where p(1,1) # 0. If there exists a A # 0(2 < k < n), then

p(l,k)+\/_ £y P(LI)VAL + p(L,k)p(1, 7) — 2p(1, 1)p(k, )

vy = €1 i)
2P(1,1) i#1lk ZP(I;l)\/Ak
1,k) - VAx (1,/)VB% - p(1,k)p(1, ) + 2p(1, 1)p(k, 5
=p(1,1)e, + B2 TV Tk p(L,k) — VA: ) . p(1,7)vVAk - p( 2)p(A 7) + 2p(1, 1)p( J)ej’
J#Lk V Sk
otherwise,

o = ¢ +i LICE) B +Z":P(l 7)

where Ay = p(1,k)% — 4p(1, 1)p(k, k).
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Homogenous Relations among the Coordinates of a

Decomposable Element in 2"¢ Completely
Symmetric Tensor Space *

Zhu Zhongnan
(Jiangsu Education Institute, Nanjing 210013)

Abstract We get some homogenous relations among the coordinates of a decompos-
able element in V(2)| the 2"¢ completely symmetric tensor space. In particular, the
homogenous expressions can be expressed by determiants. Thus, we obtain an equiva-
lent condition of the decomposable element in V(2),

Keywords decomposable element, spanning vectors, homogenous relation.

Classification AMS(1991) 15A69/CCL 0O151.23

Let V be an n-dimensional vector space over a field R of characterstic zero. For n > 2,
let V(3) =V .V denote the 2™ completely symmetric tensor space. Denote

Grn={a=(i,j)li,j€Z,1<i<j<n}

If {e1, -, en} is a basis of V, then {e, = e;jla=(i,7) € Gz2n} is a basis of V() where

e;; = € - ¢;. It follows that, for any Z € V() we have

Z= ) p(i,fe;, p(i,5)€R,
(i,j)EG2,n
{p(i,7)I(5,7) € G3,,} will be called coordinate of Z relative to the basis {e;;1(,7) € Gan},
where p(i, 7) = p(j,1).
An element Z € V(% is called decomposable if there exists vi,vs € V', such that
Z = vy - vz. In this case, v; and v; are called the spanning vectors of the decomposable
element Z. Obviously, Z = E(i,j)eGg,,. p(#,7)e;; is decomposable if and only if there exists

n n
v] = Zaljej, vy = Zagjej.

such that
[1+ 835,70 eraz; + aziay;) = p(i,7) (1)

*Received July 10, 1993.
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for all (1,5) € Gan, where 6(7, ) is Kronecker delta.

It is easy to verify that, for Z € V(2) if Z # 0, then there exists {e1,"--,en}, a proper
basis of V, such that p(1,1) # 0, where p(1,1) is coordinate of Z relative to the basis
{e;;1(1,5) € G2,n}. Hence, we shall always assume that p(1,1) # 0 in this paper.

Theorem Let Z = }(; j\eq,, P(1,7)¢;;, where p(1,1) # 0. Then Z is decomposable if
and only if either
i) /JAj€ R, forallj=2,---,n, some one Ay # 0(2 < k < n), and

2p(1,1) p(k,1) p(1,7)
det | p(1,k) 2p(k,k) p(k, 7) =0 (2)
p(L,7)  plk,d) [1+6(i,5)]p(1,7)
fori,j=2,---,k—1,k+1,---,n, or
ii) A; =0, forall j=2,---,n, and
det | 2P(LD) p(1,7) -0 (2)

p(1,9)  [1+6(s,7)lp(e, 1)
fori,5=2,---,n, where A; = p(1,7) — 4p(1, )p(4, 7).

Proof Suppose Z = E(,-,]-)EG2 . p(i,j_)e;-j is decomposable, and p(1,1) # 0. First, by the
definition of spanning vectors of decomposable element, the spanning vectors of Z may be
assumed as:

n n
v = Z aijej, vz =p(1,1) ZGZjej)
=1 Jj=1

where a;; = ag; = 1.
In this time, (1) becomes

p(1,1)(asiaz; + agiay;) = [L+6(i,5)lp(4, 7). (4)
Since that a1;, ag; are respectively two roots of the quatratic equation with one unknow!2l:
p(1,1)z* - p(1,5)z + p(j,5) = 0 (5)

forj=2,--+,n.

Then \/A; € R,j =2,---,n, where A; = p(1,7)* — 4p(1,1)p(7, 7).

Now, suppose Ag # 0(2 < k < n). Similarly, by the definition of spanning vectors of
decomposable element, we can take

a1k = [2p(1x 1)]_1[P(1>k) + \/_A_}:]> azk = [2P(1, 1)]_1[P(1, k) - \/A‘k] (6)

Next, taking {z,7) = (1, ) and (k,7) in (4), 7 # 1, k, we obtain some systems of binary
linear equations:

a1; +az; = p(1,1
azear; + arkaz; = p(
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Hence
a;; = [p(1,)(a1x — azk)] " awkp(1, ) — b
az; = [p(1,1)(a1k — az)] " [p(k, 5) — azep(1, 7)) (7)

Substitute the dummy index 7 for 7 in (7), and then put the result and (7) into (4),
we obtain

[1+6G,9)]p(1, Dp(5,5)(ark — a2e)® = [p(1,9)p(k,5) + p(1,7)p(k,7)](ark + azt)
—2p(1,9)p(1, 5)awkazk — 2p(k,?)p(k, 7).

From (6), we can immediately obtain that

[1+8(:,5)][p(1, k)" — 4p(1,1)p(k, k)]p(, 5)
= p(1,k)p(1,9)p(1,5) + p(1, K)p(k,1)p(1, 1) - 2p(1, V)p(k,7)p(k, 1)
—2p(k,k)p(1,1)p(1,5). {,5=2,---,k-1,k+1,--- n. (8)
l.e., we have established the cubic homogenous expressions. Then we can immediately

conclude from (8) that (2) holds for 4,7 =2,--- k-1, k+1,---,n
Finally, suppose A; = 0, for all 7 = 2,---,n, then from (5), we get

a1y = a25 = [2P(1;1)}_1P(1;J): J = 27. IERLY

Thus, (4) becomes
2[1+8(:,7)]p(1, 1)p(i, 5) = p(1,4)p(1, 4), (9)

1.e., we have established the quadratic homogenous expressions. Similary, we can imme-
diately conclude from (9) that (3) holds't,7 = 2,---,n, the proof of the “only if’ part is
complete.

Assume now that \/A; € R, for all j = 2,--- n, therc exists a Ay # 0(2 < k < n),
and (2) (or (8)) holds, for 1,7 =2,--- k-~ 1,k+1,---,n. Set

n n
v = Zalje]-, vy = p(l, 1) Z az;e;
j=1 =1

in which a;; = a3; = 1,a5x,az; are identical to (6), and ay;,a;; are identical to (7),
7=2,-- k—-1L,k+1,---.n
Let W = vy - vy = E(i,j)e(-'g,,‘ q(t,5)e;;, then

q(t,7) = 1+ 8(4, 7)) p(1,1)(arniaz; + azay;)

for (i,7) € Gan.
First, it easy to see that

‘I(l)l) :p(l,l), q(lak) :p(l,k) and q(k)k) = p(k, k).
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Next, for j =2,---,k—1,k+1,---,n, from (6) and (7), we have that
q(l:j) = p(l; 1)(alj + azj) = P(l»j)» q(k>.7) = P(lxl)(alka2j + a2kal.f) = p(k,])
Moreover, for¢,5 =2,---  k—1,k+1,---,n, we have that

(i,5) = p(1, k)p(1,4)p(1, 7) + p(1, k)p(k,$)p(1, 5) — 2p(L, 1)p(k,1)p(k, 5) — 2p(k, k)p(1,1)p(1,5)
q(%,3 [1+6(,7)][p(1, k)2 — 4p(1,1)p(k, k)]

From (2) (or (8)), we get

q(t,7) = p(¢,5) for ¢,5=2,--- k-1 k+1,---,n.

Thus, we conclude that
q(i,5) = p(3,5)
for all (1,5) € Ga». It implies that
Z=W = Vi * vy,
1.e., Z is decomposable.
Now, if A; =0, for all j = 2,---,n, and (3) (or (9)) holds, for i,57 = 2,---,n, then set
vi = ayej, v2=p(1,1)) asej,
1=1 =1

where a;; = ag; = l,alj =az; = [2p(1, ]_)]_lp(]_’j), forj=2,---,n.
Similary, let W = vy - vy = Z(i,j)ecg . 9(1,7)e;;, then

q(t,7) = 2[1 + 6(3,7) " 'p(1, V)asiar;, (i,5) € Gapn.

Obviously, ¢(1,1) = p(1,1) and ¢(1,5) = p(1,7), for j = 2,---,n.

Moreover, for 1,5 = 2,---,n, we have ¢(1,7) = [2p(1,1)(1 + 6(¢, 7))} p(1,7)p(1, 7)-
From (3) (or (9)), we get

q(")]) = p(’)])) for ‘.)j = 2;' e, n.
Hence, we can conclude that
Z = W = V1 - vz,

i.e., Z is decomposable. The theorem has been proved.

Corollary Let v;, v, be the spanning vectors of decomposable element

Z= > p(ise;,

(I,J)EG n
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where p(1,1) # 0. If there exists a A # 0(2 < k < n), then

p(l,k)+\/_ £y P(LI)VAL + p(L,k)p(1, 7) — 2p(1, 1)p(k, )

vy = €1 i)
2P(1,1) i#1lk ZP(I;l)\/Ak
1,k) - VAx (1,/)VB% - p(1,k)p(1, ) + 2p(1, 1)p(k, 5
=p(1,1)e, + B2 TV Tk p(L,k) — VA: ) . p(1,7)vVAk - p( 2)p(A 7) + 2p(1, 1)p( J)ej’
J#Lk V Sk
otherwise,

o = ¢ +i LICE) B +Z":P(l 7)

where Ay = p(1,k)% — 4p(1, 1)p(k, k).
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