
RemarkF rom the p roof of T heo rem 4 one can see tha t fo r even n ,

n
d n

(n - 1) !
- 1 = 2 + O (n - 1).
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摘　要

对出现于公式 0 nΕ 1
1

1+ d n tnön! = (1- t) e
t中的整数 d n 给出了精确估计.
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Abstract　A sharp est im ate fo r the in tegers d n , in the fo rm u la 0 nΕ 11ö(1 + d n tnön ! ) =
(1 - t) e t is

ob ta ined.
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1. In troduction
L et A be a comm u ta t ive ring, W (A ) be the ring ofW it t vecto rs over A , and let + (A ) be

the free Κ- ring.

It is know from [2 ] tha t (qn) nΕ 1 → 0 nΕ 1 (1 - qn tn) - 1 defines an isom o rph ism betw een W

(A ) and + (A ).

It is clear tha t qn in 0 nΕ 1
1

1- qn tn = ∑nΕ 0hn t
n co rrespond to rep resen ta t ion s of the n th sym 2

m etric group via the characterist ic m ap. T he character tab le of these rep resen ta t ion s g ives

fo rm u lae exp ressing the com ponen ts of a W it t vecto r as a funct ion of its“gho st com ponen ts”

(cf. [ 3, p. 352 ]).

Now wr ite

0 nΕ 1
1

1 + d n tnön!
= (1 - t) et. (1)

Since sequence {d n} in (1) g ives the d im en sion s of these rep resen ta t ion s, it is of in terest to

invest iga te its asym p to t ic behavio r. R ecen t ly, Bo rw ein and L ou [ 1 ] p roved tha t

Theorem BL　Fo r n= 2, 3,⋯,

dnΦ (n- 1) ! if n is an odd num ber; (2)

dnΦ (n- 1) ! if n is a p rim e; (3)

dnΕ (n- 1) ! if n is an even num ber. (4)

　3 Received Sep. 30, 1994. T he wo rk contained in th is paper w as donew h ile the first au tho r w as visit ing D alhousie U niver2
sity, Canada, he thank s the D epartm ent of M athem atics, Statist ics and Computing Science of D alhousieU niversity fo r its
ho sp itality.
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Fu rtherm o re,

1 -
1
n

Φ d n

(n - 1) !
Φ 1 +

Αn

n
, (5)

w here Α8= Α16= 2, and o ther Αn= 1.

W e no t ice tha t the inequality (5) is no t sharp since, fo r exam p le,

d 8

7!
=

8505
5040

< 1 +
2

8
.

So it is na tu ra l to look fo r the sharp est im ates fo r d nö(n- 1) !.

T he p resen t paper w ill an sw er th is quest ion by the fo llow ing theo rem s, in an app roach

differen t from the o thers by u sing som e new ideas in app rox im at ion theo ry.

Theorem 1　Fo r n= 2k+ 1, k= 1, 2,⋯, , w e have

0 Φ 1 -
d n

(n - 1) !
Φ 1

n2
106

9
. (6)

Fu rtherm o re,

m ax
nodd

n2 1 -
d n

(n - 1) !
= 152 1 -

d 15

14!
=

106
9

, (7)

and n= 15 is the on ly num ber w here the m ax im um is a t ta ined.

Theorem 2　Fo r n= 2k , k = 1, 2,⋯, , w e have

0 Φ d n

(n - 1) !
- 1 Φ 1

n
907
128

. (8)

Fu rtherm o re,

m ax
n even

n
d n

(n - 1) !
- 1) = 16

d 16

15!
- 1 =

907
128

, (9)

and n= 16 is the on ly num ber w here the m ax im um is a t ta ined.

Theorem 3　Fo r n= 2k+ 1, k= 1, 2,⋯, , w e have

lim sup
n→∞

n2 1 -
d n

(n - 1) !
= 9. (10)

Theorem 4　Fo r n= 2k , k = 1, 2,⋯, , w e have

lim
n→∞

n
d n

(n - 1) !
- 1 = 2. (11)

2. Proof of Theorem s 1 and 3
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　 In [1 ], J. Bo rw ein and S. T. L ou have p roved tha t fo r na tu ra l num bers n> 1 one has

d n

(n - 1) !
= 1 + n∑

kh= n
k≠1, n

(- 1) h

h
d k

k !

h

, (12)

from w h ich it fo llow s tha t

d 2

1!
= 1,

d 3

2!
= 1,

d 4

3!
= 1 +

1
2

,
d 5

4!
= 1,

d 6

5!
= 1 +

1
12

,
d 7

6!
= 1,

d 8

7!
= 1 +

11
16

,
d 9

8!
= 1 -

1
9

,
d 10

9!
= 1 +

11
80

,
d 11

10!
= 1,

d 12

11!
= 1 +

183
3456

,

d 13

12!
= 1,

d ! 14
13!

= 1 +
57

448
,

d 15

14!
= 1 -

106
2025

,
d 16

15!
= 1 +

907
2048

,
d 17

16!
= 1,⋯.

Proof of Theorem 1　 In th is sect ion w e alw ays assum e tha t n are odd num bers. D efine g (h ,

k ) = : h
2
k

3 d k

k !

h

. Since each n is odd, w e see tha t h and k are odd. F rom (12) , w e get

n
2 1-

d n

(n- 1) !
= ∑

kh= n
k≠1, n

g (h , k ) = ∑
kh= n

k≠1, n
k= 3

g (h , k ) + ∑
kh= n

k≠1, n
k= 5

g (h , k )

　 + ∑
kh= n

k≠1, n
k , hΕ 7

g (h , k ) + ∑
kh= n

h= 3 or h= 5
k≠1, n

g (h , k )

Φ g (h , 3) + g (h , 5) + ∑
kh= n

k , hΕ 7

g (h , k ) + ∑
kh= n

k≠1, n
h= 3 or h= 5

g (h , k ). (13)

W e w ill show tha t the sum of the first th ree term s in th is series is no t b igger than 1. F irst

w e show tha t

∑
kh= n

k≠1, n
k , hΕ 7

h 2k 3 d k

k !

h

<
1
6

. (14)

Since ∑
kh= n

k , hΕ 7

1
k 2 Φ∑

∞

k= 7

1
k 2 Φ 1

6
, w e on ly need to p rove tha t

h 2k 3 d k

k !

h

Φ 1
k 2. (15)
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By T heo rem BL ,
d k

k !
Φ 1

k
, so w hat w e have to p rove is on ly tha t h2k 5- hΦ 1, or

f (k , h ) : = 2logh + (5 - h ) logk Φ 0. (16)

It is eviden t tha t in the case k Ε 7, (16) ho lds fo r h = 7, w h ile
d

d h
f (k , h ) =

2
h

- logk < 0

ho lds fo r h> 7, tha t is, f (k , h ) is a decreasing funct ion w ith respect to h , hence (16) ho lds,

and con sequen t ly (15) as w ell as (14) ho lds.

N ow w e invest iga te

g (h , 3) = 27h 2 d 3

3!

h

=
27h 2

3h .

It is no t d iff icu lt to see tha t fo r hΕ 7, g (h , 3) is decreasing and g (7, 3) = 49ö81, hence

g (h , 3) Φ 49
81
　 (h Ε 7) , (17)

sim ila rly,

g (h , 5) = 125h 2 d 5

5!

h

Φ 49
625
　 (h Ε 7) (17’)

N ow com b in ing (13) , (14) , (17) and (17′) w e have

g (h , 3) + g (h , 5) + ∑
kh= n

k , hΕ 7

g (h , k ) Φ 49
81

+
49

625
+

1
6

Φ 1.

W rite

∑
hk= n, h= 3, h= 5

k≠1, n

h 2k 3 d k

h !
= : I n. (18)

To est im ate I n , w e con sider the fo llow ing cases.

( i) If n does no t have facto rs 3 and 5, then I n= 0;

( ii) If n> 15 can be divided by 15, then from (2) ,

I n Φ n3

3
d nö3

(nö3) !

3

+
n3

5
d nö5

(nö5) !

5

= 9 +
54

n2 Φ 9 +
25
81

< 9 +
25
9

- 1;

( iii) If n is d ivisib le by 3 bu t no t by 5, then I nΦ 9;

( iv) If n is d ivisib le by 5 bu t no t by 3, then

I n Φ 25
49

;

(v) If n= 15, then from (3) ,

n2 1 -
d n

(n - 1) !
= 9 +

25
9

.

A ll these est im ates together w ith (18) im p ly tha t
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n2 1 -
d n

(n - 1) !
Φ 9 +

25
9

= 152 1 -
d 15

14!
.

T heo rem 1 is com p leted. □

Proof of Theorem 3 D ue to the sam e reason, since each n is odd, in the fo llow ing k , h m u st

be odd. F rom the p roof of T heo rem 1 one can see tha t if n> 15, then

n2 1 -
d n

(n - 1) !
Φ 9 +

54

n2 + ∑
hk= n

k≠1, n
k , hΕ 7

h 2k 3- h ,

fu rtherm o re, fo r any given natu ra l num ber p > 7 one has

n2 1 -
d n

(n - 1) !
Φ 9 +

54

n2 + ∑
7Φ kΦ p

kh= n

h 2k 3- h + ∑
k> p

1
k 2.

Since in the case 7Φ kΦ p , h
2
k

3- h→0 as n→∞, w e have

lim su p
n→∞

n2 1 -
d n

(n - 1) !
Φ 9 +

1
p

,

o r

lim su p
n ∞

n2 1 -
dn

(n - 1) !
Φ 9 (19)

in view of tha t p is any given natu ra l num ber no t less than 7. O n the o ther hand, take

n = 3qk ,

w here qk is the k th p rim e, then

n2 1 -
d n

(n - 1) !
=

n3

3
d nö3

(nö3) !

3

+
n3

qk

d 3

3!

qk

= 9 +
n3

qk

1
3

qk

= 9 +
27q2

k

3qk
.

T herefo re

lim
n→∞

9q2
k 1 -

d 3qk

(3qk - 1) !
= 9. (20)

(19) and (20) together yields (10) , w h ich is the requ ired equality. □

Remark　W e see tha t if n does no t have the facto r 3, then n
2 (1- d nö(n- 1) ! ) w ill be m uch

less than 9. In fact w e have then

1 -
d n

(n - 1) !
= O n - 4 .

Sta rt ing from it, w e can estab lish a co rresponding resu lt fo r {d n j
} fo r som e part icu la r sub se2

quence {n j }.
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3. 　Proof of Theorem s 2 and 4
Fo r no ta t iona l conven ience, w e assum e n be even num bers in th is sect ion.

Proof of Theorem 2 F rom (12) ,

n
d n

(n - 1) !
- 1 ∑

hk= n
k≠1, n
h even

k 2h
d k

k !

h

= ∑
hk= n

k≠1, n
h even, hΕ 8

k 2h
d k

k !

h

+ ∑
hk= n

k≠1, n
hh even, hΕ 6

k 2h
d k

k !

h

: = I 1 + I 2. (21)

W rite

f (k , h ) = log lk 4h
d k

k !

h

In a sim ila r w ay to the p roof of T heo rem 1, by app lying T heo rem BL , from d k ö(k - 1) ! Φ 2

w e have

f (k , h ) Φ 0

fo r kΕ 8 and hΕ 8, hence

k 2 d k

k !

h

Φ 1
k 2　 (k Ε 8, h Ε 8). (22)

By u sing again the know n resu lts

d 2

1!
= 1,

d 4

3!
=

3
2

,
d 6

5!
=

13
12

,

w e can p rove tha t fo r hΕ 8,

k 2 d k

k !

h

Φ 1
k 2　 (k = 2, 4, 6) ,

together w ith (22) w e ob ta in tha t

I 1 Φ ∑
∞

k= 2

1
k 2 Φ 3

4
　 (h Ε 8). (23)

F rom the est im ate of T heo rem BL
d n

(n- 1) !
Φ 1+

an

n
, d irect ca lcu la t ion w ill lead to tha t

n2

2
d nö2

(nö2) !

2

+
n2

4
d nö4

(nö4) !

4

+
n2

6
d nö6

(nö6) !

6

< 5

—41—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



fo r nΕ 36, and

I 2 = ∑
kh= n

k≠1, n
n even, hΦ 6

n2

h (nöh ) h
d k

(k - 1) !

h

　　　　　　　　　　　　　

Φ 2 1 +
2

n

2

+
43

n2 1 +
2

n

4

+
65

n4 1 +
2

n

6

Φ 6. 1

if nΕ 18. W e thu s have by (21) and (23) tha t n
d n

(n- 1) !
- 1 Φ 7　 (nΕ 18).

Fo r nΦ 18, w e direct ly ca lcu la te tha t

m ax
2Φ nΦ 18

n even

n
d n

(n - 1) !
- 1 = 16

d 16
15!

- 1 =
907
128

.

T herefo re, w e fina lly ob ta in tha t

n
d n

(n - 1) !
- 1 = 16

d 16
15!

- 1 =
907
128

.

T heo rem 2 is p roved. □

Proof of Theorem 4　F rom (12) together w ith the fact tha t n is even,

n
d n

(n - 1) !
- 1 -

n2

2
d nö2

(nö2) !

2

　　　　　　　　

Φ ∑
6

i= 3
∃ i (n) + ∑

hk= n, k≠1, n
hΕ 8
kΦ s

k 2h
d k

k !

h

+ ∑
hk= n, k≠1, n

hΕ 8
k> s

k 2h
d k

k !

h

, (24)

w here

∃ i (n) =
n2

i
d nöi

(nöi) !

i

,　if is a facto r of n ,

0,　　　　　　o therw ise.
It is no t d iff icu lt to see tha t lim m→∞

dm

(m - 1) !
= 1 im p lying tha t lim n→∞∃ i (n ) = 0, then on

the basis of the est im ate k
2
h

d k

k !

h

Φ 1
k 2　 (hΕ 8, kΕ 8) in the p roof of T heo rem 2,

w e deduce from (24) tha t

lim sup
n→∞

n
d n

(n - 1) !
- 1 - 2

d nö2

(nö2 - 1) !

2

Φ ∑
k>

1
k 2 ,

tha t is, lim n→∞ n
d n

(n- 1) !
- 1 - 2 = 0, since s is a rb it ra rily g iven and lim n→∞

d nö2

(nö2- 1) !
= 1, therefo re w e have lim n→∞n

d n

(n- 1) !
- 1 = 2, w h ich com p letes T heo rem

4. □
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