then Q@ € M and PNQ = (0) (since if PNQ # (0), then PNQ is a power of some primary
ideal and hence PNQ = /PN Q € SpecR, which implies P = Q). It is easily proved that
R has only three prime ideals P,Q and M, where PN Q = (0). By the same argument as
above we can prove that each non-zero primary ideal belonging to P or Q is a power of P
or Q. Therefore each non-zero ideal of R is a power of some minimal prime ideal or is a
power of some primary ideal belonging to the maximal ideal.

The converse is obvious. This completes the proof. O

The following Corollary gives a new characterization of generalized primary rings and
its proof is analogous to that of Corollary in [1].

Corollary A ring R is a generalized primary ring if and only if R is a pseudo primary
ring and (0) is a primary ideal of R.
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Abstract A commutative ring with identity R is called a pseudo primary ring if each
non-zero ideal of R is a power of a primary ideal. In this note we prove that a ring R
is a pseudo primary ring if and only if R is a primary ring or R is a direct sum of two
fields or R is a one-dimensional local ring with at most three prime ideals in which each
non-zero ideal is a power of a minimal prime ideal or is a power of some primary ideal
belonging to the maximal ideal.
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A commutative ring with identity R is called a pseudo primary ring if each non-zero
ideal of R is a power of a primary ideall!l. In this note we give a complete classifica-
tion of all pseudo primary rings in terms of other well-known types of rings and a new
characterization of generalized primary rings. Therefore we generalize the main results of
[1-{4].

The notations and terminology used here are the same as that of Atiyah and MacDonaldl®!.
A commutative ring with idently R is called a primary ring if |SpecR| = 1. A commutative
ring with identity R is called a generalized primary ring if each ideal of R is primary[®l.

Our result is

Theorem A ring R is a pseudo primary ring if and only if R is a primary ring or R is
a direct sum of two fields or R is a one- dimensional local ring with at most three prime
ideals in which each non-zero ideal is a power of a minimal prime ideal or is a power of
some primary ideal belonging to the maximal ideal.

Proof Let R be a pseudo primary ring. If R is not a local ring, then there are at least
two maximal ideals M; and M. If M; N M, # (0), then M; N M; is a power of some
primary ideal. So we have

MinM;=v/MiNVM;, =M N M; € SpecR

which implies M; = M3, a contradiction. Thus M; N M, = (0). Obviously, R = M; + M,.
By Chinese Remainder Theorem R = R/M, & R/M,, that is , R is a direct sum of two

*Received June 28, 1993. Project Supported by the Natural Science Foundation of Liaoning Province.
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fields. In the following we suppose that R is a loocal ring. We shall first prove that each
non-maximal prime ideal of R is principal. Let P # (0) € SpecR, M € MaxR and P C M.
If PM = P, then for any z € M — P we have

where P = P/(z)P,M = M/(z)P. For any p # 0 € P, we have
(0) # (p) € (p) + (z)P.
So there are a primary ideal Q and a positive integer n such that
(p) + (2)P = Q"

It is obvious that v/Q C P. From (z)P C Q and z ¢ P 2 /Q it follows that P C Q.
Thus P = @ and

[(p) + (£)P)/(2)P = P"/(z)P = (P)" = PM(P)""" = [(p + (z)P]/(z) P - M.

By Nakayama’s lemma we get

(p) + (z)P = (z)P
which implies P C (z)P and P = (z)P. Now for p # 0 € P, there are primary ideal N
and a positive integer m such that (p) = N™. It is easily scen that

N C P=(z)P C (z).

Thus there is ideal
A= {a € R|y = za for some y € N}

such that N = (z)A. Since z ¢ P D V/N we have A C N and hence N = (z)N. So
(p) = N™ = (z)NN™" = (z)(p) = (p)
and therefore there is an r € R such that
p = zpr.

Since £ € M,1 — zr is unit of R. Thus we have p = 0, a contradiction. This shows
PM cP. Take pe P— MP and r € M — P. Then

(p) + (z)P = Q"
for some primary iseal @ and some positive integer n. Obviously \/Q C P. If n > 1, then
PEQ" C MP,

a contradiction. So we have (p) + (z)P = Q. From (z)P C Q and =z ¢ P 2 /Q it follows
that
PCQ=()+ (&IPS ()4 MPCP
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and therefore P = (p) + MP. Thus in the ring R = R/(p) we have

P/(p) = M/(p) - P/(p)-

Since R/(p) is still a local pseudo primary ring, we conclude P/(p) = (0) by the foregoing
proof. This shows P = (p), that is, each non-maximal prime ideal of R is principal. Next
we shall prove dim R < 1. If dim R > 1, then in R there is a strict ascending chain
P C N C M of proper prime ideals, where M € MaxR. Let P = (z) and N = (y). Then
z = yz € P for some z € R. From y ¢ P it follows that

z € P = (z).
So there is a r € R such that z = zr. Then
z(l — yr) = 0.

Since y € M,1 — yr is a unit of R. Thus z = 0, that is, P = (0). Now it is easily
proved that R has only three prime ideals (0), N = (y) and M. Let A be a primary ideal
belonging to N. Then there is a positive integer n such that y* € A. So

N*CACN.

If A # N™, then there is a positive integer k such that A C N* but A ¢ N*¥+! Take
d€ A-- N*¥t1 Then thereis a e € R such that d = y*¥e € A. Obviously,

e¢ (y) =N =VA.

So we have
y* € A and A = N

Thus any non- zero ideal contained in N is a power of N. In particular, take g € M — N,
then there is a positive integer m such that

(vg) = N™ = (y™).
If m > 1, then there is an f € R such that yg = y™f and hence
g=y" [ €N,

a contradiction if m = 1, then there is a ¢ € R such that y = yqg. Since ¢ € M,1 — qg is
a unit of R. So

N = (y) = (0),
agaln a contradiction. This shows dim R < 1. Finally, if dim R = 0, then R is a primary
ring. If dim R = 1, then there is a strict ascending chain P C M of proper prime ideals
of R. Obviously, M € MaxR. If R has only prime ideals P and M, let A be a non-zero
primary ideal belonging to P, then by the same argument as above we can prove that A
is a power of P. If R has another prime ideal Q such that

Q#Pand Q#M,
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then Q@ € M and PNQ = (0) (since if PNQ # (0), then PNQ is a power of some primary
ideal and hence PNQ = /PN Q € SpecR, which implies P = Q). It is easily proved that
R has only three prime ideals P,Q and M, where PN Q = (0). By the same argument as
above we can prove that each non-zero primary ideal belonging to P or Q is a power of P
or Q. Therefore each non-zero ideal of R is a power of some minimal prime ideal or is a
power of some primary ideal belonging to the maximal ideal.

The converse is obvious. This completes the proof. O

The following Corollary gives a new characterization of generalized primary rings and
its proof is analogous to that of Corollary in [1].

Corollary A ring R is a generalized primary ring if and only if R is a pseudo primary
ring and (0) is a primary ideal of R.

References

{1] Dong Xuedong, Pseudo primary rings, Northeastern Math. J., 7(4)(1991), 448-452.

[2] Dong Xuedong, On weakly primary rings(in Chinese) , Northeastern Math. J., 4(3){1988),
316-322.

[3] J.A.Johnson, A note on Noether lattices in which each element is primary, Acta Math. Acad.
Sci. Hungar., 27(1-2)(1976), 20-31.

{4] R.Chaudhuri, A note on generalized primary rings , Mat. Vesnik, 13(28)(1976), 375-377.

[5] M.F.Atiyah and 1.G.MacDonald, Introduction to Commutative Algebra, Addison-Wesley,
Reading, Mass., 1969.

XTHEZRHAEIL

(L5 Mk ER KE116022)

wm B

—MHBADCHZEIFR FRMAERF, WRR KNEN N EFTHEAAMREIERTHEZ
B FXEY THR BWHERFLHNYR BEXFNR BH MM EMNR RELR
H=AERBRN—EREF, FEGI I EFRALRREMMDEZRLZBURENET
WARENELKBLZ T

— 344 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



