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Abstract This paper discusses the influence which nmltiple valne and valiron deficien-
cies exercice upon the unique problem of algebroid fnuction. We establish two unique
theorems, which extend some previous results.
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1. Introduction

In 1980, H.Ueda discussed the influence which multiple value and Nevalinna deficiencies
or Valiron deficiencies exercice upon the unique problem of meromorphic function. On the
unique problem of algbroid function, it was considered first by Valironl?!, afterwards, He
Yuzan has studied it in a systematic way®4-5l, In 1985, he obtained an unique theorem
of algebroid function with multiple value and Nevenlinna deficienciesl®’. But how do
- Valiron deficinecies influence the uniqueness of algebroid function? This paper considers
the problem and proves the following result

Theorem 1 Let w(z) and w(z) be v-value and u-value algebroid function with finite
order, respectively, detenirmined by

Y(z,w) = A, (2)w” + Ap-1(2)w? 1 + -+ + Ao(z) = 0,
#(z, @) = Byu(2)0" 4+ Bu1(2)@0" ™ + --- + Bo(2) = 0,

where u < v, all Ai(z)(i = 0,1,.--,v) be holomorphic, which have no common zeros, so
do all B;(z)(j = 0,1,---,u). Suppose thata;(j = 1,2,---,p) be p distinct complex values,
ki(j = 1,2,---,p) be p positive integers, Ey;(a;j,w) and Ey;(a;,w) be the sets of a; value
points of w(z) and w(z), separately, and a; value point is with multiple< k;, every a;
value point only count once, and that

Ekj(aj,w) = Ekj(aj,u'z), j=12,---,p. (1)

*Received Dec.20, 1993.
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1 & _
P Zmax{A(aj,w),A(aj,w)} >0,
J=1

then w(z) = w(z).
Define

oy . N( LR a)+N(r""_“)
) AN(a,w,w) =1- 'li_mx T(r,w) + T(r, w)
N(r

- v i w—n) ’w—
b, w,B) =1 - lim T(r,w)+ T(r,w)

Theorem 2 Under the hypotheses of Theorem 1, if

2k + 1
- <0,
J._}_:ijﬂ Tyl -

3)

2k+1 Gk
{A(am,ww)-i-z&(am,ww)}>2vk+1 ;k,+1

1<n?§p E+1 o
j#m
then w(z) = w(z).

Esecially, we have ‘
Corollary Under the hypotheses of Theorem 1, if

z”: ki g 2kt1_ o
j=1kj+1 k+l ?

lxgjaétpA(aJ,w yw) >0,

then w(z) = w(z).
2. Lemma

According to Theorem 2.22[6,p.97], for algebroid function w(z) with finite order, we

have
p

(p - 2v)T(r,w) < ZI—V—(r, ——) + O(logr).

=1 g

Again

1 k; 1 1

N(r, ) < N;_( ) B+l

w—a; —k+1 N( )(1_12 vp)’
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we get
Lemma 1 For algebroid function w(z) with finite order, we have

P

(P - 2”)T(ra Z

Wiy o )+Ek+1N(r, aj)+0(logr). (4)

Lemma 2 For algebroid function w(z) and 1(z) with finite order, we have
\

1 T(0)
7= T'(r, w)

> 0.

Proof Let A)(r,a) indicate the number of the common value point of w(z) = a and
w(z) = a in |z| < r, and the multiple of every value point not greater than k, every value
point count only once, suppose that

r 50 &0
F(L)-(T, a) = ut v/ A%, a) ; nk(o’a)dt + 2 + 1)ﬁ(;i(O,a) log ,
0 .

2uv 2uv
— 1 — 1
Ny (r,a) = Nilr, =) + Nulr, =—) - 2Ny(r, ). (5)
If w(z) and w(z) satisfy (1), then
_N—ll.-z(r$aj) =0, j=12,---,p. (6)
We deduce from (1), (5), (6) that
- 1 Ut v
Nk,-(",-__a) NL;(T' )’ J=12---,p
]
If the Lemma is not true, then there exists {r,} ./ 0o such that lim,_ =2 — 0. By

=0 T(rp,w) —

Lemma 1, we get

b4 k _
- 2u)T(rp, @ 2_Ni.(rn, = N(r,, —— = O(logr
(0= 3T < 3 p BTy 5T+ 3 g Mo 20+ 0087). (1)

Notice that k = max;¢;<, k;, simplify the above sequal, we have

P u+v

u(E + 1)

0) < ————T(rn, w) + O(log r)

=

This implies that

b

+

which is impossible, because of (2 ) and u < v. So Lemma 2 is true.
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Lemma 3 If A(a,w) > 0, then A(a,w, ) > 0.

Proof Since

A h N(T’ llll a) 0
(@w)=1-to o5 ~0
thus
N(r, ;1)
c=1-4(a,w) = lim ——=2- < 1.

== T(r,w)

Take ¢ > 0 such that ¢ + £ = ¢/ < 1, then there exists {r,} / oo such that

N(r.,-=)

’
1.
T(rn,w) <c <

Notice the basic fact N(rn, 32=) < T(r,., @), we have

N(T'nawa)+N("’w a)<CI+(1— /) 1
T('I'n, )+T("'m ) 1+ ;;rf".u;)

We deduce from the quality of upper limit and lower limnit and Lemma 2 that

lim N(r"i w— a) + N(r"’ 1) — a)

1.
n=00 T(T‘,,, w) + T("'u: w) <

This imply that A(a,w,w) > 0. This compietes that proof of Lemma 3.
3. The proofs of Theorems

The proof of Theorem 2.
For 1(z), according to Lemma 1, we have

S 1 | 1

y +1Nk,(r,1b~aj)+§1 ijN(p,u_)n aj)-f—O(logr).

(p — 2u)T(r,w) <

i=1

Combining (4), keeping in mind that u < v and k = max;<;j<, k;, we may verify that

(P - 2v)(T(r,w) + T(rv k +1- Z{NL J) + Nkj(r7 @ — aj )}
43 L W~ )4 N(r,—1 )} + O(log ) ®)
j-_-lkj+1 "w - aj b —

If w(z)z # w(z), then
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where R(v, ®) is the nodal expression of ¥(z, w) and ®(z,%), that is to say

R(¢,®) = [A(2)]*[Bu(2))" T] [wi(2) ~ iu(2)].

1<j<v
ISlSn
By Jensen Formula, we get
N ) = /2”10 |R(%, 8)]d6 + log [ ——|
"R, ®) T 2y B 8k, 8) ="

u 2% . v 2% '
= 2—7r/0 loglA‘,(rexp(19)|d9+§;/(; log | B, (r exp(¢8)|d6

+§1;| H [wj(rexp(iB)—u';l(rexp(io))]ldg +0(1)
13120

wo(T(r,w) + T(r,®)) + O(1).

IN

Hence
quo(r, a) < %(T(r, w) + T(r,w)) + O(1) < v(T(r,w) + T(r,w)) + O(1). (9)

Notice that w(z) and w(z) satisfy (1), from (5), (6) and (9), we can simply (8) and get

(0 - 20213 T w) 4 Tr, 8)) < S [N (r, ——) + N(r, ——)] + O(log )
p k+1 ’ ’ j=1 r’w—a_,- r’ib—aj g .
Go on simplification, we have
1 & Nngts)+N(ngiy) %+l Ik
Ic+1JZ=:1[1_ T(r,w)+ T(r,w) ]<O(1)+2vk+1 —;kj+1' (10)

Take upper limit in above sequel, we obtain

1
kE+1 11%1.1'3%{?

P 2k+1 Sk
, Cw B < _ 7
{&(ap, w, @) + Z 6(a;,w,w)} < 2v Fr1 Z:l P

j=1

J
J#m

which contradicts to (3).
This completes the proof of theorem 2.
The Corollary is obvious, and Theorem 1 follows from Lemma 3 and Corollary.
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