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Abstract It is shown that the product of the two largest lengths of the longest decreas-
ing and increasing subsequences in any sequence composed of n distinct numbers is not
less than n, whilst the sum of the two length is not less that 2y/n. Finally, it is pointed
out that a result of Erdés and Szekeres is an immediate consequence of the theorem of
this paper, but not vice versa.
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1. Introduction

Erdos and Szekeres [1] proved that in any sequence composed of mn + 1 distinct
integers, uj, us, -+, Umn+i, there exists cither a decreasing subsequence longer than m or
an increasing subsequence longer than n. '

In this paper, we will prove a stronger form of this theorem.

Theorem Let L™ and LT be the lengths of the longest decreasing subsequence and
the longest Increasing subsequence in a sequence respectively. Then for any sequence
composed of n distinct integers, we have

L™LT >n, (1.1)
and

L™+ LT > 2v/n. (1.2)

2. Permutations and bicolor graphs
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Without losing generality, suppose that we are given n distinct integers as N =

{1,2,---,n}. Then each permutation of N corresponds to a permutation matrix [2] as
[UI,U2,"',un] :[1;27"'>u](aij)nxn
[0 0 -+ 0]
0 1 - 0| —Rowu
=[1,2,---,n] 1 O O —Row u; (2.1)
0 0 - 1| ~Rowu,
|0 0 o ]

where a;; = 1, if and only if ¢ = u;(7 = 1,2, --,n), and the other entries of A are all zero.

We take these 1’s as the vertices of a graph, and dcnote these n vertices by V (i, 7),
where i = uj(j =1,2,---,n).

The fact that V(i,5) and V(k,!) are connected by a blue-edge is symbolized by
V(i,7)BV (k,l). Similarly, V (i, 7)RV (k,l) symbolizes connecting the two vertices by a
red-edge.

We lay down the following rules that

V(i,5)BV (k1) <=1 < k, 7 <l(ori > k,5 > 1) (2.2)

V(i,/)RV (k1) <=> i < k,5 > l(or i > k,5 < ). (2.3)

Graphically, an edge going up is colored in red; an edge going down in blue. Thus, we
have the bicolor graph corresponding to the given sequence.

ViBV3B--- By,, a group of vertices connected by blue-edges one by one, is called a
blue chain, k in length. Similarly, ViRVy R -+ RV, a red chain.

Evidently, we have

Lemma 1 A blue (resp., red) chain in the bicolor graph, k in length, corresponds to an
increasing (resp., a decreasing) subsequence of the same length in the given sequence.

3. Blue chain forming method

By C; we mean a blue chain, and also mean the set of vertices on it. We denote the
set of all n vertices by D.

(I) Forming of C;: Suppose C; is V (i1, 71)BV (iz,52) B+ BV (tk, i), it is formed as
follows:

(1) Domain of vertices: D.

(ii) Starting vertex: among the vertices in D, select the vertex V (i1, 71) that has the
smallest column index ji, ie., V(u1,1) in the case of Cy, as the starting vertex of Cj,

i1 =min{j|V(i,4) € D} = 1.
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(i) Middle vertices: After selecting V (11, 1), we select V (i3, 52) so that
Je=min{j|V(i,7) € D and i>1y,7 > 51},

namely, V (i3, 2) has the smallest column index 7 among the vertices V(i,5) € D that
satisfy 1+ > 17 and 5 > 7;. Note that 53 = 1,77 = uy, in the case of Cj.
Similarly,
js =min{j|V(i,7) € D and i > 13,7 > 53},
Je =min{j|V(i,7) € D and ¢ > ix_1,7 > Jk-1}-
(iv) Ending vertex: As ending vertex of Cy,V (i, ji) satisfies
{Vi,))V(i,j) € D and 1> 1,5 > 5} =0,

where 0 stands for the empty set.

(II) Forming of Ci(1 > 1): Suppose C; is V (i1,51)BV (i2,52)B -+ BV (i, 5i), it is
formed as follows:

(i) Domain of vertices: D; = D\(C;UC,U---UC;_;), namely, we form C; among the
vertices that do not belong to C1,Cy,--+,Ci_1.

(i) Starting vertex: Among the vertices in D;, we select V (¢4, 71) that has the smallest
column index j; as the starting vertex of C;,

5 =min{j|V(i,7) € D;}. (3.1)
(iil) Middle vertices: After selecting V (i1, 71), we sclect V (i3, 72) so that
2 =min{j|V(i,5) € D; and ¢ > 11,7 > 71},

namely, V (12, 52) has the smallest colume index j» among the vertices that do not belong
to C1,C2,++,C;_1, and satisfy ¢ > 14,7 > 7.

Similarly,
j3 = mln{]lv(laj) € Di and ¢ > i'laj > .72})
(3.2)
Je =mn{j|V(i,7) € D; and 7> 44_1,7 > Jk-1}
(iv) Ending vertex: As ending vertex of Cy,V (i, jk) satisfies
{(VE,DIV({i,7) € Di and > i, > gk} = 0. (3.3)

Continue this procedure untill every vertex in D has been chained.
4. Existence of red chains

Suppose that s blue chains C;,C,,---,C, are formed by the method given above on
the permutation matrix. Then, from the blue chain forming process,

Lemma 2 The set of all C;(i = 1,2,---,s) is a partition of the vertex set D[3], i.e.,

CinC; =0 # 5), (4.1)
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cCiucCyuU---uC,=D. (4.2)

Lemma 3 Suppose the blue chain C; : V (i1,751)BV (i2,22) B+ - - BV (ik, ji), and a vertex
V (10, Jo) satisfy:

(1)

V(ZIO)].O)gct(t: 1:2:"')i_1); (43)
(2) For any V (im,Jjm) € Ci, we have

V(im)jnl)BV(l.Oajo)) (44)
then V (1o, 70) € Ci.

Proof By (4.3),
V(llo,j()) e D;. (45)
Hence 5 € {7|V (i,7) € D;}, compared with (3.1), we have 7, < .
If j1 = j0, then 1, = 7o. This means V (i, jo) € C;.
Assume that
J1 < Jo. (4.6)
By (4.4), V{i0,%)BV (ix, ), and by (2.2), we have

10 < 16,00 < k) (4.7)
or

fo > ik, Jo > Ji- (4.8)
By (3.3), we know that (4.8) is impossible. Thus, by (4.6) and (4.7), we have 71 < jo < J.
Hence, in the sequence j; < 75 -+ < ji, there must be a 5 such that j; is less than jp but

Jt+1 1s not less than j, i.e., 141 > Jo. Therefore,
N<g< <3 <go< g1 <0 < gk, (4.9)

and by (3.2),
1] <1g < oo <1y <1 S ippg < v 00 < 1. (4.10)

By (4.5), (4.9) and (4.10), we have
Joe{JlV(i,7) € D; and 1> 14,7 > 3}, (4.11)
but by (3.2), we have
Jier = min{j|V (i,7) € D; and 1> 14,7 > 5i}. (4.12)
Compared (4.12) with (4.11), we obtain

Jo 2 Je+1- (4.13)
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By (4.13) and (4.9), we have jy = ji4+1, hence g = 1,41.
Thus, from V (1141, ji+1) € Ci, we obtain V (1o, 50) € C;. This completes the proof.
If C is a chain, by |C| we denote the length of C.

Lemma 4 If s blue chains are formed in the graph by the method we give, then there
exists at least a red chain C' with |C'| = s.

Proof Suppose that the s blue chains are C,Cy,---,C;. We take any vertex V, &€
Cs(|Cs| > 1), then there is at least a vertex V;_; € Cs_; such that V,_; RV;. Otherwise,
we would have V BV,, for any V € C,_1, and this would lead to V, € C;,_; by Lemma 3.
A contradiction.

In the similar way, thereareV,_; € C,_4,--+,Vy € C4,V; € Cy such that ViRVu R--- RV,.
We denote this red chain by C', and we have |C'| = s.

5. Proof of the Theroem

Suppose that in the graph we have s blue chains C,Cy, -+, C,. Let |Ci] = ¢i(7 =
1,2,---,s). Obviously, ¢; > 1. By Lemma 4, we have at least a red chain C', and |C'| = s.
Therefore, by Lemma 1, we have

L™ '>C' =s. (5.1)

By Lemma 1 and 2, we obtain
+ 1 s n
L™ = max{ecy,co, -+,¢5} > —Zc,--——'—. (5.2)
§ 4

By (5.1) and (5.2), we have L™ Lt > nand L™+ L* > ¢
of the theorem.

(8]

V1. These complete the proof

6. Some remarks

A. For a sequence composed of mn -+ 1 distinct integers, according to the theorem in
this paper, we have L™L™ > mn + 1. Thus, we easily obtain L7 > m or/and L™ > n.
This proves the theorem of Erdos and Szekeres.

B. From the argument above, we notice that the longest decreasing subsequence and
the longest increasing subsequence we choose have and olny have one common item.

C. When ¢y =c¢3 = -+ = ¢, or s = 1, the equality (1.1) holds; when ¢y = ¢z = +-+ =
¢s = s, the equality (1.2) holds.
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