Proof Let f € B, . Using Lemma 2.1, we have

Tf(z)= i i dijak;(z)

k=1j=1

where a;; is a HLP-atom, and dy; = myp;(be), |1 (be)| < C0(2—1;),k € N,j€ N. Thus

M({dj}) < czzmw )(1+ log* (=———1))

pracfact Clml0(55)
< ckgmkl(ulog*q 20(21)(”'%*(09( )

where

Z 0(21 )(1 + log™(

Thus T f(z) € Bp,w.

L 6(t) 1
ca( ) < c/o (7, log* ) < oo.
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Abstract In this paper, we discussed the boundedness of Calderén-Zygmund operators
of type 6(t) and (log,#) on HA? and the boundedness of Calderén-Zygmund operators of
type 0(t) on B,, ,, and the boundedness of the generalized w-Calderén-Zygmund operators
from HA? to HAP.
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1. Introduction

The Claderén-Zygmund operator of type 6(t) and (log,f), and the gencralized w-
Calderén-Zygmund operators are as fol]owing“”zns']:

If T is a bounded operator from the class ¢(R") of Schwarts functions to its dual
#'(R™), satisfying the following conditions:

(1.1) There exists C > 0, such that for any f € C{°(R™)

T fllLe2(re) < Clifllz(re)-

(1.2) There exists a continuous function K(z,y) defined on 2 = R" x R™"\{z = y}
and C > 0 such that

(La) |K(z,y)| < Clz—y|™ forall (z,y) €O

(1.b) for all z,zo,y with 2|z — zo| < |20 — |

K (2,9) = X (20,9)| + | K (y,2) = K(3,0)]| < C”(}zz—im

where 6(t) is a nonnegative nondecreasing function on [0, +oco) with f; ﬂtﬂdt < oo and
0(0) =0,6(2t) < CH(¢);

(1.c) Tf(z)= [ K(z,y)f(y)dy a.e. z & suppf.
Then T is said to be a Calderén-Zygmund operator of type 6(t).

The Calderén-Zygmund operator of type (log, #) is as above and (1.d) insdead of (1.b):

*Received July 8, 1992.
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(1.d) for all z,zg.y, with 2|z — z¢| < |y — zo|

|zo — z|

K (2,) = K(zo,9)| + 1K (:2) = K 20)] < COUEZ D0 - 77+ 6,20,
where G(z,xg,y) is a function satisfying
2
|zo — y| ™" (log | |)-1 if |to—z| <1 and |zo — y| < 24/7,
g —

G(z,20,y) < max{|zo — z!,1}

zo —y| "0
I 0o~ Y ( ffco—yl

) if !Io—ylzl.

The generalized w-Calderén-Zygmund operator is (1.e) and (1.f) insdead of (1.a) and
(1.b):

(Le) |K(z,y)| < Cwjp_y(z)]z — y| ™" for all (z,y) € O

(Lf) for all z, 2o,y with 2|z — z¢| < |za — y|
|zo — 2|

o —y| "
2o~y 70 7Y

|K(z,y) — K(zc,y)| + |K(y,2) - K(y,20)| < Cwjps,|(2)(

where w € A, (\/iuckenhoupt class), and wy(z) =t~ fII yl<t w(y)dy.
H AF spaces, Bp w Spaces and H AP spaces are as followmg

(1.3) HAL(R") = {f € L}(R") : = ZAkak Zm[ < oo} where ai(z) is a
weighted central (1, p)-atom, k=1,2,3,---,1 < p < oo, ||f]|HAp = inf Z [Ak]);
(1.4) B,u{l") = {f € LL(B"™) : kabk ), M({my}) < oo} where by(z) is

a.Hlp- atom, M({m;}) = Z|mk|(1+10g (_l))

l
(1.5) HAP(R™)={f € L1 R™): Z Z ik| < oo} where hy(z) is a
k k
(1,p)- atom, k =1,2,3,---.

2. Lemmas

Lemma 2.1 Let b(z) be a weighted central (1,p)-atom (or HL?-atom), and T be a
Calderon-Zygmund operator of type 6(t), and T*(1) = 0. Then

(2.2) Tb(z) = Z i (b)ar(z,b) and |ue(b)] < CO(55);
where ag(z,b) is the same type atom as b(x).

Proof Let b(z) be as following:
(2.a) suppt C B(zo,r)(B is a ball);

(2b) [1Bllpw < w(B(zo,7))* 7Y
(2.0) f b(z)dz = 0.
Write By = {z € R": 25"!r < |20 — 2| < 2%/},k = 1,2,3,-- By = {z € R" : |20 — 2| <
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2kr},k=0,1,2,---, and Tb(z) = xp,(z)Tb(z) + Z xe, (z)Tb(z) = Z br(z). Then
k=2

bl < T8l < Clltlp < Cu(2)3 ™ < LAY (B3~

B 1
Now write pj(zo,r) = C(%((%‘)l) r,a = mzz“‘);y, thus supp a1 C By, llailpw <
w(Bl)%_l, for k> 1

lbellpw < ( /E k IT(z)Pw(z)dz)r

< (, </BC 0= —t—'mzo o[ b(0) )P () d)’
< CH / (t)]dt) w(x)da:)v
< ca(zk)l'fj’,( “(33))’—) Co( ()™,

if we write pg(zo,r) = Cﬁ(flg),ak(a:) = -l=) k= 9234, -, then suppa; C By, and

uir(zo,r)’
lakllpw < w(Be)?P 1k =2,3,4,--. This Th(z) = %2, ui(zo, r)ar(z).
Now, let 1y = By, Fy = E,k > 1, and

Th(z) = i(b Z@-i)/b (t)dt) + S~ xre(2) /bk(t)dt

=1 | F| i ]
= . XFk XFk+1 _ xr ()
- ;(b,,( /bk dt+kZ:1(JZk;rl/ | Frt 1| [ Fil )
+(§:/ —) 2 IHII4111

and

= I;Hk(l'o,r){ak(z) - &r%:r)/ak} 2 2§#k(:rc,r)dk(z),

we know that every ax(z) is an atom, and |u1] < C, |uk] < C0(§1F),k =2,3,4,---,

we know that every a(z) is an atom too, and

> 1 i <o) () pandis

j=k+1 B j=k+1
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1

co®Bre) S Ly s
- essin fw illpw B

lBk+l| j=k+1
w(Bi+1) | B;] |Blw(B;)*

=Bl 22,3 %) BB

B[ < Co(p).

For III "%, fF, bj = [ Tb(z)dz = (Tb,1) = (b,T*1) = 0, thus III satisfies (2.2).

Lemma 2.3 Let a(t) be a weighted central (1,p)-atom, and T be a Calderén-Zygmund
operators of type (log,8), or T be a generalized w- C’a]deron-Zygmund operator, then

(24) Ta(z Z Ak (a)bi(z, a) and |Ai(a)] < C0( =) (T7(1) =0),

where b;(zx, a) is a (1 p) atom, k € N.
The proof is similar to the proof of Lemnma 2.1.

3. Theorems

Theorem 3.1 Let w € A; (Muchenhoupt class) and T be a Calderén-Zygmund operators
of type 6(t),T*(1) = O, then T is bounded on H A? (R").

Proof Let f € HAP(R"). Using Lemma 2.1, we have
Tf(z)=)_ ) crjar(2),
k=1j=1

where ag; is a {1,p)-atom, and cg; = Agp;(bx), 115 (b)] < Cﬂ(z—]]—),j € N. Thus

S el < O3 (S (L

7=1 k=1 =1

8

[e o]

k

1l
-

where 322, 6(3) )<Cf01—(—ldt<oo thus T f(x) € HAL,.

Theorem 3.2 Let T be a Calderén-Zygmund operators of type (log,8), and T*(1) = 0,
then T is bounded on H AL (R™).

Theorem 3.3 Let T be a generalized w-Calderén-Zygmund operator, and T*(1) = 0,
then T is bounded from HAY, to H AP.

The proof of Theorem 3.2 and Theorem 3.3 is same as above and Lemma 2.3 insdead
of Lemma 2.1, and using [3].

Theorem 3.4 Suppose that T and 9(t) are as Theorem 3.1 and 6(t)

/ log ))dt < oo

Then T is bounded on ng.w.
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Proof Let f € B, . Using Lemma 2.1, we have

Tf(z)= i i dijak;(z)

k=1j=1

where a;; is a HLP-atom, and dy; = myp;(be), |1 (be)| < C0(2—1;),k € N,j€ N. Thus

M({dj}) < czzmw )(1+ log* (=———1))

pracfact Clml0(55)
< ckgmkl(ulog*q 20(21)(”'%*(09( )

where

Z 0(21 )(1 + log™(

Thus T f(z) € Bp,w.

L 6(t) 1
ca( ) < c/o (7, log* ) < oo.
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