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Abstract Dy investigating the speetral characteristics for C-semniproups, we ohtain
a geries of spectral mapping theorems and extend some of the theorems to the case of
n-times mbegrated scinigroups.
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1. Preliminaries

In recent years, the theoretical researches and application developments of aperator
semigroups have been made with remarkahle speed. For example, motivated by the ab-
stract Canchy problem, two extensions of strongly continuous semigronps have appeare:
C-semigroups and n-times integrated semigroups! ®. The purpose of this paper is to
establish some spectral theorems for C-semigroups and integrated semigroups.

Let (X, || - ||) be & complex Banach space, and B{ X} be a Banach algebra with the ele-
ments of bounded Linear operators on X. For T' € B(X), we use P{T), R(T), a(T}, an(T),
(1), p(T), R(A, T) for A € p(T) as usual meaning. For €' € B(X), {T(t}}e>0 C B(X),
if C is injective and R((C') is dense in X, and {T(2)} satisfy: i) T(t)T(s} = CT(t + s) for
t,s > 0 and T(0) = C, ii) T(-)z : [0, +0) — X is strongly continuous, iii} there exist
M > 0and 5 € R? such that ||T(t)]] < Me™ for t > 0, then {T(#)} is called C-semigroup.
For C'-semigroup {I'(i)}, we define A as a generator of {T'(#)} as follows:

D(4) = {zcX:lm %[T[t]m ~ Cel e R(C)}.
As = 7' lim [T(t)s - Ca], Va ¢ D(A).

It is known that!®4 when p(A) 5 {z € C: Rez > 5} and A is densely-defined then

o0
R(\ A)z = ¢ L e MT(t)zdt, = X, (1)
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dT(t)=
dt
For a closed linear operator A on X, if there exisis ann € {0,1,2,- -}, constants 17,
and a strongly continuous family {S{t)}z0 C B(X) with ||S(2)]] < Me™(t > 0) such that
#(A) > (n,+o0) and

= T(t)Az = AT(t)=, = € D(A). (2)

(h—A) = fu M5, A, (3)

then we say A generates the n-times integrated semnigroup {3(t)}-

Lemma 1 Suppose A generates the C-semigroup {T(t)}. Then

Oz — e~ ¥T(t)e = (A~ A) ft e MT(s)eds, =€ X, (4)
0

Proof A simple integrating by parts and (2) yield

- %n"hT{&}#

= e (e

If

4 i t
/ e MT(s)zds + lxif e MT(s)eds,
0 oA Jo

1 L
%G’z + EAL e~ M7 (s)ads,
which is the same as (4).

Lemma 2 Suppose p(4) 5 [0,+00),n € {0,1,2,-}, then A generates the n-tines
integrated semigroup {5(t)} if and only if A generates C = A™"-semigroup

=1 .4

t .
T(t) = S(t) + z -_rAJ_“'
j=o I’

2. Main Theorems

Theorem 1 Suppose {T(t)}s»o is a C-semigroup with generator A densely-defined. If
e* € p(CTIT(t)),t > 0, then gy, € p(A) for k € N = {0,£1,£2,---} and

sup || R(py, A)j] = M < +o0, (5)
e N

where gy, = A+ 2kwi/t and R{pp, A) = (pp - A) 1

Proof For k€ N = {0,+1,%+2, -}, obviously e * = e #* if we substitute A with u;
in (4) and multiply e"¢* throughout (4), we have

t
(g — A]ﬂ-““f e~ (s)zds = e+ Cz - T(t)e = eMCx - T(t)z, z € X. (6)
0
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Since e € p(C=1T(t)) for t > 0, therefore the inverse operator (eMC — T'(t))} exists,
left-muitiplied by (M0 — T(t))~! in (6) yields

i
(MO - T(H)) e — A)es? fﬂ e o (s)ads = 2, 2 € X. (7)
Noticing that T(t}Az = AT(t)z,z € D{A) = X, we obtain
1
(1 — A)et{MC — T(2)) ! f e s)eds = 2, z € X,
a

whirh shows that e***(eMC —T(t))7? | e "*T(s)ds is a right inverse operato of (g — A).
Similary, f-om (¥) we can get

t
st eM O — T[t]}_lf e M s)ds(pr - A)e =2, z € X,
0

whirh shows that ef«*(eMC —T(£)}? j} e #+*T(s)ds is a left inveise of (), — A). Therefore
pi; € p( A} and

:
(i ~ A" = Ry, A) = o0 - T(1))™ f ST (s)ds, k¢ N.
i
Now we come to estimate ||R(gy, A)||. Consider two cases:
i} Red =1,
In this case, [f{f e~ Meds| < _,'E |e"[1m‘3'+'1‘;:£]"-jds < f*1ds = t, so we have
L
|RGu, )| = et (MO — )™ [ e T (s)ds|
a
t
£ ENC =T@) | [ emdsl - sup [|7(s)]
a 0<at

< Ji(eMe - T(e)) M) -t - sup |T(s)| £ M, < +o0, Yk € N.
el

i) Red £ 0,
In this case, | fj e7#"ds| < fEf e~ Redede < |“;;:1‘1|, s0 we have

VRG] = (et (0 =) [ e (s)ds]

1
et ¢ A - 1+e

SNNNC = 7)) g - s ()]
_a‘—

[

1=

Mg < +'II'.11, Yk s N,
The above two steps show that (5} holds by taking M = max{M;, M.}. O
Theorem 2 Suppose {T'(t)} is a C-semigroup with generator A densely-defined, then

g(CIT() D {e: A e a(A)) 2 4 ¢ . (8)
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Proof By taking k = 0 in theorem 1, we know that X € p(4) if e € p(C~17(¢)). This
fact tells us p(C1T(t)) € {e™ : A £ p{A)}. Since spectral set and resolvent set are not
intersectable, so (8) holds., O

Theorem 3 For C-semigroup {T'(t)} with generator A, we have
{a) e A) C o (CT'T(1)),t > 0;
(b) &4 = 0, (CT (1)) - {0}, ¢ > O;
(c} etlor@iorld)) — 5 (C=1T()) U o (C21T(2)) - {0},2 > 0.

Proof (a) Lett > 0,4 € 0,,(A), then there sxist 2, € X with [lz,]l = L,n = 1,2,---
such that (A — 4}z, — 0. From (4) we get

(C - M (t))2y, = fﬂ " MPLs) (A — A)rads — 0,

which shows that e* € a, (C~17T(t)) and (a) holds.
(b) From the 1‘El:a|.i:.1::-n(é AN (X = A) = Doy N (Ce™ = T(1) we get

YA € a,(A) < T # 0such that (A A)z*ﬂ#mEM(A—A}
= Yt 20,2 N(eM—C 7)) & (e - C'T(1))a = 0
= &M e o (CTIT(t)) - {0}.

(¢) Let T"(t) be the adjoint of T(t} in the dual space (XY, || - ||), then {T(t}} is also
a semigroup of exponentially hounded linear operators and T*{0} = €, but, as we have
known in Cy case, it is not strongly continunous generally. We define X to be the subspace
of X* on which T*(¢) is stmng]y continous: X = {2* € X* : limy_o4 || T*(t)2* -
T=(0)z"|| = 0}. Let T'®(t) = T*(t)|xw, then {T®(t)}i»¢ defines a C-semigroup on X©
and its generator A is the part of A* in X®. Sincell

or(A) C 0,(A%) C o (A) U ap( A), (9)
therefore
7 (CTIT(t)) C ap(CTITO()) C o (CTIT()) U o (CTHT(2)), ¢ 2 0. (10)

From (b) we have a,(C~1T®(t) - {0} = e*#(A"} by which and (9) and (10) we conclude
the results immnediately.

Theorem 4 Suppose {5(t}} is an n-times integrated semigroup with generator A densely-
defined and p(A) O [0, +o0),n £ {0,1,2, -}, then

n—1 F
o(S(E)) 5 {e*A=" — 3 fﬁ,\.—‘ e a{A)ht > 0.
2/ i
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Proof Since A generates n-times integrated semigroup {5(£)}}, 4 also generates A™"-
semigroup {7'(t)} by lemama 2 and

()= 50+ 3 A

by taking C = A" in the thearem 2, and using some basic results on operator spectral
theory, we obtain the result at once.

Theorem 2 and Theorem 3 can be called spectral mapping theorems for C- -SEIMIEIOUPS
and Theorem 4 can be called spectral mapping theorem for n-times integrated semigroups.
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