Hence if | z — ¢ |< I,Jlngo(n +2)teT - [**1= 0, which implies that f is analytic
on I. For each ¢ , the radius of convergence r. of the power series expansion about c is
> 1+ | ¢ |,again by Lemma 1. Thus f is analytic in U{N, : ¢ € I} , where N, = {z :
|z —¢| < 1+ |c|}. But it is easily seen that UN, = E, and this completes the proof.
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Abstract A real-valued function f defined on I = [—1,1] is said to be totally BMO-
bounded if there exists a positive constant M such that ”p”BMO(I) < M for each
Lagrange interpolant p of f. This class of functions is studied here.

Keywords Lagrange interpolant, inverse interpolation, totally BMO-bounded func-

tions
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1.Introduction

This paper focuses on inverse interpolation begun in [1] and developed in [2]. What we
mean by inverse interpolation is to deduce some property of a function f from property
or some properties of its set L(f) of Lagrange interpolants. Before we give more precise
definitions,we need some preliminaries.

Let n be a nonnegative integer. If f is a real-valued function on I = [-1,1], we say
that a polynomial p of degree n is a Lagrange interpolant of f if there are n + 1 distinct
numbers { zo, 1, -,Zn} C I such that p(z;) = f(z;) for j = 0,1,---,n. We often usc

the Newton form for the interpolating polvnomial:
p(z) = f(zo) + flz1, zol(z — z0) + -+ - + flZn, -+, 21, %0)(z — z0) - (T ~ Zn—1).

We use the notation p(z) = L(f;zo, -+ ,zn), where fz;,---,zg] is just the well-known
jth-order divided-difference of f which is defined inductively by

flzjy - m] = flzj-1, -, %0]
:):j—:l:o '

f[z.‘i"")IO]E

In addition, the set of all Lagrange interpolants of f is denoted by L(f).
Definition 1(see {2]) A real-valued function f defined on I is said to be totally bounded

*Received Aug. 18, 1992.
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if there exists a constant M such that | p(z) |< M for allp € L(f) and all z € I. We
write
I fllesr = S‘g’ | p() |

peL(f)
and denote the class of all such functions by TBI.
TBI is a Banach space with the norm ||+ ||rp1 and the condition of Definition 1 implies

that f is analytic in a certain region F containing I (see [2]).

Definition 2(see [4]) BMO(I) denotes bounded mean oscillation space defined on I
f €BMO(I) if and only if

IIfllIBMo(1) = [cs,clil]lc)] T /cd | f(y) - d—i—c./;d f(z)dz | dy < oco. (1.1)
Clearly,
I/ llsmo(y = O0<=> f = constant,
I/llemoqy < 2l fleo,r,
where

Fllet = 02| £(@)] - (12)

In fact, Definition 1 implies that £(f) is a bounded set in C(I). At this point it is
natural to ask: What can be said about f if £(f) is a bounded set in BMO(I) ? We
intrduce the following concept.

Definition 3 A real-valued function f defined on I is said to be totally BMO-bounded
if there exists a constant M such that ||p|| < M for all p € L(f). We write

”f”TBBM(_)I = 8sup ”P”BMO(I)
pCL(S)

and denote the class of all such functions by TBgmoI.
Obviously, || - || TBgy. [ gives a norm and TBpmo! is a normed linear space. We have
from (1.2) that TBI ¢ TBgymol. This paper will focus on TBpmcl.

2.Totally BMO-bounded functions on /.
Theorem 1 If f € TBpmol, Then f € C°(I).

Proof By [3] and the proof of Theorem 2 in [2], it suffices to prove that for any given
positive integer n there exists a positive constant M,, only depending on n such that

| flzo, -+, %] |[< M, for all choices of points —1<zp<z3 <--+ <z, <1. (2.1)

First we have

[ is bounded on 1. (2.2)
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To prove (2.2), suppose that f(z{)) — oo, and f(0) = O (otherwise, considering
f(z) = f(0)). Consider p;(z) = L(—((T)l:: the linear interpolant to f at { 0,z(/) }.

Since ||z||Bmo(1) > 0, we have ||p;{lsmo() =] UZ—ZGJ)—l | ||=llBMo(1) — 00,a contradiction.
Now we make the following inductive hypothesis:

|f[:to,°°°,.’l:n] IS Mn

for all choices of points —1 < zg <z <--- <z, <1.
(.‘I) (4)

Suppose that | f[zg yZrial |—+ oo for some sequence
{x(j)},z(j) — (z(()J)’ (J) ) € In+2

with all coordinates distinct. Taking subsequences if necessary, assume {:r:(j)} — =
(zo,-*+,Znt+1).Consider

L(f, (7) (J)

IO y' T n+1
f(:z:gJ)) o+ f[a:(J) .. :c(j)](:z:-— x((,"'))---(:c _ 2521
I R S A R

n

pi(z) =

We have from (1.2) that

Ipillemoy > | £l S:Lnn( — 2z (2 - 29 lemoqy
_ (22Ml 2n+1Mn);

and _ _ .
lim ||(z - 2)(z — () -+ (z ~ 29)) |lBmoq)
J—00
= ||(z - zo)(z — 1) - - (z — zn)||BMO(Y) > O.

Then ||p;|[Bmo(1) — oo, which is a contradition. Hence we have that | f[zo,- -+, Zn+1] |<
M4 for all points z; such that —1 < zg < -++ < zp41 < 1. So by induction (using (2.2)
to get started), for each positive integer n, | f[zg,- -, Zn] |< Mp.

Lemma 1 For any f € TBpmol,

f(n)(z) 1< 4||f”TBBM01(n + 1)1+
n! (1+ ]z

Proof Consider for any z € I the Taylor interpolant

Qore
on(2:6) = 1(0) + (e} = e) oo+ g —

By taking limits, if f € TBamol ,then

llsn(z; c)llBMo@) < |IfllTBEMmol -
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Hence
ll8n(z; ¢) — sn—1(z; €)llBmo(r) < 2| fllTBopmol -

So that
()

HT(I —¢)"llBmo() < 2||fllTBomol -

Moreover ( )( ) T
Y c 2|| fllTBamol
< . 2.3
a1 ll(z = ¢)*|lBMo(1) 23)

It suffices to estimate [|{(z — c)"||BmMo(r)- If ¢ > O, then

1 e (="
— " =X "7 (1 n
N
1 ¢ n (—'1)" n _ 1 /c n 1 n
C+1/—1|(I—C) n+1(1+c) Idm_c%—l -1|(c 2 n+1(c+1) | dz.

Obviously, there exists a root of (¢ — z)™ — ﬁ(c +1)™ in (—1,¢) which is denoted by c*.
Thus :

1 ¢ 1
Iz - lemoy > 5 [ 1(e=2)" = ==+ 1) | dz

c+1 -1 n+1
2cilé.[niﬂ”l)n_(c_z)n]d“’ 2.4
= (n+1)1+%_(n+1)2+%l(0+1)n .
, G+le)®

2(n + 1)Ha’
Similarly, (2.4) is true when ¢ < 0.Then we complete the proof from (2.3) and (2.4).

Theorem 2 Let E denote union of the two discs in the complex plane E} = {z :| z—1 |<
2} and E; = {z:| z+ 1 |< 2}. Then if f € TBpmol,f may be extend to be analytic in
E.

Proof For any c € I,

1@ - snlzid) = o [ 1O - 0"

By Lemma 1, we have

1 2 (n+ 2)Y e | (z - t)" |
| f(:t) - sﬂ(x;c) I < r—l'!'4”f”TBBMOI(n + 1)! . (1+ | t I)n+1 dt
< 4||flltBomor(n +2)H T [z —c "L
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Hence if | z — ¢ |< I,Jlngo(n +2)teT - [**1= 0, which implies that f is analytic
on I. For each ¢ , the radius of convergence r. of the power series expansion about c is
> 1+ | ¢ |,again by Lemma 1. Thus f is analytic in U{N, : ¢ € I} , where N, = {z :
|z —¢| < 1+ |c|}. But it is easily seen that UN, = E, and this completes the proof.
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