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微 分 包 含 的 稳 定 性
宋　文

(哈尔滨师范大学数学系, 150006)

摘　要

本文通过引用生存定理,L yapunov 第二方法和比较定理, 首先证明了微分包含的整体存在定

理, 然后讨论了微分包含解的稳定性.
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Abstract　 In th is paper, w e first p rove som e global ex istence theo rem s fo r differen tial inclusions by

using viab ility theo rem , L yapunov’s second m ethod and comparison theo rem , and then discuss the sta2
bility of so lu tions fo r differen tial inclusion.

Keywords　differen tial inclusion, stab ility, global ex istence, viab ility theo rem.
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1. In troduction

In recen t years the study of d ifferen t ia l inclu sion s has been devo loped con siderab ly, w ith ap2
p lica t ion s to m athem atica l econom ics[ 1 ], [ 2 ] , non sm oo th dynam ics and op t im al con tro l[ 4 ] , etc. A lso

d ifferen t ia l inclu sion p rovides a m athem atica l too l fo r stud ing differen t ia l equa t ion w ith a d iscon2
t inuou s righ t handside [ 6 ].

R ecen t ly, Seach [ 10 ] and T an iguch i[ 12 ] p roved tha t the d ifferen t ia l inclu sion

xα∈ F ( t, x ) , x (0) = x 0 (3 )

has g loba l so lu t ion defined on [ t0, ∞) and they a lso con sidered asym p to t ic equ ilib rium of so lu t ion

fo r d ifferen t ia l inclu sion (3 ). Rox i[ 9 ] con sidered the w eak ly (st rongly) stab ility fo r genera l con2
t ro l system s. A long the sam e lines, T. F. B ridg land. J r [ 3 ] stud ied w eak stab ility of so lu t ion fo r

d ifferen t ia l inclu sion (3 ) under som e strongly assum p tion s. W e also m en t ion tha t [8 ] d iscu ssed

stab ility fo r d ifferen t ia l equa to in w ith d iscon t inuou s righ t2hand sides.

T he pu rpo se of th is paper is to p resen t g loba l ex istence theo rem s and stab ility of so lu t ion fo r

d ifferen t ia l (3 ) by u sing viab ility theo rem , L yapunov’s second m ethod and com parison theo rem.

2. Globa l ex istence of solution to d ifferen tia l inclusion

L et K < R
n

be a sub set of R
n

and x ∈K. T he con t ingen t cone T K (x ) is defined by

T K (x ) = {vû lim inf
h→0

+
d K (x + hv ) öh = 0}.
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　　A set2valued m ap F : R
n→R

m
is ca lled upper sem icon t inuou s a t x ∈Dom (F ) if and

on ly if fo r any neighbo rhood U of F (x ) there ex ists Γ> 0 such tha t fo r every x ′∈B

(x , Γ) , F (x ′) < U. It is sa id to be upper sem icon t inuou s if and on ly if it is upper

sem icon t inuou s a t any po in t of Dom (F ).

L et (8 , 2 ) be a m easu rab le space and F : 8 →R
n

be a set2valued m ap w ith clo sed

im ages. T he m ap F is ca lled m easu rab le if the inverse im age of each open set is m ea2
su rab le set.

A set2valued m ap F : R ×R
n→R

n
is sa id to be linear grow th if there is C ( t) ∈L

1

(R
+ , R

n) such tha t

ûûF ( t, x ) ûû = sup ûûv ûûûv ∈ F ( t, x ) Φ C ( t) (1 + ûûx ûû ) onR
+ ×R

n.

　　L et V : R
n→R ∪{+ ∞} be a non trivia l ex tended funct ion and x belong to it s do2

m ain. W e shall say tha t the funct ion D ↑v (x ) from R
n

to R ∪+ ∞ defined by

D ↑V (x ) (u ) = lim
h→0

inf
u′→u

(1öh) (V (x + hu′) - V (x ) )

is the con t ingen t ep ideriva t ive of V a t x in the d irect ion u.

T he funct ion V is con t ingen t ly ep id ifferen t iab le a t x if and on ly if D ↑V (x) (0) = 0. It is sa id

ep isleek (a t x ) if its ep igraph is sleek (a t (x ,V (x ) ) i. e. , T ep iV (x ,V (x ) ) is upper sem icon t inuou s

a t (x ,V (x ) ).

If V is L ip sct iz a t a po in t of its dom ain, then D ↑V (x ) (u ) is the low er D in i2deriva t ive.

W e define in a sim ila r w ay the con t ingen t hypoderiva t ive D ↓V (x ) from R
n→R ∪+ ∞ of V :

R
n→R ∪+ ∞ a t a po in t x of its dom ain by

D ↓V (x ) (u ) = - D ↑ (- V ) (x ) (u ) = lim
h→0

sup
u′→u

(1öh ) (V (x + hu′) - V (x ) ).

　W e con sider the d ifferen t ia l inclu sion

xα∈ F ( t, x ( t) ) , x (0) = x 0, (2. 1)

and the com parison differen t ia l equa t ion

uα( t) = g ( t, u ) , u ( t0) = u 0, (2. 2)

w here F : R ×R
n→R

n is a set2valued m ap , w h ich sa t isf ies tha t

(a) fo r each x ∈R
n , t→F ( t, x ) is m easu rab le,

(b) fo r a lm o st t∈R
+ , x →F ( t, x ) is upper sem icon t inuou s;

and g : R ×R
1→R

+ sa t isf ies the Cara theodo ry condit ion s.

A funct ion x (õ) is ca lled a so lu t ion of d ifferen t ia l inclu sion (2. 1) o r d ifferen t ia l equa t ion (2.

2) if x (õ) is ab so lu tely con t inuou s and sa t isf ies (2. 1) o r (2. 2) fo r a lm o st a ll t respect ively.

Theorem 1 L et V : R
+ ×R

n→R ∪+ ∞ be a nonneg a tive con ting en tly ep i2d if f eren table low er sem icon2
tinuous ex tend ed f unction and F : R

+ ×R
n→R

n
be a non triv ia l upp er sem icon tinuous set2va lued m ap

w ith com p act convex im ag es. W e supp ose tha t

( i) f or every ( t, x )∈d om (V ) , infV ∈F ( t, x )D ↑V ( t, x ) (1, v ) Φ g ( t,V ( t, x ) ) ,

w here g∈C (R + ×R
1→R ) ;
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( ii) f or any g iven [ 0, T ]< R
+ , lim ûx û→+ ∞V ( t, x ) = + ∞ un if orm ly f or t∈[ 0, T ].

If the d if f eren tia l equa tion (2. 2) has a m ax im a l solu tion r ( t, t0 , u 0) d ef ined on [ t0 , ∞) , then

f or any x 0 such tha t V ( t0 , x 0) Φ u 0 , there ex ists a solu tion x ( t) of the d if f eren tia l inclusion (2. 1)

d ef ined on [ t0 , ∞) such tha t V ( t, x ( t) ) Φ r ( t) , tΕ t0.

Proof W e set G ( t, x , u ) = F ( t, x ) ×g ( t, u ) , K ( t) = ΕpV ( t). Since F ( t, x ) is com pact and DV ( t,

x ) (v ) is low er sem icon t inuou s, ( i) im p lies tha t there is v∈F ( t, x ) such tha t (see P rop. 6. 14 of

[2 ])

(1, v , g ( t,V ( t, x ) ) ∈ T Εp (V ) ( t, x ,V ( t, x ) ) = Εp (D V ( t, x ) ).

T hu s z n: = ( t+ h n tn, x n+ hnv n,V ( t, x ) + hnsn)∈Εp (V ) w ith hn→0+ , tn→t, v n→v and sn→g ( t,

V ( t, x ) ). If u> V ( t, x ) , th is im p lies tha t fo r la rge n.

( t + h n tn, x n + h nv n , u + hng ( t, u ) )

　 = z n + (0, 0, u2V ( t, x ) 2hn (sn2g ( t, u ) ) ∈ Εp (V ) + {0} × {0} ×R + = Εp (V ) , so tha t

(1, v , g ( t, u ) ) ∈ T Εp (V ) ( t, x , u ) ) ,

i. e. , (1, G ( t, x , u )∩T Graph (K ) ( t, x , u )≠Á.

By T heo rem 3. 25 of [ 1 ], fo r in it ia l sta te ( t0, x 0, u 0) ∈Graph (K ) , there ex ists a po sit ive T

and a variab le so lu t ion (x , u ) on [ t0, T ] to d ifferen t ia l inclu sion

(xα( t) , uα( t) ) ∈G ( t, x ( t) , u ( t) )

such tha t

(x ( t) , u ( t) ) ∈ K ( t) , t ∈ [ t0, T ], i. e. , V ( t, x ( t) ) Φ u ( t) , t ∈ [ t0, T ],

and

eitherT = + ∞ orT < ∞ and lim
t→T -

sup (ûûx ( t) ûû + ûûu ( t) ûû ) = + ∞.

Since the m ax im al so lu t ion r ( t, t0, u 0) fo r d ifferen t ia l equa t ion (2. 2) is defined on [ t0, ∞ ] and

so V ( t, x ) Φ u ( t) Φ r ( t, t0, u 0). T h is and ( ii) im p ly T = + ∞. O therw ise, the boundedness of r ( t)

on [ t0, T ) and ( ii) im p ly tha t ûûx ( t) ûû is bounded on [ t0, T ). T h is is a con trad ict ion. □

Remark A sim ila r resu lt w as d iscu ssed in [1 ] w here F w as assum ed to be linear grow th and w as

indepen t of t.

A s a con sequence, w e have

Corollary 1 L et F be as in T heorem 1 and g : R
+ ×R

+ →R
+

be a con tinuous f unctions. A ssum e tha t

( iii) d (0, F ( t, x ) ) Φ g ( t, úx ú ) , tΕ t0.

If the d if f eren tia l equa tion (2. 2) has a m ax im a l solu tion r ( t, t0, u 0) d ef ined on [ t0, ∞) , then

f or any x 0, ûx 0ûΦ u 0, there ex ists a solu tion x ( t) of the d if f eren tia l inclusion (2. 1) d ef ined on [ t0,

∞) such tha t úx ( t) úΦ r ( t) , tΕ t0.

Proof　 L et V (t, x) = ûûxûû. W e have
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inf
v∈F ( t, x )

D ↑V ( t, x ) (1, v ) = inf
v∈F ( t, x )

sup
x 3 ∈5ûx û

〈x 3 , v〉Φ inf
v∈F ( t, x )

ûûv ûû Φ g ( t, ûûx ûû ).

Since (see [4 ])

5ûûx ûû =
{x iöúx ú}, ifx ≠ 0,

x 3 ∈R nû ûx 3 û Φ 1, ifx = 0.

T h is com p letes the p roof of the Co ro lla ry by u sing T heo rem 1. □

Theorem 2 L et V : R
+ ×R

n→R ∪+ ∞ be a nonneg a tive con ting en tly ep i2d if f eren tiable ep isleek low er

sem icon tinuous ex tend ed f unction. L et F : R
+ ×R

n→R
n

be linea r g row th set2va lued m ap w ith com 2

p act convex im ag es and g : R
+ ×R

+
be linea r g row th nonneg a tive f unction. W e supp ose tha t F is

m easu rable in t, upp er sem icon tinuous in x and g sa tisf ies Ca ra theod ory cond itions. A ssum e a lso

tha t ( i) and ( ii) hold. If the d if f eren tia l equa tion (2. 2) has a m ax im a l solu tion r ( t, t0, u 0) d e2

f ined on [ t0, ∞) , then f or any x 0, V ( t0, x 0) Φ u 0, there ex ists a solu tion x ( t) of the d if f eren tia l in2

clusion (2. 1) d ef ined on [ t0, ∞) such tha t V ( t, x ( t) ) Φ r ( t) , tΕ t0.

Proof W e can p roves the T heo rem by u sing T heo rem 1 of [5 ] and the sim ila r m ethod in p roof of

T heo rem 1.

Remark T heo rem 2 rem ain s true fo r non2ep isleek V ( t, x ) , if w e rep lace ep ideriva t ive D ↑V ( t, x )

(1, v ) in ( i) by C irca tangen t ep ideriva t ive D ↑V ( t, x ) (1, v ) (see [2 ] and [4 ]).

Theorem 3 L et F , g be as in T heorem 1 and let V : R
+ ×R

n→R ∪+ ∞ be a nonneg a tive con ting en tly

hyp od if f eren table con tinuous f unction. A ssum e tha t F is linea r g row th and tha t ( ii) and

( iv ) f or every ( t, x )∈ dom (V ) , sup v∈F ( t, x )D ↑V ( t, x ) (1, v ) Φ g ( t,V ( t, x ) ).

If the d if f eren tia l equa tion (2. 2) has a m ax im a l solu tion r ( t, t0, u 0) d ef ined on [ t0, ∞) , then f or

any x 0,V ( t0, x 0) Φ u 0, a ll solu tions x ( t) of the d if f eren tia l inclusion (2. 1) d ef ined on [ t0, ∞) such

tha t V ( t, x ( t) ) Φ r ( t) , tΕ t0.

Proof By T heo rem 1 the differen t ia l inclu sion (2. 1) has a so lu t ion defined on [ t0, ∞) such tha t V

( t, x ( t) ) Φ r ( t) , tΕ t0.

L et x (õ) be an arb it ra ry so lu t ion to the d ifferen t ia l inclu sion (2. 1). W e assert tha t its m ax i2

m al ex istence in terva l is [ t0, ∞) and V ( t, x ( t) ) Φ r ( t) , tΕ t0. Indeed, if its m ax im al ex istence in2

terva l is [ t0, T ) , T < + ∞, f or any t∈[ t0, T ) , the upper sem icon t inu ty of F im p lies

x ( t + h ) - x ( t) ∈ hF ( t, x ) + ΕhB

fo r sm all h , w here B deno tes the un it ba ll of R
n. T h is and (iv) yield

D ↓V ( t, x ( t) ) = lim
h→0

sup [V ( t + h , x ( t + h ) ) 2V ( t, x ( t) ) ]öh

Φ sup
v∈F ( t, x ( t) )

D ↓V ( t, x ( t) ) (1, v ) Φ g ( t,V ( t, x ) ).
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　　T hu s T heo rem 1. 2. 6 of [7 ] (see a lso [11 ]) im p lies V ( t, x ( t) ) Φ r ( t) , t∈[ t0, T ). Since r ( t)

is bounded on [ t0, T ) and lim û ûx û û→∞V ( t, x ) = + ∞ un ifo rm aly on [ t0, T ) , then V ( t, x ( t) ) Φ r ( t) , t

∈[ t0, T ) im p lies tha t ûûx ( t) ûû is bounded on [ t0, T ) and so there ex istsM > 0 such tha t ûûx ( t) û
ûΦM fo r t∈[ t0, T ). H ence ûûF ( t, x ( t) ûû - sup v∈F ( t, x ( t) ) ûûv ûûΦ (M + 1)C ( t) , and then fo r any t0

Φ t1Φ t2Φ T w e have

ûûx ( t2) - x ( t1) ûû Φ (M + 1)∫
t2

t1

C ( t) d t

and by the ab so lu tely con t inuou s of in tegra l, x ( t) has a lim it w hen t→T - , w e deno te th is lim it

by z 0.

By T heo rem 3. 2. 5 of [1 ] there ex ists T 1> T and a so lu t ion x 1 ( t) sta rt ing a t z 0 to d ifferen t ia l

inclu sion x ( t)∈F ( t, x ( t) ) on [T , T 1).

D efine

z ( t) =
x ( t) , if t ∈ [ t0, T ) ,

x 1 ( t) , if t ∈ [T , T 1).

T hen z ( t) is a so lu t ion of the d ifferen t ia l inclu sion (2. 1) defined on [ t0, T 1). T h is is a con trad ic2
t ion. □

3. Stab il ity of d ifferen tia l inclusion

In th is sect ion w e assum e tha t
(v) 0∈F ( t, 0) , g ( t, 0) = 0 and V ( t, 0) = 0, t∈R

+

ho ld. Con sider d ifferen t ia l inclu sion
xα( t) ∈ F ( t, x ) , (3. 1)

and d ifferen t ia l equa t ion
uα( t) = g ( t, u). (3. 2)

T he t rivia l so lu t ion x = 0 of (3. 1) is stab le (w eak ly stab le) , if fo r each Ε> 0, t0

∈R
+ , there ex ists ∆= ∆( t0, Ε) > 0 such tha t fo r each x 0, û û x 0û û < ∆, a ll ( there ex ists

a) so lu t ion x ( t, t0, x 0) of (3. 1) sa t isfying ûûx ( t, t0, x 0) ûû< Ε, tΕ t0.

If ∆ is independen t of t0, w e say tha t the so lu t ion x = 0 of (3. 1) is un ifo rm ly sta2
b le (un ifo rm ly w eak ly stab le). O ther stab ility no t ion s (equ istab le, asym p to t ic sta2
b le, equ iasym p to t ic stab le) can be sim ila rly defined (see [7 ], [11 ]).

T he t rivia l so lu t ion u= 0 of (3. 2) is stab le, if fo r each Ε> 0, t0∈R
+ , there ex ists

∆= ∆( t0, Ε) > 0 such tha t fo r each u 0ûûu 0ûû< ∆, there ex ists a m ax im al so lu t ion r ( t, t0,

u 0) of (3. 2) sa t isfying û r ( t, t0, u 0) û< Ε, tΕ t0.

O ther stab ility of u= 0 to the d ifferen t ia l equa t ion (3. 2) can be sim ila rly defined
(see [7 ] and [11 ]).

Theorem 4 L et F and g be as in T heorem 1 (or T heorem 2) and let V : R
+ ×R

n→R
+

be a con tin2
g en tly ep id if f eren table con tinuous f unction. A ssum e tha t ( i) , ( ii) hold and

(v i) there ex ists a con tinuous strict increasing f unction < on R
+

sa tisf y ing <(0) = 0 and <(ûûx û
û ) ΦV ( t, x ) , ( t, x )∈R

+ ×R
n.
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T hen the f ollow ing conclusion hold s

1°. If the triv ia l solu tion u= 0 of (3. 2) is stable (or asym p totic stable) , then the triv ia l solu2
tion x = 0 of (3. 1) is w eak ly stable (or asym p totic w eak ly stable).

F u rtherm ore, assum e tha t

(v ii) there ex ists a con tinuous strict increasing f unction Ω on R
+

sa tisf y ing Ω(0) = 0 and V ( t,

x ) Φ Ω(ûûx ûû ) , ( t, x )∈R
+ ×R

n.

2°. If the triv ia l solu tion u= 0 of (3. 2) is un if orm ly stable (or un if orm ly asym p totic stable) ,

then the triv ia l solu tion x = 0 of (3. 1) is un if orm ly w eak ly stable (or un if orm ly asym p totic w eak ly

stable) resp ectively.

Proof Fo r any given ( t0, x 0)∈R
+ ×R

n , by T heo rem 1 (o r T heo rem 3) , there ex ists a so lu t ion x

( t, t0, x 0) of the d ifferen t ia l inclu siton (3. 1) and a so lu t ion u ( t, t0,V ( t0, x 0) ) of the d ifferen t ia l e2
quat ion (3. 2) such tha t

V ( t, x ( t, t0, x 0) ) Φ u ( t, t0,V ( t0, x 0) ) Φ r ( t, t0,V ( t0, x 0) ) , (3. 3)

and (vi) im p lies

<5 (ûûx ( t, t0, x 0) ûû ) Φ V ( t, x ( t, t0, x 0) ). (3. 4)

If the trivia l so lu t ion u= 0 is stab le, then fo r any Ε> 0, t0∈R
+ , there ex ists ∆3 = ∆3 ( t0, Ε) >

0 such tha t fo r each u 0, 0Φ u 0< ∆3 , w e have

0 Φ r ( t, t0, u 0) < <(Ε) , t Ε t0. (3. 5)

　　F rom the con t inu ity of V , there ex ists ∆( t0, Ε) > 0 such tha t fo r each ûûx 0ûû< ∆( t0, Ε) w e have

0ΦV ( t0, x 0) < ∆3 ( t0, Ε) and so 0Φ r ( t, t0,V ( t0, x 0) ) < <(Ε). T h is and (3. 3) , (3. 4) im p ly tha t fo r

ûûx 0ûû< ∆( t0, Ε) w e have ûûx ( t, t0, x 0) ûû< Ε. T herefo re the so lu t ion x= 0 of d ifferen t ia l inclu sion

(3. 1) is w eak ly stab le.

It is easy to show tha t the o ther conclu sion s ho ld by the standard argum en t.

If w e rep lace the assum p tion s on F and g of T heo rem 4 by assum ing tha t F and g sa t isfy the

condit ion s of T heo rem 3, w e can p rove the co rresponding resu lts fo r st rongly stab ility p ropert ies.
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