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Abstract Let F be a field of characteristic 3= 2. In this paper, we define
the generalized Lie superalgebra over F and prove the criterion of simplicity of a Z -
graded generalized Lie superalgebra. We give the definition of the finite dimension-
al Cartan generalized Lie superalgebra W (») and prove the simplicity of W (a) . Fi-
nally, for Cartan gencralized Lie superalgebras S(s) and H (») , we give the same

result as for W(n) .
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1. Basic definitions and criterion of simplicity

Let F be a field of characteristic p 7 2,sbe an arbitrary positive integer. Zy = (0,1,
—Zt_l} is the residue class ring mod 2°, we write Zyas M . Let G be an algebra over F,G is
called the generalized superalgebra over F if G can be decomposed into a direct sum of sub-
spaces G =@,e wG.and G, G, G — {a+ B} , foranya,f € M . Let z be a nonzero element
of generalized superalgebra G , ifz € G,,a &€ M , we say the z is homogeneous of degress a
and we write degz = a. fa=7 € M, we write (— 1) = (— 1)". Throughout what fol-
lows, if degz occurs in an expression, then it is assumed that z is homogeneous.

The subalgebra (or idea) of a generalized superalgebra is the graded subalgebra (or
idea).

Let G =(—Bae uG.be a generalized superalgebra, we define an operation{ ,)in @ :

" (a,b) = ab — (— 1)yl 1.1
(As G is M -graded, we only define (,)on homogeneous elements of G ).
A generalized superalgebra G is called commutative if {a,b) = 0 fot all a,b € G and asso-

ciative if (ab)c = a(be) for all a,b,¢c &€ G . For an associative generalized superalgebra, we
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have the following identity:
(a,bcy = (a,bdc + (— 1)@E®p (g ¢ (1.2)

Let V =@, uV .be an M -graded space, then EndV =@),c yEnd,V is associative general-
ized superalgebra, where End ¥ = {a € EndV {a(¥ ;) C V., forany § € M} .

Let A(n) be the Grassmann algebra in n varibles &, ,¢+,&, , i.e., A(a) = (a':"x A&, A e
A&, la € F, r<n, 0<Ci; <ip<Towe<i,<<m}. Let deg (a; Ag;, A+, ) =T , where iy,i,,
-+ 41, are different from each other, then A(r) =@, c yA(n),is a generalized superalgebra (it
n<2—1,thend(®),=0,fora=n+ 1,n + 2,++,2° — 1) . We call A(n) the Grassmann

generalized superalgebra, it is commutative and associative.

Detinition 1 A generalized Lie superalgebra isa generalized superalgebra G =@,c uG.with
an operation ,)satisfying the following axiom :
(a,b)=— (— 1)C=s0U=b (p g)(graded skew-symmetry),
(a,(bye))=(La,br,e) + (— 1) (p,(a,c)) (graded Jacobi identity).-

If G =(—B,,HG,, is a generalized Lie superalgebra, then G is an ordinary Lie algebra, the
multiplication about {,) on the left by elements of G determines structure of a Gy -module on
Gpa€E M. ,

Let G =@,c wG. be an associative generalized superalgebra, then the opération 1. D
turns G into a generalized Lie superalgebra. In particular, the associative generalized superal-
gebra EndV is a generalized Lie superalgebra about the operation (1. 1), we denote this as pl
).

Let ¢ =@,c 4G, and &' =@,c yG', be two generalized Lie superalgebras. The linear
mapping @from @ into G' is called 2 homomorphism if ppreserves the operation( ,>and ¢(G,)
C G',. Similary, we have the definition of the ismorphism.

Let G =@,c wG.be a generalized Lie superalgebra, V =@, 4V, be an M -graded linear
space. The homomorphism @:G — pl(V ) is called the graded representation of G onV , or the
representation of G on V . In this case, we also say that V is a graded ¢ -module, simply G -
module. The ¢ -module ¥ (or the representation of @ on V ) is called irreducible if ¥ contains
no nontrivial submodules. The homomorphism ad ; G = pl(G) is called the adjoint represen-
tation of G , where adz (y) = (z,y) forallz,y € G .

Let G =@,cuG.be a generalized superalgebra. G is called Z -graded if there exists a fimi-
ly {G;|i € Z} of finite-demensional M -graded subspaces of G , such that G =@;¢,G,and G,G;
C G;4jfori,j € Z. Above Z -grading is said to be consistent if G; =@;czGpmyj55 = 0,1,
2* =~ 1. Cleariy, the Z —homogenéous element must be the homogeneous element if the Z -
grading of G is consistent. _

Let G =@;czG; be a Z -graded generalized Lie superalgebra, the Gy is a generalized Lie
superalgebra, it is an M -graded subalgebra of G and (G,,G,) CG;, j € Z ; therefore, the ad-
joint representation of G induces an M -graded representation of Gyon G;(1 € Z) . ‘

A Z -graded generalized Lie superalgebra G =@);c;G;is called irreducible if the represen-



tation of Gyon G _, is irreducible.

A Z -graded generalized Lie superalgebra G =@;¢;G; is called transitive if {z € &,|(z,
G_)=0}=0forn >=0.

A generalized Lie superalgebra @ =@, 4G, is called simple if it contains no nontrivial
ideals and (G,G) # 0.
Theorem 1 Let G =@, G, be a (not necessarily consistently) Z -graded Lie superalgebra and
G, # {0} , if G satisfies the following conditions:

(1) G istransitive and srreductble;

(2) <(G,,G,)=0G, foralla =>—1.
Then the generalized Lie superalgebra G is simple.
Proof LetJ be a graded idea of G , and J 5~ {0} . Clearly, J [| G_, is a G, -submodule of
G_;. Foranyz € J(16_,, wehavez € J =@en(J NG andz € G_; =@,en(G_. NG
,» SO We can assume z = Eaeua:, , wherez, € J [ G,and z = Eaeug., ,» whereg, € G_, N
G,. Then Eneu(x, —g¢,) =0and z, =g, for. a:nya € M. Therefore J [} G_, =@,cu(V N
G_)DNG) ,i.e.,J (NG is an M -graded Gy -submodule of G_, . SoJ [N G_, = {0}orJ N
G_, = G_, by the irreducibility of G .

IfJ N G-, = {0), write G, =@)—_,G; , then we have the smallest nonegafive integer n
such thatJ N G, # {0} . Let 02z € J N G, , then {z,G_,) CG,_ and (z,6_,) CJ , so
(2,G_1) CGuy N = {0}. Letz = 2:=oa:,- , wherez, € G,and z, 7% 0 , then 2;0(1:,-,
G_> = {0} and (z,,G_,> = {0}, ¢+ = 0,1,+,n. This contradicts the transitivity of G .
Therefore J () G_, = G_,and G_, C J . By the condition (2), we have G, =<(G_,,G,) C J,
G,=(Gy,G,) CTJ,,G,CJforalln =1,s0G =J. 'l

2 Generalized Lie Superalgebra of Cartan Type

Let 6 =@,c 4G, be a generalized Lie superaigebra, D € End,G, a € M,D is called a
derivation of degree aof G if D (ad) = D (a)b + (— 1)*®#4D (b) . We denote by der §f C
End,G the space of all derivations of degree a. Set detG =D, ,cpder,G . Then derG is a sub-
agebra of the generalized Lie superalgebra pl (G) . The element of der@ is called the deriva-
tion of G .

Let Z(n) be a free associative generalized superalgebra with the generators &;,,&,
whose M -grading is given by deg (§,.l.§,~zm§,.') =7. Let I be the ideal of A(n) generated by all
elements &:£; + &;£, , then A()/I =~ A(n) . For convenience, we denote the element & A&,
A A & of A(n) by §;1§;z---r§;' and the operation A of A(s) by multiplication.

Lemma 1 Let P,Q be homogeneous elements of A(r) . Thea PQ — (— 1)“sPU@sgp ¢ 1,
Proof Let (degP)(deg@) =% .
If k is an even number, write degP = t,degQ = 7, thenér = k and 2|tr . So there is an



even number in {r,t}. If 7 is even, we may suppose @ = &; ,*,&, P = §oealy s As g8,
+ 8585, = (§;,58;> € I, we obtainQP = §; +§; &5 8, =— §; & (&8;);,8;, + o,
where o/ € I. Go on as above, we have: QP = &8558 +o=PQ + o, whereo € I
. Therefore; PQ — (— 1)@ 9p — — 5 € 1. Similarly, iftis even, then PQ = QP + o
» and we have:

PQ — (— 1)@PUspp _ o .

It is the same when k is an odd number.

Proposition 1 For any homogeneous elementsP,,P,,--,P, € A(n) , there is one and only one
derivation D € derA(a) such that D (&) = P, i = 1,,n.

Proof (i) Let F be a derivation of degree a of A(n) . By lemma 1, E(&s; + &¢8) =
(B(E)E+ (— DEEED) + (B(EE + (— 1DEE(E)) € 1, therefore E(I) C 1.

(i) Let ®:A(r) — A(x)/I =~ A(n) be the canonical homomorphism. Then there exist
i"l,---,?, - Z(n) , such that (D(F‘-) = P;,i = 1, ,n. We assert that there exists a deriva-
tion D of Z(n) , such that 5(;) = 17,. . In fact, we may assume Fl,---,F,l (-~ Z(n)a,i",lﬂ,

--,}3’,2 € AR, ,_,z,_l ,oe, P, € Z(")TT-T . Let 5',— be a linear mapping of A(r),j = 0,1,
++¢,2° — 1, such that.
Ficen = {F,., if i € {r; 4+ 1,r;+ 2,070}
0, if: € (],---,n)\{r,—{—l,---,rj_H},
where F,u = FI,F,Z, = ﬁ, .

As A(n) is free, Dy, D}, ,Dy_, can be extended derivations D g,D ,+++,D »_, of degress

0,1,,2°— 2 0f A(n) respectively. Therefore D = Ef:olﬁ,- is a derivation of A(s) , and
5(&) = ?; . it is clear that the derivation of Z(n) » which satisfies 5(;) = F;,i = 1,¢,nis
unique.

(i) By W)>D CI,s00(DU)) C®U) =0, and ] CKer(#D). Therefore, there

exists a unique detrivation D &€ DerA(n) , such that the following diagram is commutative:

I
An) — (n)
Dy v o
D
A@) - A)
We have D (&) = D®(&) = 0D (&) = ®(P,)) = P,,i = 1,2, ,n . O

Corollary 1 For any Py,P,,++,P, € A(n) , there exists a unique derivation D € Dera(n) ,
such that D (&) = P, i = 1,2,*,n.

2'—1

Proof As A(n) =P,cua(n), , we may assume P, = ZJ_=0 P, i=1,2,~,a, where P;; €

A(n);. By proposition 1, for homogeneous elements P, P53 Pjyj = 0,1,0+,2° — 1, .

1
D;, then ;

there exists derivations D ; , such that D;(§) =P, = 1,2,--,n . Let D = ijo



D)= 0, = NP =P i =1,

0
In particular, for: = 1,2,+--,n , there exist derivations D; of A(n) , such that D;(&) =

a
Fy sderA(») by W (n) . Let D be any element of W (n) .
ThenD = .__1P a§,whcreP =D(&),1=1,2,-,n

Let0<k ﬂ,A(n)g—<a§.§.z §;k|0\l1<"'<l,<n,a€F)-Ifk>ﬂ0rk<0,

set A(n), =0, then A(n) =@, ;A(n), is a generalized Lie superalgebra with the consistent

6,‘,‘9 J=1,2,,n We denote D; by —

Z -grading. The Z -grading of A(n) induces a Z -grading of W (z) :
W (n) =®EEZW (n ))n
where W (n), = (& € W (») [#(A(n);) T A(n)jy, , for any j € Z}.

As W) = (7 P, 527!1’.- € A@)) , ifk € {— 1,0,-+,a — 1}, then W (n), =
{Z:=1Px%)ldegpg =k + 197' == 1!"'?”} H if k E Z\{— 1,0,1,"',1l - 1} ) thenW(n);, =
{0} . ThereforeW (n) = -6_9] W (n),.

=1

In pgrticular, W (n)gis a Lie algebra, W (=)_, = Z:=1F % s SO (%,%) =0, ie.,
a3 3 a a
IR

Theroem 2 (a) The generalized Lie superalgebra W (=) is transitive.

) W (n)isirreductble.

() Ifaz=2, then (W), ,W))=W@),y,, forallk =—1.

@) Ifn=2, then W (a) is stmp le.

= 0.

2 3 )
Proof (a) LetPa_é"EW(n)g,k 9lf (Pi; W(ﬂ) 1)""09then <P a§] ag‘ 0,1,=
1,2,+,mn , by (1.1) and (2.1), we have:
a a aP 3 a 2
Po o — (— 1P oo + P oo =0
a; 9, E3 3@, &, &,
P 2 aP BP a
So P 793 E—ié_, =0,and P = 3:;,- a§‘ 3§,(§’) =0,:=1,2,+,n. Therefore P € A(n),and
P f EW@)_; [1W @), = 0. The transitivity is proven.
J

(b) First, we prove W (n), =~ gl, (V) (as Lie algebra). Let V = {v,,-~,v.}, ¢ €
g1, (V) such that e (v,) = 6,v,. Thene) (s,j=1,,n) is the basis of g, (V) , and [e} ,e;; ]

* * s a »
= 8;, 5 — 0y¢.;. Let 0:W (n)y —gl,(V) be a linear mapping, such that o(§; 55—-.) =—e; .
3

By direct examination we see that ¢ is an isomorphism of Lie algebra.
Let @:W (n)_, =V be a linear mapping, such that (D(—) =vi = 1,2 . Then P&

%,
) = B(— 8y 2) =— Byv, =— e} (1) = 0(& = >(¢—) So W (1), -module W (1) _,
;" 3%, * %; ! 3



(about adjoint representation) is isomorphic to gl £V ) -module ¥ (about canonical represen-
tation). Then we get that W (n)q -module W (s)_, is irreducible, and W (n) is irreducible.
(¢) By induction onk .
(d)> By (a), (b), (¢) and Theorem 1. M
Imitating 3 of [1], let @ = 6&; A 8&, A -+ A 8, be volume form. Then S(z) = {D €
W (2)|D o = 0} is a subalgebra of W () , and
%3%’ %‘a%leA(u),i,j=l,---,u).
Let o, = E' (d £,)? be Homiltonian form. Then H (r) = {D € W (»)|D w, = 0) is sub-

Sn) =

algebraof W (n) . Let H (3) = (H () ,H (1)) . Then H (n) = <E.—1a; %, —|f €@j=4(n);,

i=1,~,n)and S(r) =@;=%,8@),,H (8) =@ ,H (n), are Z -graded generalized Lie su-
peralgebra. Imitating Theorem 2, we obtain the following theroem :Theorem 3 Letn > 3.
Then
(a) Both S(n) and H (n) are iransitive.
®) S(a)o-module S(n)_is tsomorphic to sl {V ) -moduleV ; H(n)y-module H(n)_, s
isomorphic to so (V) -moduleV ; therefore both S(n) and H (n) are trreducible.
(e (8(n),8(n)) = 8By s{H (1), H(n))) = H (n)y; , forall k =2—1.
@) S(n)and H(n) are simple.
W {(n), S(») and H () are called Cartan generalized Lie superalgebras.
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