RemarkFrom the proof of Theorem 4 one can see that for even n,
—dn _ -1
n[(n_ Do ﬂ =2+ 0(n ).
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1 Introduction

L et A be acommutative ring, W (A) be the ring of W itt vectorsoverA , and let A(A) be
the free A- ring

It isknow from [2] that (gn)n=1 — [h=1(1- qnt")" ' defines an iomorphisn betw eenw

(A) and A(A).

It isclear that gn in anl_l_l q o= z n=ohnt" cOrregpond to representationsof the nthsym-
- n

metric group via the characteristic map. The character table of these representations gives

fomulae expressing the componentsof aW itt vector as a function of its' ghost components’
(cf. [3, p 352]).

Now wr ite

— _ t
| | Y 1+ dnt"/n! = (l t)e (1)

Since sequence {d»} in (1) gives the dmensionsof these representations, it isof interest to

investigate its asymptotic behavior Recently, Bomw ein and L ou'* proved that
Theoren BL Forn= 2,3,

do< (n- 1)! if nisan odd number; (2
d<(n- 1)! ifnisaprime (3
dv= (n- 1)! if n isan even number. (4)

"Received Sep. 30, 1994 Thework contained in this paperw as donew hile the first author w as visiting D alhousie U niver-

sity, Canada, he thanks the D epartment of M athematics, Statistics and Computing Science of DalhousieU niversity for its
hogitality.
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Furthemore,

1. Jn_ d O (5)

S S 1 + 1
(n- D! { n
w here 06= ous= 2, and other oh= 1
W e notice that the inequality (5) isnot sharp since, for exanple,

ds _ 8505 2

7= 5040 1t 5

So it is natural to look for the sharp estmates for dn/(n- 1)!.
The present paper w ill ansver this question by the follow ing theoren's, in an approach
different from the others by using some newn ideas in approximation theory.

Theoran 1 Forn= 2k+ 1, k= 1,2, ,, we have
_do 1 106
< -
0=<1- T =w 9 (6)
Furthemore,
2 _de | _ 2 dis| _ 106
rr:ogjxn[l- n- 1)J— 15[1- 14J— g " (7
and n= 15 is the only numberw here themaximum is attained
Theoren 2 Forn= 2k, k= 1,2, ,, we have
_ds 1 907
< - <
0="m- D1~ 157 128 (8)
Furthemore,
dn _ die _ 907
Tﬁ%‘”[ (h- D!° DJ B 16[15! ) 1}‘ 128’ ©
and n= 16 is the only number w here themaximum is attained
Theoran 3 Forn= 2k+ 1,k= 1,2, ,, we have
. 2 _dn | _
Irpgjpn [1- (n- 1)J =9 (10)
Theoran 4 Forn= 2k, k= 1,2, ,, we have
. dp _
r![r;n[(n_ Dl :IJ =2 (11)

2 Proof of Theorens1and 3
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In [1], J Bomweinand S T. Lou have proved that for natural numbers n> 1 one has

—“—(n_d - 1+ nzni—l)—'h [%‘J , (12)

k# 1,n

from w hich it follow s that
1

&

A, ds_ , da_

1 ds _ ds _ _
T e A e T
ds _ 11 do _ 1 dio 11 du _ di _ 183
n- M a1l 99T M g T b T 1Y ame
m:1M:1+_51115_:1__10_6_Q15_:1+_9_01Q11:1
121 = 113 448’ 141 2025’ 15! 2048’ 161 ~

Proof of [he]nrem 1 In this sectionw e alw ays assume that n are odd numbers Define g (h,
3

h
k)= : h’k Lki:‘ . Since each n isodd, we see that h and k areodd From (12), we get

2. 9(h=2 g+ > glhk

k# 1,n k# 1,n k# 1,n

2 —dn
”[1' (n- 1)!J

A

=g I+gh5)+ 3 gh+ 3 ghk. (13)

k#z 1,n
h=3orh=5

=
=
v
NE]

W ew ill show that the sum of the first three term s in this series is not bigger than 1 First
w e show that

d h
Z hzk{gﬂ < ‘é‘. (14)
k¢71,nn |
k,h=7
Since ) ‘kjgs 27 ‘kjgﬁ 'é‘ weonly need to prove that
k,h=7
a8 de| " _ L
h’k [kj < (15)
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d . .
E‘KS ‘i‘ o whatw e have to prove isonly that h’k* "< 1, or

By Theoran BL ,

f(k,h) : = 2logh+ (5- h)logk < Q (16)

It is evident that in the case k> 7, (16) holds for h= 7, while adﬁf (k, h) = ﬁ

holdsfor h> 7, that is, f (k, h) isa decreasing functionw ith regpect to h, hence (16) holds,

- logk< O

and consequently (15) aswell as (14) holds
Now w e investigate

h 2

27h”

g(h,3) = 27h2[g-ﬂ = S

It is not difficult to see that for h=7, g (h, 3) is decreasing and g (7, 3)= 49/81, hence

< 49 -
9(h,3) =5 (=7, (17)
similarly,
_ o ds| " _ 49 - :
g(h,5) = 125h [S!J = 625 (h=7) (a7)

Now combining (13), (14), (17) and (17') we have
49 49 1

n
k,h=7

W rite
d
h?k® —‘ﬂ = Ia 18
hk= n,ZS,h:S [h! (18)
k% 1,n
To estimate I, we consider the follow ing cases
(i) If n does not have factors 3 and 5, then I.= G;
(ii) If n> 15 can be divided by 15, then from (2),
3 3 3 5 4
n°| _dosa 0| _doss |7 _ 5 25 2 .
= 3[(n/3)!] ¥ 5[(n/5)!J =9 =9t g9 g L
(iii) If n isdivisible by 3 but not by 5, then 1.<9;
(iv) If n isdivisible by 5 but not by 3, then
In = 2.
49'

(v) If n= 15, then from (3),
25

(n- 1!

A |l these estimates together with (18) mply that
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2 _dn 25_ . dis

Theoran 1 iscompleted O

Proof of Theoren 3Due to the sane reason, since each n isodd, in the follow ing k, hmust
beodd From the proof of Theoran 1 one can see that if n> 15, then

2 _dn < 5 2,3 h
n[l— (n- 1)!J_9+ n2+ _nhk ,
k# 1,n
Kk h=7

furthemore, for any given natural number p> 7 one has

2 _d_n_ .5i 2,3 h _l.
n[l- (n- 1)J§9+ 2t 7ghz_fphk + Zp >

Since in the case 7<k<p, h’k* "-0asn- , we have

. d 1
Imsungwnz[l- (n_uF‘J <9+ .

or

. 2 da -
Imsungmn[l- (n- 1)J =9 (19)
in view of that p isany given natural number not less than 7 On the other hand, take

n= 30,

w here g« is the kth prime, then

nz[l_ _du_J: Lﬁ[_dua_J3+ Jf[gﬂ “_ o, nf[_lJ Vg, Ad

(n- 1! 3 (n/3)! k| 3! ol 3 3%
T herefore
. dsq
2 k| = 2
Ilnrprqk[l Ga- D !J Q (20)

(19) and (20) together yields (10), w hich is the required equality. O

Remark W e see that if n does not have the factor 3, then n°(1- d./(n- 1)!) will bemuch
less than 9 In fact we have then

1- (n_d Y = O[n'ﬂ.

Starting from it, we can establish a corregponding result for {d~} for some particular subse-
guence {n;}.
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3 Proof of Theorans2and 4

For notational convenience, w e assume n be even nunbers in this section

Proof of Theoren 2 From (12),
2| die| " _ 2| di| "
s 5 @

k# 1,n

_da
n[(n— )1 1J

M

1, )
even h even, h=8

+ Z kzh[%ﬂ h: = 11+ 12 (21)

k# 1,n
hh even, h=6

f (k,h) = |og[|k4h[fﬂ j

In a smilarway to the proof of Theorem 1, by applying Theorem BL, from d«/(k- 1)! <2
w e have

n
n

=
TR

W rite

f(k,h) <0
for k=8 and h= 8, hence
h
kz[fﬂ < -If; (k=8 h= 8). (22)

w e can prove that for h= 8§,

h
k{f‘ﬂ g-k]; (k= 2,4,6),

together w ith (22) w e obtain that

°1_3
< < >
1 < Zz = (h = 8). (23)
From the estimate of Theorem BL —da =1+ 2 , direct calculationw ill lead to that
(n- 1! {n

0’ _doe |°, 0| _dow |* 0% _dus |°_ 5
2 (n/2)! 41 (n/4)! 6 (n/B)!
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for n= 36, and

_ n2 dy "
= > h(n/h)“[(k- 1)!J

aven h= 6
2| g 2| & 2 |°
< 1+ 1+ 1+ <
2[ J_J [ J_J N Y B
if n= 18 W e thus have by (21) and (23) that n[(Tqul)_l 1J <7 (n=18).
For n= 18, we directly calculate that

—do _ d.6 _ o07
mel g - {4 -

n

Therefore, w e finally obtain that

—dn _ 4.6 _ 907
I“[(n- - 1}‘ 16[15!' 1}‘ 128

Theoran 2 isproved O
Proof of Theoran 4 From (12) togetherw ith the fact that n is even,

n[_dn_ ﬂ nf[_dm_J
(n- 1! 2 (n/2)!

6 h h
di 2, | di
<5 Ai(n) + k*h + k*h , 24
Zs ( ) hk:,Z¢ 1,n k! hk:,z,-: 1,n [kJ ( )
h=8 h=8
k=s k> s
w here
2 _ i
A () ﬂ‘[ad'/“sﬂ , if isafactor of n,
i\n) = '
0, othemw ise
It is not difficult to see that limm -« m- D1°- 1 implying that lim n—o Ai(n)= 0, then on
h
the basis of the estmate kzh[%ﬂ < ‘ka (h=8, k= 8)in the proof of Theoran 2,

w e deduce from (24) that

lm sup

n- oo

—da _dae ||« 4
n[(n— o ﬂ 2[(n/2- 1)!J =2

n[—d‘”— 1J 2‘ = 0, since s is arbitrarily given and lmn-e

that is, IlMn-w (- 11

[(n_/dZ_MT'J = 1, thereforew e have Im n—- o n[(Tdnl)_, 1J = 2, which completes Theoran
40
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