From this and the induction hypothesis, we have z, € (z1,---,2;)""! : m. Continue the
process we may express

Y= @21 + Q222 + - + arp + 2,

where z € (0 : m) and z; € (a1, -+,a)" ' :m(1 < i < k). Hencey € (21, --,z)" :m
and the proof is completed. O

Corollary 2.3 Let A and a,,---,ay be as in Theorem 2.1 then .

m

(a1, 5 @) O (@gr, -, aa)™ C (a1, -, k)" Hapgr, - aa)™,

and
m—1

(ala T 7ak)ﬂ N (ak+17 Ty ari)”L g (al7' o )a’k)n(ak-l-lv Tt 7ad)
for all integers n,m and 1 < i < d.

This follows immediately from Theorem 2.1 and Lemma 2.2.

Theorem 2.4 Let A be a quasi-Buchsbaum ring of dimension d, and aj,as,---,a4 a
system of parameters for A contained in m®. Then A/(a,,as, -, a)" is quasi-Buchsbaum
for any positive integer n and 1 < k < d.

The proof is similar to that of Theorem 2.1 and is omitted.
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Abstract In this paper we obtain the following result: Let A be a Buchsbaum ring of
dim A = d and (a1,4a2,---,a4) be a parameter of system for A, then A/(ay.---,ax)" is
also a Buchsbaum ring of dimension (d — k), where 1 < k < d and n is a positive integer.
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1 Introduction

Let A be a Noetherian local ring with maximal ideal m and dim A = d. We say that 4
is Buchsbaum (resp. quasi-Buchsbaum) if every system a;, as,- - -, ag of parameters for A
(resp. at least one, and hence every, system a;,as, - - -, ag of parameters for A contained in
m?) form a weak m-sequence, that is, the equality (a1,--,ai-1) 1 a; = (a1, -,a8i-1) 1 m
holds for any 1 < i < d, where a_; = 0 cf[3](resp.[4]). It is well known that every
system ay, - - -, ag of parameters for a Buchsbaum ring A is a d-sequence, i.e., the equality
(@1,--,ai-1) a;a; = (a1, --,a;_1) :a; holds for all 1 < i < dand i < j < d.

2 Main Result

Let A be a Cohen-Macaulay Noetherian local ring of dimension d and let ay, -, a4 be
a system of parameters. It is known that A/(a,,---,a;)" is also a Cohen-Macaulay ring
of dimension (d — 7),(1 < i < d)?l. What happens for A to be a Buchsbaum ring? We
obtain the following Theorem 2.1 which gives a positive answer to the question.

Theorem 2.1 Let A be a Buchsbaum local ring of dimention d and let a,,---,ay be a
system of parameters for A. Then A/(ay,---,a:)" is a Buchsbaum ring for 1 < k < d and
n>1.

We quote a result from [1] which will be used several times in the proof of theorem
2.1.

Lemma 2.2 Let A be a commutative ring, a,,-- -, a, a d-sequence modulo an ideal I of
A,and X = (ay,---,a,), then
XmnIcXxm™1r

*Received May.19, 1994.

— 928 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



for allm > 1.

Proof of Theorem 2.1 We put A/(a;, --,ax)" = A and denote by m, 7% the maximal
ideal of A, A respectively. Let 7 : A — A be the natural projection and denote w(a) = @
for a € A. If Gpyq,--+,dq is a system of parameters for A, then a1, -, ak,ar+1, -, a4 is
a system of parameters for A. Clearly

(ak+11"'1a‘i—l) rap = ((al:'"aak)nyak-i-la""ai—l) Ly
and

(ak-{-la e aai—l) o= ((ala e yak)n: Qlt1y " )ai—l) .m,
where ¢ > k + 1. We know that A/ap14, - ,A/(ak.H_,- -+,aq4-1)A are Buchsbaum rings.
Hence, in order to prove that @iy, -,aq is a weak A-sequence, it is sufficient to prove
that (a1, - -,ax)" : agy1 = (a1, -, a)" : m.

For k = 1 or n = 1, the conclusion follows immediately from the properties of Buchs-
baum rings. Hence we can assume ¢ > 2 and n > 2. By induction on n, suppose
the conclusion holds for all positive integers less than n. Let y € (a1, --,ar)" : @ry1,
ie., ar41y € (a1,---,ar)". By Lemma 2.2, we have a1y € ai41{a1, - -,ar)*" . Thus
y € (a1, --,ax)*" ! + (0 : m). Since

(a'la te ’ak)"_l = (11((11, s ’ak)n-—2 + (0'2) Tt $ak)n_1a (1)
we can write y = a;2; + z) + z, where z; € (a3, --,a;)" % and z} € (az,---,a)"" 1. So
ap410121 + ap12y € (@1, -+, ax)".

As in (1), we have
] )
k410121 + G412 = a1t + Yy,

where y; € (a1,---,a,)"" ! and 3} € (as,---,a:)". Hence

ar(ars121 = y1) € (az,- -+, )"
By the induction hypothesis, we have that

-1,
ar121 — Y1 € (az,---,a)" " i m.

Therefore aiﬂzl € (a1,--,a;)""!. By the induction hypothesis again, we have z; €
(a1, a)™!

Now, ap412] € (a1,---,ar)" and z} € (az,--+,a;)"" . Asloasin (1), we can write z; =
asz2+2z4, where z5 € (as,--+,a;)" "2 and 7 € (a3, -+, ar)*"!. Weuse (a1, -+, @i, --,ax)
to denote (ay,---,a;-1,ai4+1," " -, ai), and express

.m.

/ 7
p1102T2 + Apy1Ty = 292 + Yo,
where y; € (a1, -,a;)" ! and y5 € (a1, a2,a3,---,ax)". So

az(ap 4122 — y2) € (a1,&z,as,‘“,ak)n_1~
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From this and the induction hypothesis, we have z, € (z1,---,2;)""! : m. Continue the
process we may express

Y= @21 + Q222 + - + arp + 2,

where z € (0 : m) and z; € (a1, -+,a)" ' :m(1 < i < k). Hencey € (21, --,z)" :m
and the proof is completed. O

Corollary 2.3 Let A and a,,---,ay be as in Theorem 2.1 then .

m

(a1, 5 @) O (@gr, -, aa)™ C (a1, -, k)" Hapgr, - aa)™,

and
m—1

(ala T 7ak)ﬂ N (ak+17 Ty ari)”L g (al7' o )a’k)n(ak-l-lv Tt 7ad)
for all integers n,m and 1 < i < d.

This follows immediately from Theorem 2.1 and Lemma 2.2.

Theorem 2.4 Let A be a quasi-Buchsbaum ring of dimension d, and aj,as,---,a4 a
system of parameters for A contained in m®. Then A/(a,,as, -, a)" is quasi-Buchsbaum
for any positive integer n and 1 < k < d.

The proof is similar to that of Theorem 2.1 and is omitted.
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