
Proof　Fo r any roo t subgroup U a (Q ) , by L emm a 3. 3 Π(U a (Q ) ) is a un ipo ten t subgroup of SL

(V ) , hence Π(U a (Q ) ) is con juga te in SL (V ) to a subgroup of the un ipo ten t upper t riangu lar m a2
t rix group. Since the expo ten t ia lm ap E xp of n ilpo ten t upper t riangu lar m atrices to un ipo ten t up2
per t riangu lar m atrices is b iject ive, fo r any i there ex ist n ilpo ten t linear t ran sfo rm at ion s d Π(ei)

and d Π(f i) on V such tha t

Π(U a i
( t) ) = exp td Π(ei) , 　Π(U - a i

( t) ) = exp td Π(f i)

fo r any t∈Q. By L emm a 3. 1 and T heo rem 3. 2 the theo rem fo llow s. □
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Kac- M oody 群上可微分模的刻画
查建国　黄临文

(上海同济大学应用数学系, 200092)

摘 要

对 Kay - M oody 代数 g′上的任意可积模 (V , d Π) , 通过指数可以把它提升为同 g′关联的
Kac- M oody群G 上的模 (V , Π) , G 上的这种模称为可微分模. 本文将刻画G 上的可微分模并且
证明, 模 (V , Π) 是可微分模当且仅当V 到每个根子群U a 的限制都是U a 的一个有理表示. 依据这
种刻画, 得到一个有趣的结果: 有理数域Q 上的Chevalley 群G (Q )的所有有限维模都是可微分模.
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A Character iza t ion of D ifferen tiable M odules over
Kac- M oody Groups3

Z ha J iang uo　H uang L inw en

(D ep t of A pp l. M ath. , Tongji U n iversity, Shanghai 200092)

Abstract Fo r any in tegrab le modu le (V , d Π) over a Kac- M oody algeb ra g′w e can lift it to a modu le (V ,

Π)over the Kac- M oody group G associatedto g′. T he p resen t paper characterizes such modu les and show s

that aG - modu le (V , Π) is a such modu le lifted from an in tegrab leg′- modu le (V , Π) if and on ly if the re2
strict ion of V toany roo t subgroupU a is ra t ional. By the characterizat ion, w e ob tain an in terest ing resu lt

w h ich says that all fin ite dim ensional modu les over G (Q ) are differen t iab lefo r the Chevalley group G (Q )

Keywords　Kac- M oody group s, Chevalley group s, M odu les

Classif ica tion　AM S (1991) 17B 67, 20G35öCCL O 153. 3

1. In troduction

T h roughou t the paper the bass field F is of charcterist ic zero.

T he Kac- M oody algeb ra g′= g′(A ) associa ted to a symm etrizab le genera lized Cartan m atrix

A = (a ij ) n×n is the L ie a lgeb ra over F genera ted by 3n genera to rs h i, ei and f i (1Φ iΦ n) w ith defin2
ing rela t ion s: [ 1 ]

1. 1)　[h i, h j ]= 0, 　[ei, f j ]= ∆ijh i;

1. 2)　[h i, ej ]= a j (h i) ej , 　[h i, f j ]= - a j (h i) f j;

1. 3)　 (ad e i) 1- a ij (ej ) = 0, 　 (adf i) 1- a ij (f j ) = 0　 ( i≠j ) ,

w here a j (1Φ j Φ n) is defined to be a j (h i) = a ij. Co rresponding to the Kac- M oody algeb ra g′, w e

can con struct the group G= G (F ) , ca lled the Kac- M oody group over F , a ssocia ted to g′by rep2
resen ta t ion app roach [ 2 ]. W e now reca ll the st ructu re of the group G associa ted to g′. G is genera t2
ed by U ±a i

( t) , 1Φ iΦ n , t∈F , and the fo llow ing fundam en ta l rela t ion s ho ld [ 3 ].

R 1 ) 　U a = {U a ( t) ; t∈F }, ca lled the roo t subgroup co rresponding to the roo t a , is isom o r2
ph ic to the addit ive group of the field F , w here a= a i o r a= - a i.

R 2)　 (U a i
, U - a j

) = 1 fo r i≠j.

R 3) 　T he subgroup G a i genera ted by U ±a i is isom o rph ic to SL 2 (F ) and the isom o rph ism �i:

SL 2 (F )→ G a i is g iven by

�i

1 t

0 1
= U a i

( t) , 　�i

1 0

t 1
= U - a i

( t).

　3 Received Sep. 26, 1994.
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　　R 4)　L et H a i
( t) = na i

( t) na i
(1) - 1, w here

na i
( t) = U a i

( t)U - a i
(- t- 1)U a i

( t).

T he subgroup H a i
= {H a i

( t) ; t∈F
3 } is isom o rph ic to the m u lt ip lica t ive group F

3 and the sub2
group H genera ted by H a i

, 1Φ iΦ n is the d irected p roduct of the group H a i
.

R 5)　H a i
( t)U ±a j

(u )H a i
( t) - 1= U ±a j

( t
±a ij u ) fo r any t∈F

3 , u∈F.

D ef in it ion 1. 1 A m odu le (V , Π) over G is ca lled d ifferen t iab le if there ex ists an in tegrab le act ion

d Πof g′on V such tha t

ΠU a i
( t) = exp thΠei; 　ΠU - ai ( t) = exp thΠf i

fo r any t∈F.

Kac[ 4 ] con jectu red tha t a G - m odu le (V , Π) is d ifferen t iab le if the linear t ran sfo rm at ion s on V

d Πei =
d
d t

ΠU a i
( t) û t= 0, 　d Πf i =

d
d t

ΠU - a i
( t) û t= 0.

can be defined. T he p resen t paper w ill ju st ify the con jectu re and show tha t a m odu le (V , Π) over

G is d ifferen t iab le if and on ly if the rest rict ion of V to the subgroup s U ±a i
, 1Φ iΦ n is a ra t iona l

rep resen ta t ion of U ±a i
.

2. 　In tegrable m odules over the Kac- M oody a lgebra g′

L et h′deno te the sub space spanned by h 1, h 2, ⋯, h n. By Kac[ 5 ] , an in tegrab le m odu le over g′

is defined as fo llow s:

D ef in it ion 2. 1　A m odu le (V , d Π) over g′is ca lled in tegrab le if the fo llow ing condit ion s are sa t2
isf ied:

i)　d Π(h′) is d iagonalizab le;

ii)　a ll d Π(ei) and d Π(f i) , 1Φ iΦ n , a re loca lly n ilpo ten t on V .

P rop osition 2. 2　A m odu le (V , d Π) over g′is in tegrab le on ly if the above condit ion ii) is sa t is2
f ied.

Proof　Since h′is an abelian L ie a lgeb ra, it w ill suffice to p rove tha t a ll d Π(h i) , 1Φ iΦ n , is d iag2
onalizab le. L et g i deno te the subalgeb ra spanned by h i, ei and f i, w h ich is isom o rph ic to sl2 (F ).

By the fin ite d im en siona l rep resen ta t ion theo ry of sl2 (F ) , h i is d iagonalizab le on any fin ite d im en2
siona l sl2 (F ) - m odu les. So it is enough to show tha t the act ion of g i on V is loca lly fin ite. Fo r

any v∈V , there ex ists a po sit ive in teger n such tha t d Π(ei) n
v = 0. W e u se induct ion on n to assert

tha t there ex ists a non- zero po lynom ia l f (x )∈F [x ] such tha t f (d Π(h i) ) v = 0, w h ich is equ iva2
len t to the fact tha t the sub space spanned by d Π(h i) k

v , k = 0, 1, 2, ⋯, is f in ite d im en siona l.

A ssum e n= 1. By the above condit ion ii) , there ex ists a po sit ive in teger m such tha t d Π(f i)m

v = 0. T he fundam en ta l comm u ta to r rela t ion in the envelop ing a lgeb ra U (sl2 (F ) )

[
em

i

m !
f m

i

m !
] = ∑

m

j = 1

f m - j
i

(m - j ) !
h i - 2m + 2j

j

em - j
i

(m - j ) !
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show tha t

[d Π(ei) m d Π(f i)m ] =
d Π(h i)

m
v = 0,

w here fo r any po sit ive in teger j and any in teger k ,

h i - k

j
=

(h i - k ) (h i - k - 1) ⋯ (h i - k - ( j - 1) )
j !

.

So ou r assert ion fo llow s w hen n= 1. Fo r any v∈V , by the induct ion hypo thesis, the sub space W

spanned by d Π(h i) k
d Π(ei) v , k = 0, 1, 2, ⋯, is f in ite d im en siona l. Since it is easy to ob serve tha t

fo r any k

d Π(ei) d Π(h i) kv = d Π(h i) kd Π(ei) v + d Π[ei h i
k ]v ∈W ,

there ex ists a non- zero po lynom ia l f (x )∈F [x ] such tha t d Π(ei) f (d Π(h i) ) v = 0. O u r conclu sion

fo llow s by app lying the resu lt ob ta ined in the case of n= 1 to f (d Π(h i) ) v. T hen w e deduce tha t

the g′- invarian t sub space

U (g′) v = ∑
k ,m , nΕ 0

d Π(f i) kd Π(ei) m d Π(h i) nv

is f in ite d im en siona l fo r any v∈V , since d Π(f i) and d Π(ei) a re loca lly n ilpo ten t on V , and d Π
(h i) is loca lly fin ite.

L et gθ′deno te the L ie a lgeb ra on genera to rs ei, f i and h i, 1Φ iΦ n , w ith defin ing rela t ion s

1. 1) and 1. 2). W e need the fo llow ing p ropo sit ion in o rder to d ifferen t ia te m odu les over the Kac

- M oody group G.

Proposit ion 2. 3　L et (V , d Π) be a gθg′- m odu le such tha t a ll d Π(ei) and d Π(f i) a re loca lly n ilpo2
ten t. T hen d Π(ei) and d Π(f i) , 1Φ iΦ n , sa t isfy rela t ion s 1. 3) so tha t w e m ay regard (v , d Π) as

an in tegrab le g′- m odu le.

Proof　W e w ill p rove tha t the second rela t ion in 1. 3)

(ad d Π(f i) ) 1- a ij d Π(f j ) = 0

is sa t isf ied if i≠j. T he first one in 1. 3) fo llow s by the sam e w ay. Fo r any v∈V , by the rela t ion s

in 1. 1) and 1. 2) , w e have

[d Π(ei) d Π(f j ) ]v = 0 [d Π(h i) d Π(f j ) ]v = - a ij d Π(f j ) v.

Since d Π(f i) is loca lly n ilpo ten t on V , there ex ists the least po sit ive in teger m such tha t

(ad d Π(f i) ) m d Π(f j ) v = ∑
m

j= 0

(- 1) j m

j
d Π(f i) m - j d Π(f j ) d Π(f i) jv = 0.

T he fundam en ta l comm u ta to r rela t ion in U (sl2 (F ) )

[ei f i
m ] = - m (m - 1) f m - 1 i+ m f m - 1

i h i
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im p lies tha t

ad d Π(ei) (ad d Π(f i) )m d Π(f j ) v = m (1 - m - a ij ) d Π(f i) m - 1d Π(f j ) v = 0,

w h ich m ean s m = 1- a ij.

3. 　D ifferen tiable m odules over the Kac- M oody group G

To em phasize the fields, over w h ich the Kac- M oody group and the Kac- M oody algeb ra

are defined, w e u se G (F ) to deno te the Kac- M oody group over a field F associa ted to the Kac-

M oody algeb ra g′(F ) over F. L et K be an ex ten sion field of F. If (V , d Π) is an in tegrab le rep re2
sen ta t ion of g′(K ) , it is w ell know n, by the con struct ion of G (F ) , tha t there ex ists the rep resen2
ta t ion Π: G (F )→GL (V ) of G (F ) g iven by

Π(U a i
( t) ) = exp td Π(ei) , 　Π(U - a i

( t) ) = 。exp td Π(f i)

fo r any t∈F and 1Φ iΦ n. T hen the m odu le (V , Π) becom es a differen t iab le m odu le over G (F ).

In the fo llow ing, w e w an t to find condit ion s to determ ine w h ich m odu les over G (F ) a re d ifferen2
t iab le.

L emma 3. 1　L et V be a vecto r space over K , genera lly speak ing, infin ite d im en siona l, and let Π:

G (F ) →GL (V ) be a non- trivia l hom om o rph ism. If there ex ist loca lly n ilpo ten t linear t ran sfo r2
m ation s d Π(ei) and d Π(f i) on V such tha t

Π(U a i
( t) ) = expd Π( tei) , 　Π(U a i

( t) ) = expd Π( tf i)

fo r any t∈F and 1Φ iΦ n , d Πcan be ex tended to an in tegrab le rep resen ta t ion of g′(K ). T hen Π
can be ex tended to the hom om o rph ism , deno ted again by Π, of G (K ) in to GL (V ) so tha t (V , Π)

is a d ifferen t iab le m odu le over G (K ).

Proof　Set d Π(h i) = [d Π(ei) d Π(f i) ]. W hat w e need to do is to verify tha t d Π(h i) , d Π(ei) and d Π
(f i) sa t isfy rela t ion s 1. 1) , 1. 2) and 1. 3) fo r 1Φ iΦ n. L et

n i ( t) = U a i
( t)U - a i

(- t- 1)U a i
( t)

fo r any t∈F
3 . By rela t ion R 3) ,

n i ( t)U a i
(u ) n i ( t) - 1 = U - a i

(- t- 2u )

fo r t∈F
3 and u∈F , and

U - a i
(- t- 1)U a i

(u )U - a i
( t- 1) = U a i

(- t)U - a i
(- t- 2u )U a i

( t).

N o te tha t fo r any loca lly n ilpo ten t linear t ran sfo rm at ion s d Π(x ) and d Π(y ) ,

(expd Π(x ) ) d Π(y ) (expd Π(x ) ) - 1 = expad d Π(x ) (d Π(y ) ) ,

so w e have

exp (uexpad (- t- 1d Π(f i) ) d Π(ei) ) = exp (u exp ad (- td Π(ei) ) (- t- 2d Π(f i) ) ) ,
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w h ich yields

exp ad (- t- 1d Π(f i) ) d Π(ei) = - t- 2exp ad (- td Π(ei) ) d Π(f i).

Expanding tw o sides and com paring the coefficien ts of t
- 2 and t

0, w e ob ta in

[d Π(ei) [d Π(ei) d Π(f i) ] ] = - 2d Π(ei) ,

[d Π(f i) [d Π(f i) d Π(ei) ] ] = - 2d Π(f i) ,

w h ich im p lies tha t

[d Π(h i) d Π(ei) ] = 2d Π(ei) , [d Π(h i) d Π(f i) ] = - 2d Π(f i).

R eca lling tha t the subalgeb ra g i (K ) spanned by ei, f i and h i over K is isom o rph ic to sl2 (K ) , so

d Π is a rep resen ta t ion of g i (K ) , and by P ropo sit ion 2. 2) , d Π is an in tegrab le rep resen ta t ion of g i

(K )on V . L et V m = {v∈V ; d Π(h i) v = m v }. T hen V adm its a d irect sum decom po sion V = © m ∈ZV m

by eigen spaces V m w ith respect to d Π(h i) , and it is clear tha t v∈V if and on ly if Π(H a i
( t) ) v = t

m
v

fo r any t∈F
3 . A pp lying R 5) to v∈V m , w e have

t- m Π(H a i
( t) ) (v + ud Π(ej ) v + ⋯) = v + ta ij ud Π(ej ) v + ⋯,

w h ich yields Π(H a i
( t) ) d Π(ej ) v = t

a ij + m
d Π(ej ) v , fo r any t∈F

3 . T hen

d Π(h i) d Π(ej ) v = (a ij + m ) d Π(ej ) v ,

w h ich im p lies tha t [d Π(h i) d Π(ej ) ]= a ijd Π(ej ) = a j (h i) d Π(ej ).

By the sam e argum en t, w e m ay deduce

[d Π(h i) d Π(f j ) ] = - a ijd Π(f j ) = - a j (h i) d Π(f j ).

Since the subgroup H (F ) , genera ted by H a i
( t) w ith t∈F

3 and 1Φ iΦ n , is abelian, and each H a i

( t) is d iagonalizab le on V . the subgroup H (F ) is d iagonalizab le on V . T hen d Π(h i) , 1Φ iΦ n ,

a re d iagonalizab le sim u ltaneou sly, w h ich m ean s

[d Π(h i) ] d Π(h j ) ] = 0.

A t last, u sing the sam e w ay as it is u sed a t the begin ing, w e know

U a i
( t)U - a j

(u )U a i
(- t) = U - a j

(u )

im p lies tha t

[d Π(ei) d Π(f j ) ] = 0

fo r i≠j. H ence d Πcan be ex tended to a rep resen ta t ion of gθ′(K ) , and by P ropo sit ion 2. 3) , d Π is

an in tegrab le rep resen ta t ion of g′(K ). □

W e now can give a characteriza t in of d ifferen t iab le m odu les over the Kac- M oody group G

(F ).

Theorem 3. 2　 L et V be a vecto r space over F. (V , Π) is a d ifferen t iab le m odu le over the
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Kac- M oody group G (F ) if and on ly if the rest rict ion of Π to each U a w ith a= ±a i is a ra t iona l

rep resen ta t ion of U a.

Proof　 T he roo t subgroup U a , w h ich is isom o rph ic to the addit ive group of the field F , is a u2
n ipo ten t a lgeb ra ic group over F. H ence, fo r any fin ite d im en siona l po lynom ia l rep resen ta t ion Θ,

Β(U a ( t) ) = ex p ( tA )

fo r som e un ique n ilpo ten t linear t rasfo rm at ion A . ( see[6 ], Ch. 8, T h. 1. 2) T hen there ex ist loca l2
ly n ilpo ten t linear t ran sfo rm at ion s d Π(ei) and d Π(f i) on V such tha t

Π(U a i
( t) ) = ex p td Π(ei) , 　Π(U - a i

( t) ) = ex p td Π(f i)

fo r any t∈F. By L emm a 3. 1, the theo rem fo llow s. □

It is w ell know n tha t the Kac- M oody group G (F ) associa ted to a Cartan m atrix is the un i2
versa l Chevalley group. Fo r the Chevalley group G (Q ) over the ra t iona l f ield Q , an in terest ing

resu lt is tha t a ll f in ite d im en siona lm odu les over G (Q ) a re d ifferen t iab le. Fo r G = SL n (Q ) , the re2
su lt w as estab lished by Steinberg [ 7 ]. In the fo llow ing, w e w ill estab lish the resu lt fo r any Cheval2
ley group G (Q ). L et G (F ) deno te the un iversa l Chevalley group over a field F of characterist ic

zero. Fo llow ing the standard no ta t ion, w e w rite U (F ) fo r the m ax im al un ipo ten t subgroup of G

(F ) genera ted by roo t subgroup s co rresponding to po sit ive roo ts, and B (F ) fo r the Bo rel sub2
group of G (F ) genera ted by H (F ) and U (F ).

L emma 3. 3　L et F and K be any fields of characterist ic zero. Fo r any hom om o rph ism

Π: G (F ) → SL n (K ) ,

Π(U (F ) ) is a un ipo ten t subgroup in SL n (K ).

Proof A subgroup A in SL n (K ) is un ipo ten t if and on ly if there ex ists a po sit ive in teger r such

tha t w henever a1, a2,. . . , a r∈A , then

(a1 - 1) (a2 - 1)⋯ (a r - 1) = 0.

So , w ithou t lo sss of genera lity, w e m ay assum e tha t K is a lgeb ra ica lly clo sed. W rite Π(B (F ) ) =

A . Since B (F ) is so lvab le, so is A . L et Aϖ0 deno te the connected com ponen t of the Zarisk i clo su re

of A in SL n (K ). T hen Aϖ0 is a connected so lvab le a lgeb ra ic subgroup of SL n (K ) , and its comm u2
ta to r subgroup is un ipo ten t. L et S = Π- 1 (A ∩Aϖ0). T hen S is a subgroup of B (F ) of f in ite index.

Since each roo t subgroup U a (F ) is isom o rph ic to the addit ive group of F , U a (F ) has no p roper

subgroup of fin ite index, hence U (F ) Α S. T hen it w ill suffice to show tha t U (F ) Α S ′, bu t by re2
la t ion R 5) th is fact is clear since H (F )∩S is a subgroup of H (F ) of f in ite index. □

Theorem 3. 4　L et V be a fin ite d im en siona l vecto r space over F and

Π: G (Q ) → SL (V )

a non trivia l hom om o rph ism. T hen Πcan be ex tended to a hom om o rph ism , deno ted again by Π, of

G (F ) in to SL (V ) ; m o reover the m odu le (V , Π) over G (F ) is d ifferen t iab le.
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