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Abstract We prove a theorem concerning the powers of a companion matrix over the
Boolean algebra B = (0, 1) by using elementary properties of directed graphs. The main
results in (4], [1] and [2] are consequences of our theorem.
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Introduction

Let B be the Bonlean algebra of 0 and 1, and M,(B) be the set of all n X n matrices
over B with the usual matrix addition and multiplication. The following matrix

000 --- 0 b
1 00 - 0 b
010 --- 0 by
0 00 -+ 1 by

is called the n x n (Boolean) companion matrix of the polynomial z" + b,_jz" ! +
bp—2z" 2+ -+ 4 byz + by where by, by, ,b,_y € B={0,1}. when by = 1 and b; = 0 for
t=1,2,---,n — 1, the matrix is a permutation matrix denoted by P!, corresponding to

the permutation
0 1 .- { e -1
n—-10 .- 7—-1 .-+ n=-2 /"
i.e., the permutation matrix P corresponds to the permutation

01 -+ ¢ - n-1
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We also let I and J denote the n X n identity matrix and the n X n matrix with
all entries being 1 respectively. A matrix C € M,(B) is said to be primitive, if there
exists a positive integer N such that, for m > N,C™ = J. A matrix C € N,(B) is
said to be a t- periodic matrix, if there exist positive integers N and t such that, for
m> N,C™ = Cmtt = ¢mt2 — ... = O™tk — ... P is an n-periodic matrix, and a

primitive matrix is a 1-periodic matrix.

2. The Powers of Companion Matrices

Theorem 1 Let

0 00 --- 0 1
1 0 --- 0 by
010 --- 0 b
(000 -+ 1 by
be an n x n matrix over the Boolean algebra B = {0,1},b;, = b;, = -+ = b;, = 1 where

1< <53 << g £n—1 and all other b.fl-s be 0 (if any), and t be the greatest
common divisor of ji,j2,- -, Jx and n (denoted by gcd (ji,J2, -, Jk, 1) = t).

(A) Ift > 1, then we have:

(a) For a sufficiently large integer q,

qu :I—+—Pt+P2t+"'+P(p—l)t,

where n = pt and P is the n X n permutation matrix corresponding to the permutation

(1).

(b) Crat = CruHeH) = L= CraH ) = for i = 0,1t~ 1.
(B) C is primitive, if and only if t = 1.

Proof (A) We consider C as the adjacency matrix of a directed graph G with loops.
Thus, G has n vertices labelled as 0,1,---,n— 1. Let C™ = (¢;;). If ¢;; in C™ is one (zero),
it means that there is (is not) a directed path of length n from vertex 1 to vertex j. If
b, =11in C,1 < 3 < n — 1, then it means that, in G, there is a directed edge from the
vertex J; to the vertex n — 1, and the directed edges

(jt;n‘_ 1))(”‘ - l)n_ 2)7.)(J!+ lyjt)

constitute a directed cycle of length n — 5, in G.
Let C™ = (e;;). We claim that if 0 < r < n, and r is not a multiple of t, then

€0y = €14l = €242 = = €p-1rin-1 =0

where the subscripts are taken modulo n. Suppose the contrary, i.e., e, ,4+, = 1 for some
s such that 0 < s < n — 1. Then it means that there is a directed path of length ng from
the vertex s to the vertex r 4+ s in the graph G whose adjacency matrix is C. Thus,

r+gi(n— 1) +g2(n— )44 gk(n = Jk) + gnn = ng (2)
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where g;,92,-*+, gk and g, are non-negative integers and gp,(n — ) means the (n — g, )-
cycle in G is used gy, times for m = 1,2, k, and the n-cycle is used g, times. (2) can be
written as

r=guntgunt o tgktn{g—gr-g2 -~ gk~ gn). (3)
Since ged(71,72, +, Jk,n) = t > 1, the right side of (3) is divisible by ¢. But since r is not
a multiple of t, we have a contradiction, and

€0,e = €1+l = €212 = " = €n-lrin-1 Q. (4)

We claim that if s is a multiple of t, say, s = ht for h = 0,1, ,p — 1 where n = pt,
then

€0,s = €1l e+l — €2542 — "' = €n_1s4n-1— 1

Since ged(s1,72,- -, Jk, n) =t > 1, there exist integers ay,a;, - -, ag, a, such that
a1j1 +azjz + -+ agje +apn = t. (5)

Then, t+ai(n - 1) + a2(n — 52) + - -+ ar(n — jr) = n(ay + a2 + -+ - + ag + an), ie.,

t+ay(n—g1)+ax(n—52) + -+ ak(n - jk) =0 mod n. (6)
In (6), we replace a; by d; where d; is non-negative and d; = a; modnfori = 1,2,---, k.
Then
t+di(n—7)+din—3)+--+di(n—J) =0 mod n (7)
still holds, and
t-+di(n—g1) + do(n—52) + - + di(n — Ji) = ng (8)

holds for sufficiently large positive integers ¢. That means, in C" = (e;;),
€03 = €1,s41 = €242 = " = €n_1 g4n-1 = 1 (9)
for s = ht,h =0,1,---,p — 1 where n = pt. Consequently, by (4) and (9), we have
C™ =]+ P+ P ... 4 p=1t (10)

where P is the permutation matrix corresponding to the permutation (1), and the (a) part
of (A) is proved.

(b} Let E;; be the n x n matrix over B such that the i-th row and the j-th column
is 1, and all other entries are 0. Then C = P~ + Ejinat+ L, a4+ Ej ne1.

We consider C?"*!. By using (10), we have

k p-1
cMtl — coma (P«l + Z Ej“n — 1)(2 P“t)_ (11)
s=1 u=0

Since ged(71,72, ", Jk,n) =t > 1, for i = 1,2,---,k, 5 = d;t for some positive integer d;.
Then we have
Ejn-1P* = Egyn 1 P¥ = Egpu1- (12)
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Also,
Ed,-t,ut—l < Put—l—d,'t — P(u—-d,')t—l’ (13)

and
Eygpnoy < PHITL (14)

By using (12), (13) and (14), we have (11) as

p—1
Cuf]+1 — Z Put_l. (15)
u=0
Assume that
p-1
C™MtY =% pYTY for 1<v<t. (16)
u=0

We consider the case of C™*1 By using (16), we have

k p-1
C"Q+"+1 = CCnQ+U = (P—l + Z Ed.'t,n~1)(z PUt—U). (17)
i=1 u=0

Since Ed,-t,n—lput_u — Ed,'t,ut—v—l < put—v—l-dit _ P(u—dl)t—v—l and Ed,—t,n-—l < Pd,-t—-u—l’
(17) is

p—1
qu+u+1 — Z Put—u—l (18)
u=0
By induction, we have C™ti = crat(i+t) — ... = cnet(i+ut) — ... for ;1 = 0,1,---,¢ — 1.

That completes the proof of the (b) part of (A) in our Theorem 1.
(B) We shall show that C is primitive, if and only if ¢ = 1.

If ged (41,72, -, Jk,n) =t = 1, then therc exist integers ay,az,- -, ax and a such that
arji + azfe + o+ agge +an = 1. (19)
We can write (19) as
dij1 +dejz+ - +dejk =1 mod n (20)
where dy,dy,- - -,dy are positive integers and d; = a; mod nfor1 =1,2,--- k.

If b;, in C is equal to 1 for 1 < 3 < n — 1, then in the graph G, there is a directed
edge from the vertex 7 to the vertex n — 1, and the directed edges

(jt)n - 1)) (n - 17"‘ - 2))"')(.7.t + I;Jt)

constitute a directed cycle, Zj,, of length n — 3, in G. Then, by using Zj,, in G, the
following path from the vertex O to the vertex n — 7 is of length n:

0—(n 1) —(n=2) i (1) —(n2) — (- )
That is ,in C™ = (¢;;), co,n—j, = 1. Consequently,

Con-j = Clyn—ji-1 = C2n—j5—-2 = """ = Cn_1n—j—(n-1) — 1
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where the subscripts are taken modulo n. Sifice b;, = b;, = --- =b;, =1 where 1 < 5, <
R<-<gx<n-1,

Cho>T+PYh 4 PPz PP R = [ P74 PR 4 PR (20)

From (20), we know that dij1 + d22 + - -+ + dgjk = 1 + mn for some positive integer
m. By using (21), we have

I+ P—jl + P e +P—jk)1+mn

> (
=(I+ Pty pTi 4 p—jk)d1j1+d2j2+'"+dkjk (22)
> I+ P—J'xdx + p—jzdz ek p—.'fkdk = I+ p!

(Cn)1+mrz

Since P! is a gererator of the cyclic group {I, P, P?,---, P""1}, from (22) we have
(> (I+ P ) =14+ P 1+ P 2g. 4 P =

Hence, C is primitive.
Conversely, if ged(J1,j2, -, 7k, n) =t > 1, then by (A), C is not primitive. Hence, C
is primitive, if and only if t = 1.

Corollary 1 (Chao and Winograd [2]) Let
A=CH +C2+ ...+ C*

where C is the Boolean companion matrix in Theorem 1, and iy,12,++,t, are integers
such that 0 <4y < i3 < --- < i, <n-—1 withi, > 0. Then A Is primitive, if and only if
ged(iy — 41,82 — 1,8, — 11,01, 52, G, n) = 1,

Proof If ged(ty — 41,42 — ¢1,--+,%s — 11,71, J2, " ", Jk, ) = 1, then we have two cases to
consider:

Case 1 gcd(j1,52,- ",Jk,n) = 1. Then by Theorem 1, C is primitive and A is also
primitive.

Case 1 gcd(J1,72,*,Jk,n) =t > 1. Since ged(ty — 11,12 —11,- -+, s —11,t) = 1, there exist

integers aj,as, - ,a,,a,+1 such that ay(i; — 1) +az(ia —11) +-- -+ as(ts — 1) tasp1t = 1,
and there exist non-negative integers d, ds,---,ds,ds4+ such that
dl(l'l - 11) + dz(iz - 11) + ot ds(is - 11) + d3+1t =1 mod n. (23)

By using the part (a) of (A) in Theorem 1, we have

AM = (CH(I4+CP 0Ol o
=(I+ P+ P 4o PETVYI(T g O g o (24)
> (T4 Pt PP oo POTDOI(L 4 (PTY)RT0 g (PT)TR)™

For sufficiently large ng, by (23) there is a term

I+P—1 =1+ P"(dl(il_il)+d2(‘.2—'i1)'f‘“'+dp(iu_il)+du+lt)
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in the product of (I + (P~!)%2=%t + ...+ (P~1)"»~%1)" jn (24). Consequently,
(A™)" > (I + P + P P(P—l)‘)il(. T4+ P4 SNt =,

and A is primitive.

If ged(dy — 41,12 — 41, .85 — 41,51, 92, " *»Jk,n) = d > 1, then we show that A is not
primitive. We claim that fo; = 0 in C™? = (fi;) for any non-negative integer m. Clearly,
the entry fo; = 0 in C° = I. We suppose that fo; = 1 in C™ = (f;;) for some positive
integer m. Then we would have a directed path of length md from vertex O to vertex 1 in
the graph G whose adjacency matrix is C. Thus, 14+ g1(n—j1) +g2(n —j2) +-- -+ gx(n —
Je) + gnn = md, ie.,

l=g11 + 922+ -+ gefe —nlgr + g2+ -+ gk + gn) + md. (25)

Since j1,72, -, Jk and n are multiples of d, the right hand side of (25) is divisible by d,
but 1 is not divisible by d > 1. That is a contradiction.

Let n = de for some positive integer e. We also let 1, — 1; = a,d for some positive
integer a,, and r = 1,2,---,s. Then, for sufficiently large ngq,

AM = (C'.‘([ + Ciz—ix 4ot Ci,.—il))nq — (qu)i(l_i_ Cu.'gd 4ot Ca,,d)nq {)6)
— Cdeqi(I 4 Cagd gt Ca,d)nq. (“
In the expansion of (26), every term is of the form C™d for some non-negative integer
m. Since the (0,1)-entry fio = 0 in C™? = (f;;) for any non-negative ingeger mi. the
(0,1)-entry of A™ is 0 where ngq is arbitrarily large, and A is not primitive.

Corollary 2 (Butler and Krabil [1], and Schwarz [4]) The circulant Boolean relation.
n X n matrix in P'' + P2 4 ... 4 P where 0 < {; <iy3 <--- < <n—1,is primitive if
and only if ged(iy — 11,12 — 11,1 — i1,n) = L.
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