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Q Introduction

The original magic squares, e g ,

1 12 8 13
6 1 8

15 6 10 3
7 5 3 and

14 7 11 2
2 9 4

4 9 5 16

are defined as an arrangement of the first n*positive integers into a squarematrix = that the sum
of each column, row, and diagonal numbers add up to themagic number n(n*+ 1) /2

It does not takemuch to realize that if each entry of the magic square is decreased by 1 the
resulting squarematrix isagain amagic squarew ith magic number n(n*-1) /2 Thusone can think
of the old-fashioned magic squares asmagic squareson the cyclic groupsof order n>

W e deffine amagic square of order n on agroup G (w hich is necessarily of order n?) asan ar-
rangement of the n*elenentsof G into a squarematrix s that each row, column, or diagonal has
its product (or sum depending on the operation of G) equal to the same group elenent For a-
belian groups, there is no anbiguity in multiplying diagonal elanents In the case of nonabelian
groups, ome convension is needed

1 M agic squares on cyclic groups

It iswell known that magic squaresof all ordersexist Thisfactmay be restated as

Proposition 1 M agic squares on cyclic groups o order n’ exist f or all positive integer n> 3
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Notice that we leave the old convention that an nX n square is of order n The old magic
square of order 3 isnow themagic square on the cyclic group of order 9, or Zs

2 M agic squares on groups of order p’

Our purpose is to go after the follow ing

Theorem. M agic squares on all abelian groups o order n’ exist, for all positive integer n= 3
Several gecial cases are obvious

Proposition 2 M agic squares on abelian groups o order p’exist for all odd prime p.

Groupsof order p? are either cyclic or elanentary abelian W e have already seen that magic
squares on cyclic groups exist To prove thisproposition for elanentary abelian groups, we list
the group elaments like the’ time table” in the natural order, then it iseasy to see that the row s,
columns and the diagonals have the same sum.

3 M agic squares on elanentary abelian groups

From the consideration of groups of order p®, we see that thismethod easily extends to all
elenentary abelian groupsof order p®> For exanple, amagic square on Z3, the elenentary a-
belian 2-group of order 16:

(0,0,0,0) (0,1,0,0) (1,0,0,0) (1,1,0,0)

(0,0,1,00 (0,1,1,0 (1,0,1,00 (1,1,1,0)

(0,0,0,1) (0,1,0,1) (1,0,0,1) (1,1,0,1)

(0,0,1,1 (0,1,1,1) (1,0,1,1) (1,1,1,12)
It iseasy to see that this isamagic square since there is an even number of 1'soccuring on each
coordinate of each row, column, and diagonal Therefore, each row, column, and diagonal adds

up to (0,0, 0,0). W e have the follow ing

Proposition 3 For any prime p, and any positive integer n, magicc squares on elenentary abelian

p-groups d order p2" exist
4 Autamorphisn s of magic squares

By an automorphisn of amagic square, wemean a bijection of the magic square onto itself
that preserves itsmagic character, i e , the result isagain amagic square; e g , in the caseof a
4x 4 magic square on Zzs,

0 11 7 12

14 5 9 2

13 6 10 1

3 8 4 15
It is easily seen that the bijection of exchanging both the first two row s and columns is an auto-
morphisn. Now for magic squares on elementary abelian p-groups, exchanging row s and
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columns preserves its magic character W e al verify easily that exchanging any two row s or
columns preserves the magic character Follow ing [2], we call the automorphisn group of a
magic square itsmagic group. W e have the follow ing

Theorem. Themagic group o amagic square on Zy"contains the group Sp"X Spn
5 M agic cubes on abelian groups

In [1], amagic cube of order 3 is given: technically, that isnot really amagic cube because
the diagonalson each faceor layer do not add up. A coording to theprevious discussion theold-fa-
chioned“ magic cube of order 3” should be called amagic cube on Zz7, the cyclic group of order
27, which, we shall show, doesnot exist Thenmagic cubeson other abelian groups, egecially
elanentary abelian p-groups, are plentiful

Exam ple(N onexxistence of magic cubeson Z2r) A ssuming therew ere amagic cubeon Zz, and let
themagic sum beM. L et one of the faces be

a b c
d e f
g h i

Since sum of each column, row, and diagonal must beM , we have a+ et i= c+ et g= a+ d+ g
= c+ f+ i, 0 thefour cornersa+ c+ g+ i=M - 2e=M - (d+ f), which mplies that 2e= d+ f,
adding e to both sides gives 3e=M , ® emust beM /3 The same argument goes tow ard the oppo-
site face, © the middle elenent must alo beM /3, which contradicts the fact that the 27 ele-
ments are distinct

Autamorphisns By an automorphisn (see [3]) of amagic cube, we mean a bijection of the
magic cubew hich preserves themagic character of the cube W eobserve that exchanging the lay-
ers of the cube in any manner preverves themagic character of the cube A |0, any automorphisn
of the group induces an automorphisgn of the cube, and w e have the follow ing

Theorem. The autanorphisn group o amagic cube on an elenentary p-group o order p3n contains
as subgroups the autanorphisn group and Sp"X Sp"X Spn, w here Spn is the symmetric group on p"
sym bols
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