
half-primary rings. Pseudo-valuation domains defined in [6] and [7] are half-primary do-
mains. In this paper we first characterize restricted half-primary rings and then give
a complete classification of Noetherian restricted half-primary rings with identity and
therefore generalize some results of (1], [2] and [5]. Finally we discuss relationship between
half-primary domains and pseudo-valuation domains.

Throughout this paper all rings will be commutative but may not possess identity.
SpecR will denote the set of proper prime ideals of a ring BR. An ideal A of a ring R is
called half-primary if whenever z,y € R and zy € A there is a positive integer n such
that z" € A or y* € Alll. A domain with identity R is called pseudo-valuation domain if
whenever a prime ideal P contains the product zy of two elements of the quotient field of
Rthen z € Por y € Pl®. A ring R with identity is called a primary ring if |SpecR| = 1[2.

Theorem 1 The following conditions are equivalent for any ring R:
(1) R is a restricted half-primary ring.
(2) The radical of each non-zero ideal of R is a prime ideal.
(8) Each non-zero ideal of R s half-primary.

(4) For each non-zero ideal A of R, V(A) = {P € SpecRU R|A C P} 1is totally
ordered.

Proof (1)— (2): Let A be any non-zero ideal of R. Choose 0 # z € A, then V(Z)
is a prime ideal and \/(z) C VA. Let z,y € R,zy € VA and z ¢ VA. If zy = 0,
then zy € /(z) and z ¢ \/(2) C VA and therefore y € /(z) C VA. If zy # 0, then

“Received Jun. 20, 1992. Project Supported by the Natural Science Foundation of Liaoning Province.
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V/(zy) is a prime ideal. From zy € v/(zy) C VA and z ¢ /(zy) C VA it follows that
y€(zy) C VA, so \/A is a prime ideal.

(2)— (3): Let A be any non-zero ideal of R. Then \/A is a prime ideal of R. If
z,y € R,zy € A C VA, then z € VA or y € /A. Hence there is a positive integer n or m
such that z™ € A or y™ € A. So A is half-primary.

(3)— (4): For each non-zero ideal A of R, let Py, P, € V(A) = {P € SpecRU R|A C
P}, If P, € P, and P Z P1, choose € P, — P, and y€ P; — P, then zy € PN P, D
A # (0). So there exists a positive integer n such that z” € PN P, or y™ € P N P; which
in turn implies ¢ € P; or y € Py, a contradiction. Thus P; C P, or P, C P; and therefore
V(A) is totally ordered.

(4)— (1): Let z 20 € R. Then V(z) = {P € SpecRU R|P D (z)} is totally ordered.
So \/Q = ﬂ P is a prime ideal. Thus R is a restricted half-primary ring.

PeV(z
The followirfg) Corollary 1 and Corollary 2 are immediate consequences of Theorem 1.

Corollary 1 The following conditions are equivalent for any ring R:
(1) R is a half-primary ring.
(2) The radical of each ideal of R is a prime tdeal.
(8) Each ideal of R is half-primary.
(4) SpecR is totally ordered.

Remark In Corollary 1 above, if R has identity, then (2) <= (3) <= (4) were proved
in [1].

Corollary 2 A half-primary ring with identity is a local ring.
Corollary 3 A pseudo-valuation domain is a half-primary domain.

Proof By Corollary 1.3 of [6], SpecR is totally ordered in a pseudo- valuation domain R.
So by Corollary 1, a pseudo-valuation domain is a half- primary domain.

Theorem 2 Let R be a Noetherian ring with identity. Then R 1s a restricted half-primary
ring if and only if R 1s a primary ring or R 15 a direct sum of two fields or R 1s a local

ring with two proper prime ideals or R is a local ring with three proper prime ideals P,Q
and M, where PN Q = (0).

Proof (=): We first prove dim R < 1. If dim R > 1, then in R there is a strict
ascending chain of proper prime ideals Py ¢ P, C P;. Choose z € P, — P, y € P3 — P;,
then zy # O (otherwise, zy = 0 € P,z ¢ P) implies y € P; C P, a contradiction).
It is clear (z,y) C P, N v/(y). By Theorem 1, P2 C \/(y), or \/(y) C P;. But since
y & Py, P,  \/(y). So P, C P, C \/(y) which contradicts Krull’s Principal Ideal Theorem
[8]. Thus dim R < 1.

If dim R =0, then R is a primary ring when |SpecR| = 1. When |SpecR| > 1, choose
P,Q € SpecR, then by Theorem 1, PN @Q = (0). Obviously, P + @ = R. So by Cinese
Remainder Theorem, R = R/P & R/Q, that is, R is a direct sum of two fields when
|SpecR| > 1.

If dim R = 1, then in R there is a strict ascending chain of proper prime ideals
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P c M.M € Max R is obvious. If N € Max R, then M N N # (0) and therefore M C N
or N C M by Theorem 1. So M = N. This shows R is a local ring. If Q €SpecR and
Q#M,then QNP #(0)orQNn P = (0). When QN P # (0),Q C Por P C Q by
Theorem 1. But sincedim R =1, P = Q. So R is a local ring with two proper prime ideals
when @ N P # (0). When @ N P = (0), for any P, € SpecR, QP C QNP = (0) C P, and
hence QC PP CMorPCPLCM. SoPpL=Por P,=Qor P, = M since dim R = 1.
Thus R is a local ring with three proper prime ideals P,Q and M, when PN Q@ = (0).

(<=): If R is a primary ring or R is a direct sum of two fields, then by Theorem 1 of
[2], R is a restricted weakly primary ring and hence a restricted half-primary ring. If R
is a local ring with two proper prime ideals or R is a local ring with three proper prime
ideals P,Q and M, where PN Q = (0), then it is easily proved that for each non-zero
ideal A of R, [V(A)| < 3 and V(A) is totally ordered. By Theorem 1, R is a restricted
half-primary ring.

Now we discuss relationship between the half-primary domains and the pseudo- valua-
tion domains. By Corollary 3, the pseudo-valuation domains are the half-priinary domains.
We wonder whether each half-primary domain is a pseudo- valuation domain. The follow-
ing Example shows that even a weakly primary domain need not be any pseudo-valuation
domain.

Example Let k be a field and R = F + z2F|[z]] be a subring of the formal power series
ring F[[z]]. Then since a element of R is a unit if and only if its constant term is a unit of
F,M = z?F|[z]] is the maximal ideal of R. It is obvious that F[[z]] is an integral extension
ring of R and F[[z]] has the unique non-zero prime ideal zF[[z]]. By going-up Theorem
([8]), M = z?F[[z]] is the only non-zero prime ideal of R. So R is a weakly primary domain
and therefore a half-primary domain. It is ease to see that z is in the quotient field of K.
But from z% € M it does not follow that £ € M. So R is not a pseudo-valuation domain.

Theorem 3 A domain R is a pseudo-valuation domain if and only tf R 1s a local ring
and whenever z,y € R with zfy and yfz we have ((z) : y) = ((y) : ) = M, where M €
Maz R.

Proof (=): By Corollary 2, R is a local ring. Let M € Max R. If z,y € R with zly
and yfz , then for any r € ((z) : y), we have ry € (z) and hence r is not any unit of R. So
r € M. This shows ((z) : y) € M. Likewise ((y) : ) C M. On the other hand, by Propo-
sition 1.2 of [6], (z/y)M C M and (y/z)M C M which imply M C ((z) : y) N ((y) : z).
So ((2) : y) = ((v) : z) = M.

(<==): Let ¢ = (z/y) € K — R, where K is the quotient field of R and z,y € R. Then
ylz . If ¢! = (y/z) € R, then ¢c”'M C M, where M € Max R. If ¢! ¢ R, then z}y .
So ((z) : y) = ((y) : 2) = M. It is easily proved that RNcR =M and RNc¢ 'R = M.
Hence (multiplying the first equation by ¢™!), c"!M = ¢"'RN R = M. By Theorem 1.4
and Proposition 1.2 of [6], R is a pseudo- valuation domain.

Corollary A domain R is a pseudo-valuation domain if and only if R is a half-primary
domain and whenever z,y € R with zfy and yfz we have ((z) : y) = ((y) : z) = M, where
M € Max R.
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Proof The proof immediately follows from Theorem 3 and Corollary 2 and Corollary 3.
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