then by (6)
|@2(2) — 3 (t)| = |(t:) — 6(t)] < Cslt — 2", teq.
when z is close to another point to on {1 from the inner of D*, we have
|®F (to) — @3 (t)| < Cslt — to]”, to,t€ Q.
For z € D™, %5 (t) = 0, correspondly there is
|®2(z) — @5 (t)] =0, te.

From the above, we have got (14).

Notice that if Q2 is smooth close surface, then by Plemelj formulla there is #{t) =
7[@*(t)+®7(t)]. So by theorem 2 we have the result that if ¢(£) satisfies H5lder condition
on 1, then ®(t) also satisfies Holder condition. But if 0 is piecewise smooth closed surface
(that is 2 has angular points and sharp points), the result is not right.

Since
( 1— @
s

o) = [ #(OK(E0 = 510"+ 2]+ )4(0)

where B(t) is not a continuous function.
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Abstract We study boundary properties of B-M type intgral using a new method. We
generalize the result of [1], and point out an error in [4].
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1. Introduction

Bochner-Martinelli (abbr. B-M below) integral representation has a very important
place in functions of several complex variables, for this representation is applicable to
general bounded domains with piecewise smooth boundaries in C™ space. Naturaly, we
hope to consider the corresponding integral as in functions of one complex variable. [1]
and [2] discuss the boundary properties of a B-M type integral on a bounded domain with
¢? smooth boundary. Using the method parallel to [1] and [3], paper [4] discussed the case
when boundary has angular- points, but there is an error in the proof. This paper will
study boundary properties of B-M type integral in 2 and 3 using a new method. This
method not only simplities the proof of paper [1], but also develops the result of paper
[1] to bounded domains with piecewise smooth boundary (even to non-closed piecewise
smooth surface).

2. Plemelj Formula

Let B(t) represent the measure of the solid angle when we look at the surface 2 from
point t (that is it is the area of the piece of the surface(positive side) cut by Q while we
draw an unit sphere and use point t as the center). Then corresponding to the case for
functions of one complex variable we can get in C™ space:

Theorem 1 If D is a domain with piecewise smooth boundaries {1 in space C", funclion
#(€) satisfies Holder condition on Q, then for any t € (1, we have Plemelj formula:

20) = -2+ [ se)x(e.0), 0
o) = -2+ [ soK(en, 2

“Received June 18, 1992. Project Supported by the NSF of Fujian Province.
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Where s is the arca of a unit sphere in C", that 1s s = 2x"/(n — 1),0 < B(t) < S.K(€,1)
is the kernel of B-M integral.

In order to get theorem 1, we need the following tow leminas.

Lemma 1 If D is a domain with piecewise smoolii boundaries Q in C", then for any
L €, we have:

oo
~—

[ xEo=tim [ K& =p0)/s (

e~0Ja—y,
where w, = QN B(1), Be(t) = {£ €C™: | —t] < ¢}.

Proof Consider the domain Dy with boundaries (! — w, and dB.(t) N D. Then we have
dK(&,t) =0 on Dy, thus applying Stokes theorem we have:

/n—u. K60 = /au,(t)np (&0,

set & = ¢j +1n;,t; = z; +1y;,5 = 1,2,-- -, n. then d&; A d&; = 20dg; A dn; (omit the sign
A below). So on dB.(t) N D:

-1 2\ 1 n
K(E’ t) - ((n27ri)r? (€:r)t 1 Z( [5 JI dgydny - - [dfj]d’b' o dgndnn
N Y; (n — 1)1i(20)!

g drdm dg;ldn;] - - - dgudny) =

do
€‘Zn—l ’

(27”')7: ein—1

1
s

where do is the element of area of sphere. Then

/ K(&,t) = lim K(&,t) = lim !

2n— 1/ da.
€~0J5B, (t)nD e=0s¢ 3B, (t)nD

Notice the edge of dB.(t) N D is piecewisc smooth for {2 is a piccewise smooth surlace.
Obviously for every € > 0,0B:(t) N D is measurable. So using spherical coordinates we
easily get

e—0

/ do = O(e*" 1) and lim(/ do /et 1) = B(1),
8B (t)nD 9B.(:)nD

where 0 < §(¢) < s.

Lemma 2 If Q s a ptecewise smoothly closed surface, ¢(€) satisfies Holder condilion
with ezponent v on (1. Then

[ 186 - K (6,2 < 06"), ze D, (4

where t, € wy, and such that |t, — z| = infee,, |€ — 2|(cf.[5]).
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Proof First consider z ¢ 1. Since ¢(§) satisfies Holder condition with exponent v on Q.
We have

16(€) — ¢(t:)] < Crl€ — L.]".
Also since
|€ — 1] < [€ — 2+ |z — t,] < 2|€ - 2], 5)
we have

[¢(E) - ¢(tz)| < CZ]E - zly) (6)

Cy,Cy are positive constants. Thus, we get

[ @) - etlx (@ = 1 [ (0 Z e e

do ) ..
< Cs/ W_—l— (C4 is positive constant).
Wy z

Now first supposing that w; is smooth, we can represent ws using real coordinates in
a neighborhood of point ¢:

El*zl = ¢(§2 — T2, n — Ty — Y1, s N _yn))

where (z1,:--,Zn,y1,"*+,yn) is the real coodinates of point ¢, 1) is smooth function. Take
the positive side of wg, represent 0 as the angle limited by the normal direction and positive
direction of ¢; axis, then 0 < 0 < 0g < 7/2, and

a
d§2--.d§ndm---dr)n:cos()da:da/\ll+Z Z ¢)

i1 311,

Denote

M—sup\] iagj Z 3¢)

an
then
do < Mdg, -+ - dgndny - -~ dny
Now use spherical coordinates:

§—ZTy=¢—1ZI1, ¢— Ty=rcoshy, ¢3— %3 =rsin; b, cosl,
e,

Mn-1— Pn~1 = rsinfy ---sinfy,_3sin O2n—2,Mn — §n = rsinfy---sin bz, 3 sin by, _»,
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where (Z1,-++,Zn, %1, ', Un) is the real coordinates of t,, then

wg -tz
/ - 1dr§0( ).
0

So (4) is right when ws is smooth.

Moreover, if ws has angular points (it means that 0 < B(t) < s,8(t) # s/2) and
sharp points (it means that B(t) = 0 or s), we divide ws into several pieces of smooth
surface without angular points (sharp points), then apply the above result on each piece
of smooth surface. Just the same we get (4) since the integral on ws is nothing but the
sum of integrals on these pieces of smooth surface.

Finally, for z € Q we notice (5) and (6). Just the same as the above we know that the
integral of the left of (4) is still a convergent generalized integal, so (4) is also right.

Now the following prove theorem 1. In face, we write (in convenience, denote D =

D*,c™\ D =D"):

o(2) = [ [6(6) - #(tIK(6,2) + ¢(t:) [ K(E2), ze D*, (7

where ¢, € wy, and such that |t, — z| = infe,, |€ — z|. According to B-M integral formula
of holomorphic functions, we have [, K(£,z) = 1 for z€ DY, [, K(€,2) =0 for z € D~
Then

lim ¢(t:) - [ K(62) = 6(0), (®
z€D+

llm o(t. K( f, —0 (9)
zED‘ /

On the other hand,

| [18(6) - 1K (€, 2) - [ [8(6) - oK (&,

<[ 16O - 60K - [ 16(6) - HOIK(E0)
+ [ 1900 - oK) + 1 [ 1906 - oK (&)
:I1+[2+I3.

By lemma 2, we get Iy = O(§"),Is = O(6¥). Thus for any € > 0, we only have to take
enough small § > 0, then there are I; < ¢/3 and I3 < ¢/3. For such a 8§, we proceced to
estimate I;. Since

L = | [6(€) — (1)K (€, 2) + [6(t) — 6(t2)] K (€, 2)

N—wy I—-ws
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[ O - s EDI <1 [ 1#(6) - pIE(E D)~ K&, 0l
N—wyg

_WS

+|/_M[¢(€) — #(t)| K (& 2)| < I/n_w [6(€) — (1)K (€, 2) — K(E,L,)]|

[ 0O - pIIK (1) — K& ) +18() = eIl [ K(&,2)
= I+ n+1
First we estimate ;. We consider
= §-z &ty
|K( ) K(E’ - 27!'"' Z_: |E]_ zl;n lf]_t lZn

)do|

1) ! ; o -- o
uz( o d1+|2 o]

(n—l)'(lf—tl‘" €= 2 Jt, -2
- 2nn {E_ Z|2" llf_t ]2n lf_tz|2n
Y G Y S el [ Sl Sl Y il [ S el [ )

T 9gn Ii_z’ZH—IIE_tzlbl

ydo

|t: — z|
4+ —————]do
'E _ tZIZn]
B ) e LSt S L S e Rl
- 2xn |£ _ tz|2" |£ _ zl2n—1
°< (n—1) |t -z nt

| € =2l + 12— taf; lt: — 2|
S S |£—tz|2"{2+ jz::l( e )ldo < C o t{l"da’

+ 1}do

where Cjy is positive constant. As z is sufficiently close to t, for example |z —t| < §/4,|z —
t:| =inf|z — €] < |z —t| < §/4, for € € 1 — wy, we have

)
=t 2 et =t —t| 2 - t| - (t -2l +]z—ta) 2 5
and [€ —t| = £ —t, 4+t — t| < |€ — to] + |tz — t| < 2]€ —t.]. then
—t|¥|t; — 2| do
I, < ¢C Ié———z—dcf<26't—z —_—
1= 5 Q-ws {f—tz[h = 5] z | Qe wg lf"'tZIM_V
t —
< 2Cs I dO’SCG‘tZ—Z|_<_C(;|t—-ZI,

(2)2n Y J0—ws
where Cs and Cg are positive constants. Thus when z is sufficiently close to ¢, there is
n<é§/9.

In order to estimate Iy, only notice that when € € 0 — ws, there is [€ —t,] < |€ — | +
|t — t2|, also when z is sufficiently close to t,t, can be sufficiently close to t, so there is
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[t —t.] < |€ —t]|. As the above inference, we have

(n _ 1 n—1
K (&) = K(&,0)] < |£ I2"[2+ Z yi1do
(n—1)! [t — ¢ S | |- — ¢
< 2 do < C d
= T2 € t, |2n + Z Y'|do ATESRED 7>
where C7 is positive constant. Thus,
—t|¥|t, — t| do
Il <c |§—-————d < Cglt, —t T
1= Q—ws ‘E - tzl.z" 7= BI ‘ I Q—wyg |I' - tz|2"_l’

where Cj is positive constant. Since [t; —t| < |1, — z|+ |z — t] < 2|z —t|, we have /] < ¢/9
when z is sufficiently close to t.
As for I}, then when z is sufficiently close to ¢,

I' < Colg(t) - #(t:)] = O(1t — LJ*) < O(lt - 2I*) < ¢/9,

where Cy is positive constant.
From the above, we have:

lim [ [8(6) - $(ee)]K(6,2) = [ [6(6) - SOIK(E,). (10)
zeD*

Hence by (7)-(10), we have:

*(1) = lim (2 /[¢ WK (€,1) + (1), (1)
z€D+

(1) = lim @(z /[¢ S K(€,0). (12)
zED'

In addition, by (3)

[ #0x&n =90 [ K& =002 (12
9] 0 S

Substituting (13) in (11) and (12), we get (1) and (2).
The above proof is obviously applicable to the case where € is piccewise smooth non-
closed surface and t is not on the edge of 1.

3. Boundary Properties of B-M Type Integral

Theorem 2 If Q is piecewise smooth closed surface, $(&) satisfies Holder condition with
exponent v on (Q, then for any z € Dt or D™, L € Q, we have

|®(2) — ®*(¢)| < Crolz = t[*, Cio=const >0,0<v < 1. (14)
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Proof Write ®(2) as the form:

= [16(6) - K (E,) + #(1) [ K(E,2) = () + ).
0

Let |z — t| be sufficiently small. Now draw a sphere Bj(t) using ¢ as the center,
= 2|z — t| as the radius, put ws = Bs(t) N Q. For any z & 1,1 € (1, we have

@) -] < | [ 186 - sIKED - [ 18O - d0IK (6,0

N—wy

+ [ 160 = 6K (&) +1 | [6(6) - 61K (E,0)
1 w\[¢>(€)-¢(tz)][K(€, KO ][ 9l - IR (E )

+ [ 180 - sk, +1 [ (60 - SOIK (&, 0)
= .Qll(z)+<1>1z(z)+‘1’m( )+ ‘I’M( )

IA

where ¢, € ws and |t, — z| = infeg,, |€ — 2z|. By Lemma 2, we have
@13(2) < 0115u = 2”C11|Z - tlu, (I)H(Z) < 2"012|Z - t|u,

where Cy;,Cy; are positive constants. Considering @3, by (6) we get:

Pua(z) < Iglte) ~ 9O | K(E0] < 16(t:) - )] < Cusle - oI,
where Ci3 is positive constant. As for @y, we have as I}:
|t — 2]
K(€,2) = K(6,0)] < Curg—ndo,

hence

B(e) < Cua [ 180 - olulds < 20wt ol [

—ws [€ - -wy [ — L
where Cy4 is positive constant. Using spherical coordinates we get:
R )
P11(2) < Crslt — 2| - II’V dp < Cyglt - 2}¥,
=2|t—-2z

where Cis5,C6 are positive constents, R = supgeq |€ - ¢].
In short, there is |®,(z) — ®,(¢)] < C|t — z|*.
On the other hand, for z € Dt ®(z) = é(t.),

F(1) = lim (1 /1\ £,2) = 4(0),

ZED*

— 307 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



then by (6)
|@2(2) — 3 (t)| = |(t:) — 6(t)] < Cslt — 2", teq.
when z is close to another point to on {1 from the inner of D*, we have
|®F (to) — @3 (t)| < Cslt — to]”, to,t€ Q.
For z € D™, %5 (t) = 0, correspondly there is
|®2(z) — @5 (t)] =0, te.

From the above, we have got (14).

Notice that if Q2 is smooth close surface, then by Plemelj formulla there is #{t) =
7[@*(t)+®7(t)]. So by theorem 2 we have the result that if ¢(£) satisfies H5lder condition
on 1, then ®(t) also satisfies Holder condition. But if 0 is piecewise smooth closed surface
(that is 2 has angular points and sharp points), the result is not right.

Since
( 1— @
s

o) = [ #(OK(E0 = 510"+ 2]+ )4(0)

where B(t) is not a continuous function.
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