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Abstract The wbject of this paper is Lo sive an o wer to Lle rpitesbion by
M. Nunakawalll,

Kevwaords atiolibe s eouvex topetion, pevideutly funetions, sabordinad e,

Olassification AMSULO0T NS /00CL (7151

1. Introduction

Let A{p) denote the class of functions of the form

™
-} — =0 \ wf ¥ — L I
fliz)==2"+ > a:™, pe N ={1,23, ) (1.1}
vt
which are analytic in the unit disc 2 = {z:{z] = 1},
A function f{z) belonging to the class Afp) is said to be pvalently starlike in Fif it
satisfios

Re{ J} >0 pr E. {1.2)

Denote by S*{p) the class of p-valently starliks Tinctions in 7.
A function f{z) in A(p) is said to be pvalently convex if it sutisfios

o R
He{l + LA >0 e B (1.3)

Denote by ("(p} the class of p-valently convex functions in £
Nunokawall proved that

Theorem A Lot f{z) = A(p) and suppose that
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Then f(z) € 57{(p).
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Theorem B Let g{z) € A(p} and suppose that

;Hir-+1.l[¢}] o ,glf']'{ )
gy | sy
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ze k. {1.5)

Then g() & §°(p).

In view of Theorem A and Theorem I3, Naunokawalll asked the guestion whether The-
oremn A and Theorenr B are sharp or not.

In this paper, we show that Theorem A and Theorein B are not shiarp.

2. Preluninary
For our purpose, we require the following lenumas,

Lemuna 102 Let ¢{2) be univalent i B aud let #(w) and ${w) be analytic in a domain
D containing ¢(E), with ${w) # 0 when w < ¢(E). Sct @{z) = =g’ (z)W(gl2)), h(z) =
#{4(2)) + Q¢z) and suppose that

(1) Q(z) is starlike{univaleut ) in &,

and
() o 2)) | Q)

2} Re . =0, 28 k.
@ R =) e T 0 E
If p(z) is analytic in E, with p{0) = ¢(0),p{ £) C D and

(p(z))+ zp/(2)B(plz)) < Oly(2)) + 20 (2)P(al2}) = B(z], (2.1)

then p(2) = q(z), aud g{z) is the best dominant of (21)

Leiuna 2 Let p{z) be analytic in B with p{0) = L oad p(2) # 0 for 0 < 120 < 1. I plz)

satisfies )
zp'(z) 2z

" p.-;;::;_} =1+ P[]_ n ;]2 = h[;}, {22}

it
1—2°

then plz) =~

Proof If we take q{z) = |

== 8(w) - 1 and dlw) = —-r"-. i lenuna 1, then it is ensy to

show that g(z), 0(w) and ${w) satisfy the conditions of letma 1. Since
2=

( =z B{ —

0) = 2 (2)(u(2)) = e

15 starlike mm 2 and

S r——

p(l+ =)
it may be readily checked that the condition {1} and (2) of Leunna 1 are satishied, so the
result follows from (2.1). O

h(z) = 0lg(=}) + Q=) =

Lemma 35 Let f(z) ¢ A(p). Suppose that there exists a positive integer k for which

zf”-'-l-l}[:':l

k4 e (2

>0, z¢€ E,
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where 1< b < p. Then we have
2 19()
5

3. Main Results
Theorem 1 Let f{z) = Afp) with f(z)- f1(z2) £ 0 fwr 0 < |z| < 1. If
e g (3.1)

' Then plz) s analytic in & with p(0) = 1 and plz)#0forze B

then fz) € 57(p).
2y = =1z
Proof Let pf ) = Tl
From (3.1), we get
eIt T L A e L
ff{z) - (J'(=0 2f1(=) NE poplz poplz]
zp'(z 1
N SR
popii=) 2p
wlich nnphies that
e 2,2 (32)
popi(z) T a4z '
Using lenuma 2 and {3.2), we have
2 I -
[_J .Uft:) ' !_:II]I - -[ o :,__'
Then f(z) € 57 (p). O
Fronl Theorew 1, we easily have the fullowing corollary.
Corvollary 1 Let f(=) € A{1} and suppose that
L =) 8 e
|1+ ——*| o 1222000 26 B 3.3
BRI .
I P ]

(3.4)

Then f(z) € S*(1).
Theorem 2 Let g(z) € A(p) wath g{z; - ¢'(2) # 0 for 0 <
IR 3 oglrlf s
=), 3200,
2 gtz

zy
1
It gz

then g(z) € §7(p). In particular, if p > 2, then g(z) & C{p).
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Proof Let
g»1(z)
1) =,

thea f{z) € A(1). From the condition (3.4), we see that f(z! satisfies (3.3). Using
Corollary 1, we obtain

Ezf'{z} 3 2g%)(z)
e ()

>0, z€ F.

From Lemma 3, we have
zg'(2)
g(z)

In particular, if p > 2, we have by Lemma 3 that

Re

>0, z€ E.

Re{l +

zyﬂ(:}
7(2) }>0, ze E.

This completes the proof. O
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