Proof For any root subgroup U=(Q), by Lenma 3 3 m(U.(Q)) is a unipotent subgroup of 9
(V), hencemU.(Q)) isoonjugate in . (v) to a subgroup of the unipotent upper triangular ma-
trix group. Since the expotentialmap Exp of nilpotent upper triangular matrices to unipotent up-

per triangular matrices is bijective, for any i there exist nilpotent linear transformations dm(e)
and dmt(f i) onV such that

MU, (1) = exptdm(e), ™TU-4 (1)) = exptdr(fi)

foranyt Q. ByLenma3 1 and Theorem 3 2 the theoran follow s O

Refernces

[1] O. Gabber, V. G Kac, On dd ining relations o certain inf inite- dimensional L ie algebras, Bull Amer
M ath Soc 5(1981), 185- 189

[2] V. G KacandD. H. Peteron, Infiniteflag varieties and conjugacy theorems, Proc Natl A -
cad Sci USA, 80(1983), 1778- 1782

[3] V. G Kac andD. H. Peterson, D € ining relations o certain inf inite dim ensional groups, Pro-
ceedings of the Cartan conference, L yon 1984, A sterisque, N umero hors serie (1985), 165
- 208

[4] V. G Kac, Constructing groups associated to inf inite dimensional L ie algebras, P roceedings o
the conf erence on inf inite dimensional L ie grouups, Berkley 1984, M SR | Publ 4(1985), 167
- 216

[5] V. G Kac, Infinite- dimensional L ie algebras, Progress inM ath 44,Birkhauser, Boston,
1983

[6] G P. Hochschild, Basic theory o algebraic groups and L ie algebras, GTM 75, Springer-
Verlag, Nev York, 1981

[7] R Steinberg, Sane consquences o the elenentary relations in SL », Cont M ath 45(1985),

335- 35Q
Kac- M oody
( , 200092)
Kay- M oody g’ (v, dm, g’
Kac- Moody G v, m, G . G
, Vv, m Y, Ua Ua
, : Q Chevalley G(@Q)

— 23 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Journal of M athematical Research & Exposition
Vol 17, Na 1, 17- 23, Feh 1997

A Character ization of D ifferentiableM odules over
Kac- M oody Groups’
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Abstract For any integrablemodule (v, dm) over a Kac- M oody algebrag’ we can lift it to amodule (v,
mover the Kac- M oody group G asciatedto g'. The present paper characterizes such modules and show s
that aG- module (v, ™ is a such module lifted from an integrableg’- module (v, ™ if and only if the re-
striction of V toany root subgroupU . is rational By the characterization, we obtain aninteresting result
w hich says that all finite dimensional modulesover G (Q) are differentiablefor the Chevalley group G Q)
Keywords Kac- M oody groups, Chevalley groups, M odules

Classif ication AM S(1991) 17867, 20G35/CCL 0153 3

1 Introduction

Throughout the paper the bass field F isof charcteristic zero.

The Kac- M oody algebrag’'= g' (A) asciated to a symmetrizable generalized Cartan matrix
A = (aij)nisthel ie algebraover F generated by 3n generatorshi, e and f i (1= i=<n) with defin-
ing relations ™

11) [hi,h;j]= 0, [e,fi]= &ihs

12 [hi,e]l=a(h)e, [h,fi]=- a(h)f;

13) (ade) " %i(g)=0, (adf)™ ™ (f;)=0 (i#j),
w here a; (1= j=n) isdefined to be a; (hi)) = ai. Corresponding to the Kac- M oody algebrag’, we
can construct the group G= G (F), called the Kac- M oody group over F, asociated to g’ by rep-
resentation approach™”. W e now recall the structureof the group G asciated to g'. G is generat-
edbyU:a(t), 1<i<n,t F, and the follow ing fundamental relations hold'.

R1) Ua.={Ua(t);t F}, called the root subgroup corregponding to the root a, isisomor-
phic to the additive group of the field F, where a= aiora= - a

R2) (Ua, U.-a)= 1fori# j

R3) The subgroup Ga, generated by U =, is isomorphic to SL 2(F) and the isomorphisn @i

SL2(F) - G ai isgiven by
ﬂ{l j = Uai(t), ¢i{1 j: U-ai(t).
0 t
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R4) LetH.(t)=ns(t)na (1) ", where
Na, () = Ua (DU - o (- t U4 (1)

The subgroup H o= {H 4 (t); t F '} isisomorphic to the multiplicative group F~ and the sub-
group H generated by H -, 1=i=n is the directed product of the group H s,

R5) Ha(OUsa (UH 4 (1) '=Usa (t"%u) foranyt F', u F.
Definition 1 1A module (v, T over G is called differentiable if there exists an integrable action
dmrof g’ onV such that

T (1) = expthTe; TU..(t) = expthrf

forany t F.

Kac'® conjectured that aG- module (v, T isdifferentiable if the linear transformationsonV

_4d _d
dme = (U (1) |0, dTfi= o (1) |eo

can be defined Thepresent paperw ill justify the conjecture and show that amodule (v, 1) over
G isdifferentiable if and only if the restriction of V to the subgroupsU:a, 1=i=n isa rational
representation of U = a,

2 Integrablemodules over the Kac- M oody algebra ¢’

L et h' denote the subspace panned by hi, hz, ,hs By Kac'™, an integrablemodule over g’
is defined as follow s
Definition 2 1 A module (v, dm over g’ iscalled integrable if the follow ing conditions are sat-
isfied:

i) dm(h') isdiagonalizable

i) all dm(e) and dm(fi), 1<i=<n, are locally nilpotent on V.
Proposition 2 2 A module (v, dm over g’ is integrable only if the above condition ii) is satis
fied
Proof Sinceh' isan abelianL ie algebra, itw ill suffice to prove that all drr(hi), 1<i<n, isdiag-
onalizable L et gi denote the subalgebra spanned by hi, e and f i, which is isomorphic to slz2(F).
By the finite dimensional representation theory of sl2(F), hiis diagonalizable on any finite dimen-
sional slz2(F)- modules So it is enough to show that the action of gionV is locally finite For
any v V, thereexistsapositive integer n such that dm(e)"v= Q W e use induction on n to assert
that there exists a non- zero polynomial f (x) F[x] such that f (dmr(hi))v= 0, w hich is equiva-
lent to the fact that the subspace spanned by dm(hi)‘v, k= 0,1,2, , isfinite dmensional

A ssume n= 1 By the above condition ii), there exists a positive integer m such that d7r(f )"
v= Q The fundanental commutator relation in the enveloping algebraU (sl2(F))

[_é”_j_'».”_]_ T T hi- 2n+ 2j| g
m!m!*" 2, (m- j)! j m- j!
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show that
[d7r(e)™ d7(f )" = [d’ﬁhﬂ v= 0,

w here for any positive integer j and any integer Kk,
hi- k| _ (hi- K (hi- k- 1) (hi- k- (j- 1))
j j! '
So our assertion follow swhen n= 1 Forany v V, by the induction hypothesis, the subgpacew
panned by dmr(hi)“dm(e)v, k= 0,1,2, , isfinite dimensional Since it is easy to observe that

for any k
dr(e)dm(h)*v = dm(h)“dm(e)v + dmfe h*]lv W,

there exists a non- zero polynomial f (x) F[x] such that dm(e)f (dmr(hi))v= Q Our conclusion
follow s by applying the result obtained in the case of n= 1 to f (dm(hi))v. Thenw e deduce that
the g'- invariant subgace

U(g)v= Z drr(f ) “dm(e)"dm(h)"v
k,#n=0

is finite dmensional for any vV, since dm(f:) and dm(e) are locally nilpotent onV, and dm
(hi) is locally finite

L et g~ denote thel ie algebra on generators e, fiand hi, 1< i=<n, with defining relations
1 1) and 1 2). W e need the follow ing proposition in order to differentiate modulesover the Kac
- M oody group G.
Proposition 2 3 Let (v, dm beagg'- module such that all d1r(e) and dr(f i) are locally nilpo-
tent Then dm(e) and dm(f ), 1<i=<n, satisfy relations1l 3) 9 thatwemay regard (v, dm) as

an integrable g’'- module
Proof W ew ill prove that the second relation in 1 3)

(addm(f:)) " %dm(f;) = 0

is satisfied if iZ j. Thefirstonein 1 3) follow sby the ssneway. Foranyv V, by the relations
inl1) and 1l 2), we have

[d7T(ei) dTl'(f j) ]V =0 [dTl'(hi) d'lT(f j) ]V = - aidel'(f j)V.

Since d1r(f i) is locally nilpotent onV, there exists the least positive integer m such that
(addTr(f ))™dm(f ))v = Z (- l)J[nj drm(f )™ jd'lT(f ) dTr(f i)jV = Q
0
T he fundamental commutator relation inU (sl2(F))

[ef™]=- mMm- Df" ti. mfT *h
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mplies that
addm(e) (addm(f))"dm(f )v=m(1- m- ay)dm(f)™ *dm(f;)v= 0,

whichmeansm= 1- ai.

3 Differentiablemodulesover the Kac- M oody group G

To emphasize the fields, over which the Kac- M oody group and the Kac- M oody algebra
are defined, we use G (F) to denote the Kac- M oody group over afield F asociated to the Kac-
M oody algebrag’ (F) over F. L et K be an extension fieldof F. If (v, dm) isan integrable repre-
sentation of g’ (K), it iswell known, by the construction of G (F), that there exists the represen-
tation T G (F) -GL (v) of G(F) given by

MU (1)) = exptdm(e), mTU-4 (1)) = exptdm(fi)

foranyt F and 1<i<n Then themodule (v, ™ becomes a differentiablemodule over G (F).
In the follow ing, wew ant to find conditions to determ inew hich modulesover G (F) are differen-
tiable

Lenma 3 1 LetV beavector gpaceover K, generally peaking, infinite dimensional, and let 7t
G(F) -GL (v) beanon- trivial homomorphisn. If there exist locally nilpotent linear transfor-
mations dm(e) and dmr(f ) onV such that

U4 (1)) = expdm(te), U4 (1)) = expdm(tf )
forany t F and 1=i=<n, dmcan be extended to an integrable representation of g’ (K). Then 1
can be extended to the homomorphisn, denoted again by 1, of G(K) into GL (v) = that (v, m
is a differentiablemodule over G (K ).

Proof Set dm(h))= [dm(e) dmr(fi) ] W hatw e need to do isto verify that dmr(hi), dm(e) and dTr
(f1) satisfy relations1 1), 1 2) and 1 3) for 1<i<n Let

ni(t) = Ug (DU o (- t YU (D)

forany t F'. By relation R3),
n(OUa Wni() *=U.a(- t %)

fort F andu F, and
U-a(- t U UU-a(f) = Ua(- DU.o(- t2u)Ua (D).
Note that for any locally nilpotent linear transformations dm(x) and dm(y),
(expdmr(x))d(y) (expdmr(x))” * = expaddm(x) (dm(y)),

0 we have
exp (uexpad (- t *dm(f ))dm(e)) = exp(u exp ad (- tdm(e)) (- t 2dm(fi))),
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w hich yields
exp ad (- t ‘dm(fi))dm(e) = - t ’exp ad (- tdmr(e))dm(f ;).

Expanding two sides and comparing the coefficientsof t *and t°, we obtain
[dmr(e) [dm(e) dm(fi)]]=- 2dm(e),

[dm(f ) [dmt(fi) dm(e)]] = - 2dm(f),
w hich mplies that

[dm(hi) dm(e) ] = 2dm(e), [dm(h) dm(f) ] = - 2dm(f).

Recalling that the subalgebra gi(K) sanned by e, fiand hiover K is issmorphic to sl2(K),
dris a representation of gi (K ), and by Proposition 2 2), dmisan integrable representation of g;
(K)onV. LetVm= {v V; dm(hi))v=mv}. ThenV adnitsadirect sum decomposionV = On Vn
by eigengpacesV »w ith regpect to dm(hi), and it isclear thatv V if and only if T(H 4 (t))v= {"v
foranyt F'. ApplyingR5) tov Vm, we have

t"TH o () (v+ udm(g)v+ )= v+ tiudm(e)v+

aj+m

w hich yields T1(H 4, (1)) dm(e) v= t%" "dm(e)v, forany t F'. Then

dm(h)dm(g)v = (aij + m)dm(g)v,

w hich mplies that [dmr(hi) dmt(e) 1= aidm(e) = a (hi) dm(e).
By the same argument, wemay deduce
[drr(hi) dmr(f ;)] = - agd7r(f;) = - a (h)d7r(f).
Since the subgroup H (F), generated by H o (t) witht F ™ and 1=<i=<n, isabelian, and each H s,
(t) isdiagonalizableonV. the subgroup H (F) is diagonalizableonV. Then dm(h), 1< i< n,
are diagonalizable smultaneously, w hich means
[dm(hi) ] dmr(h) ] = Q
At last, using the sasneway as it isused at the begining, w e know
Ua (DU- o (WU (- 1) = U. 4 (u)
mplies that
[dm(e) dmT(f;)]= 0O
for i# j. Hence d1rcan be extended to a representation of g" (K ), and by Proposition 2 3), dmis
an integrable representation of g’ (K). O
W e now can give a characterizatin of differentiable modules over the Kac- M oody group G

(F).

Theoran 3 2 LetV beavector paceover F. (v, 1 isadifferentiablemodule over the
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Kac- M oody group G (F) if and only if the restriction of 1 to each Uaw ith a= * ai is a rational
representation of Ua

Proof The root subgroup Ua, which is isomorphic to the additive group of the field F, isa u-
nipotent algebraic group over F. Hence, for any finite dimensional polynom ial representation P,

BU.(1) = exp ()

for some unique nilpotent linear trasfomationA. (see[6], Ch 8, Th 1 2) Thenthere exist local-
ly nilpotent linear transformations dm(e) and dm(f i) onV such that

MU (1)) = exp tdm(e), TU-4 (1)) = exp tdm(f )

foranyt F. ByLenma3 1, the theoran follow s O

It iswell know n that the Kac- M oody group G (F) asciated to a Cartan matrix is the uni-
versal Chevalley group. For the Chevalley group G (Q) over the rational field Q, an interesting
result is that all finite dimensionalmodulesover G (Q) are differentiable For G= SL(Q), the re-
sult was established by Steinberg'”. In the follow ing, wew ill establish the result for any Cheval-
ley group G (Q). Let G(F) denote the universal Chevalley group over a field F of characteristic
zero. Follow ing the standard notation, wew riteU (F) for themaximal unipotent subgroup of G
(F) generated by root subgroups correponding to positive roots, and B (F) for the Borel sub-
group of G (F) generated by H (F) andU (F).
Leanma 3 3 Let F and K be any fieldsof characteristic zero. For any homomorphign

T G(F) - SLa(K),

U (F)) isaunipotent subgroup in SL »(K).
Proof A subgroup A in 9 ~(K) is unipotent if and only if there exists a positive integer r such
that w henever a1, az,. .. ,ar A, then

(ar- 1) (az- 1) (ar- 1) =0
So, without losssof generality, wemay assume that K is algebraically closed W rite mB (F)) =
A. SinceB (F) is olvable, o isA. L etA® denote the connected component of the Zariski closure
of A in L+(K). Then A’ isa connected olvable algebraic subgroup of & «(K), and its commu-
tator subgroup isunipotent LetS= 1 ‘(ANnA°). ThenS isa subgroup of B (F) of finite index
Since each root subgroup U.(F) is isomorphic to the additive group of F, Ua(F) has no proper
subgroup of finite index, henceU (F) =S. Then itw ill suffice to show thatU (F) €S’', but by re-
lation R5) thisfact isclear sinceH (F)n'S isa subgroup of H (F) of finite index O
Theoran 3 4 LetV be afinite dmensional vector gpace over Fand

™ GQ) -sL (V)
a nontrivial homomorphisn. Then 1Tcan be extended to a homomorphisn, denoted again by T, of
G(F) into SL (v); moreover themodule (v, m over G(F) isdifferentiable
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