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Abstrict In this paper we give a sufficient condition on D?g(z) such that with the
D&-Hf(z) D0+2f(z)

dition. Re< (1 — : .
condition e{( Q)D"f‘g(z) +QD"+2g(z)
Db+l f(z)
D1 g(z)

} > p, p < 1, it gnarantees that in the

unit disk F implies Re{ } > p® > p, 2 € E. Some interesting applications of

this result are also given.
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1. Introduction

Let V' denote the class of functions f(z) = Z anz" analytic in the unit disc E. Let
n=2
Dif(z) = (2/(1 — 2)°*') » f(z), where § > —1, f € V and x denotes the Hadamard
product of two analytic functions in E [a].
Very recently, Ponnusamy and Jureja [7] have proved that if g € V satisfies

D6+2f(z)
Re{ ———— > —
e{D"‘”g(z) >0, z€ E, §> -1,
thenfor feV,p<land a>0
D‘H’lf(z) D6+2f(z)
Re {(1 —- a) DF7ig(z) +aD5+2g(z) >p, z€EE

. D14 (z)

1mp11es Re DSTg(z) >p, 2 e F.

The case § = —1 of the above result gives.
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Theorem 1.1 Ifge€V is starlike in E, p <1 and a > 0, then for f€V

BTGP RCR in
Re {(1 L,.)g(z) raiy } > p, E

f(2)
(2)

} >p, inE.
f Bulboaca has obtained the following result.

implies Re{
But in {1

Theorem 1.2 Ifp < 1, a complez number with Re(a) > 0, f,9 €V and Ke(ag(z;,'2¢'(2))

>0,2€ FE, then

BN CINC

Re{(l )g(z)+ g'(z)}>p’ ek

. . f(2) M+ 2p . ! .

implies Re {g(z) } > 3 o f € E, where M =inf{Re(ag(z)/z¢'(z)) : 2 € E}.

These two results suggest that there may exist some conditions on D%g(2) so that

D°*'f(z) = D°**f(z)
R - E
) {“ A D5ige) T D) [ TP P C
] ] D5+l
implies Re {DTI‘;((:;_} >p >p, z€E.

In this section our aim is to find at least one such condition and to give some interesting
applications of this result.
The basic tool in proving our result is the following lemma.

Lemma 1.1 Let Q be a set in the complez plane C and b be a complez number with the
Re(b) > 0. Suppose that the function ¢y : C*zE — C satisfies the condition V(izz,y1;2) &
1
" 2Re(b)
and Y(p(2), zp'(2);z) C Q, then Re(p(z)) > 0 in E.
A more general form of this Lemma may be found in [4] and [5].

Q for all real z5,y; < |b—izq|, z2€ E. If p(2) = b+ prz + --- is analytic in E

2. Main results

Theorem 2.1 Let o be a complez number satisfying Re(a) > 0 and p < 1. Let 6 >
~-1,f,9g €V and

(2.1) Re {%} >, 0<~ <Re(a).

Then

DSTYf(2) 2p(6 +2) +
Re{D6+1g(z)} 26+2)+7° ze b
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whenever

(2.2)

D+ f(2 D2 f(
Re {(1 - a) D5+1£((z)) + °’D6+2£§z))

}>p, ze E.

Proof Let r = (2p(6 + 2) + v)/(2(6 + 2) + ) and consider

3 _ D5+lf(z)
(2.3) p(z2)=(1-71) 1 {—__—D‘s“g(z) - T} .
D6+1g(z)

. . oer s _ _
This p(z) is analytic in E and p(0) = 1. We set u(z) a——_D‘5+2g(z)

(2.1) Re(u(z)) > ~. Since, for § > —1,

and observe that by

_”Z (k—1k';f)+5) a
it can be easily verified that
(24) ADFS()) = (5 + 1) (2) - 8D £(2).
Using (2.4), (2.3) can be Written as

DS+l f(5 D6+2 z
(2.5) (1-a) D5+I£EZ)) + aD*’”iEz;

=+ (1= 1) [pe) + Pk ap(2)] = (p(a), 28 (2)i2)

where ¢(z,y;2) =7+ (1 - 1) [x+ 555)2 ]
From (2.2) and (2.5) we obtain that

{¥(p(2),2p'(2);2) : |2] < 1} € O = {w € C : Re(w(z)) > p}.

Now for all real z2,y; < —271(1 + z2) we have

Re{giza, 912} = 7+ U D Re(u(z)) < 7 - (:_); _,

. . D¥*1f(2)
Hence ¢(1z2,y1; 2) ¢ Q. Thus by Lemma 1.1, Re(p(z)) > 0in E and hence Re lm

> 7 in E. This proves our Theorem.
Remark For § = —1, Theorem 2.1 agrees with Theorem 3 of Bulboaca [1].

Corollary 2.1 Let o be a real number witha > 1 andp < 1. Let 6§ > —1,f,g €V and
D6+1g(z)
Re { ————F— > 0<y<a.
[a e{D5+2g(z) 7, TT<a
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Then

Re{D”zf(Z)} , a(2p(6+2)+) - -2y , &

DE+2g(z) o206 +2)+7)
D6+lf(z) aD6+2f(z)
D“"g(z) D6+2g(z)

whenever Re {(1 - a) } >p, z€E.

Proof Proof follows from Theorem 2.1 (Since a > 1).

Corollary 2.2 Let§ > —1, f,g €V and Re{D**1¢(2)/D**%g(2)} > 4,0 < v < 1, then

for p < 1.
D6+2f(z)
e B 7 e
. DP+1f(2) 2p(8 +2) + v
l = E.
1mpcesRe{Db+lg(z) > 26+ z €

Proof Take a = 1 in Theorem 2.1.
If we set 5as 5o
Dt 1 11D
v(z) = 6+2f(2) + [_ B IJ 6+1f(Z)
: DS+2g(2) o Dit1g(z)

then for real @ > 0 and p = 0, Theorem 2.1 reduces to

\%

.. Dé*1f(z) ya
(2.6) Re(v(z)) > 0, z € E implies Re { D5 ig(z) W+ 2 o’ ze E

whenever Re{D5+2f(z)/D5+2g(z)} > ~,0< v < 1. Let a = co. Then (2.6) is equivalent

to
{D‘Hzf(z) _ D5+lf(z) D“’lf(z)

}>0inEimpliesRe{——-—} >1in E

Dit%g(z)  D+1g(z) Di*lg(z)

whenever Re{D”lg(z)/D&”g(z)} >4,0<vy< 1.
In the following Theorem we shall extend the above result.

Theorem 2.2 Let§ > —1,p<1,f,g €V and Re{D's“g(z)/D's“g(z)} >7,0<y<1.
If

D*2f(z) D°*lf(2) (1-p)y
e { D¥+%g(z)  DS+1g(z) } ” Ta+ay °C E
then 5a1
DTl f(z)
Re {Wj} > p, Z c E
and
in F

Re { D’”f(Z)} o P(2(6+2) +7) =)

Dét2g(2) 2(6 +2)

Proof 1t can be proved in a manner similar to that of Theorem 2.1.
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Using Theorem 2.1 and Theorem 2.2 we can generalise and improve several other
intresting results available in the literature by taking g(z) = z. We will illustrate this as
follows.

Theorem 2.3 Let§> —1,f €V and p < 1. Then
(a) for a a complez number satifying Re(a) > 0, we have

Re {(1 - a) D) + D5+2f(z)} >p, 2€E
z )
. D**f(2)| _ 2p(6+2) +Re(a)
implies Re . } 2(5+2) T Re() ’ : €EE.
(b) For a real and a > 1, we have
Re {(1 - a)DHl/(z) + aD6+2f(Z)} >p inE
z z
.. Dé+11(2) p(26+5)+a—-1 .
tmplies Re{ . } > 2612 ta in E.
D**?f(z) D*'f(2) (1-»)
() Re{ z Z T2 12)
tmplies Re DEH[(Z) > p(26 +5) 1 in E.

z 2(6 + 2)
For 6 = —1, Theorem 2.3 follows.

Corollary 2.3 Let feV and p < 1. Then
(@) for a a complez number satisfying Re(a) > 0, we have

Re {(1 - a)@ +af'(z)} >pin E
tmplies Re f(z) 20 + Re(a) Y
mplies R { . }> 2+ Re(a) in E,
(V') for o real and o > 1, we have
Re {(1 - a)@ +af'(z)} >pin E
implies Re(f'(2)) > “3’);50‘— 1 in E,
(') Re{f'(z)-f_(:_)}>—(—1;—”)inE
implies Re(f'(z)) > Sp—1 in E.

For 6 = 0, Theorem 2.3 reduces to
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Corollary 2.4 Let f€V and p < 1. Then
(a") for a a complez number satisfying Re(a) > 0, we have

Re[f'(z2) + azf"(z)] > p in E

g ' 2p+ R :

implies Re [f'(2)] > -2p++—R:((:)l in E,
(b") for a real and o > 1/2, we have

Re[f'(2) + azf'(z)] > pin E

. ) ) ) ) 5p+2a -1 .
implies Re [['(2) + (2f'(2))'] > ~—2ta "

(") Re [f"(2)] > —9_;1) in E

n E,

5p -1
2

Remark The cases (a'), (a") and (b') were obtained by Bulboaca [1] and also by Juneja
and Ponnusamy [3]. The case (c') was obtained by Ponnusamy and Karunakaran [6]. The
cases (a'), (a") and (b') not only generalise results of Chichra [2] but also improve upon
them.

in E.

implies Re [f'(2) + (2f'(2))'] >
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