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Abstract A n arithmetical function f is said to be a rational arithmetical function of or-

der (s, r) if there existcompletely multiplicative functions f 1, f 2,

, fsandgs, g2, , gr
such that

f=faxfa*x  *fs*(g0) "% (g2) "%  *(g) 7,
where * istheDirichlet convolution Recently, L. C. Hsu andW ang Jun studied com-
binatorial meanings of rational arithmetical functions of order (1, r). W e study these
meanings in the setting of N arkiew icz' s regular convolution
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1 Introduction

A n arithmetical function f is said to bemultiplicative if f is not identically zero and
f(mn)=fm)f(n) (11

w henever (m,n)= 1 A multiplicative function f is said to be completely multiplicative if (1 1)

holds for allm and n TheD richlet convolution of two arithmetical functionsf and g is defined
by

(f*g)(n) = d%f (d)g (n/d).

A multiplicative function f is said to be a rational arithm etical function of order (s, r) if there ex-

ist completely multiplicative functionsf 1,f 2, ,fsand g:,g2, ,gr such that

f= fo*xf,* * f  * (gl)-l* (gz)'l* *(gr)l

This concept originatesw ith V aidyanathasv amny'™.
found, e g , in [1],[4],[8] and [10]

In particular, rational arithmetical functions of order (2, 0) are said to be specially multi-

General properties of these functions can be
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plicative functionsor quadratic functions, and rational arithmetical functions of order (1, 1) are
said to be totient functions, seee g , the booksby P J M cCarthy'® and R. Sivaramak rishnan'®’.

It iswell know n that various totient functions are combinatorial number-theoretic functions
in character Recently, L. C. Hsu and W ang Jun™™" studied combinatorial meanings of rational
arithmetical functionsof order (1, r). These functionsmay alo be referred to as totient functions
of order r.

In [3], theauthor generalizes the concept of a rational arithm etical function of order (s, r) to
the setting of N arkiawv icZ's regular convolution These functions are referred to as A -rational
arithmetical functionsof order (s, r). For definition, see Section 2 In [3], the author studies, a-
mong other things, basic propertiesof A -rational arithm etical functionsof order (2, 0) and (1, 1),
see alo [6, Chapter 4].

Thepurposeof thispaper isto study combinatorial meaningsof A -rational arithmetical func-
tionsof order (1, r). The ideafor these combinatorial meaningsarisesfrom thepapers[5,11] In
fact, we present certain resultsof [5, 11] in the setting of N arkiew iczZ' s regular convolution, see
Remarks4 2 and 4 3of thispaper.

2 Regular Convolutionsand the Related Rational Ar ithmetical Functions

In this section we introduce the concept of N arkiew iczZ's regular convolution Back-ground
material on regular convolutions can be found e g in [6, Chapter 4] and [7] W e here review
the concepts and notations, w hich are needed in thispaper.

For each n, letA (n) be a subset of the set of positive divisorsof n The elenentsof A (n) are
said to be theA -divisorsof n TheA -convolution of two arithmetical functionsf and g is defined

by
(f *ag) (n) = f (d)g (n/d).

d A(n)

N arkiew icz"”! defines an A -convolution to be regular if

(a) the set of arithmetical functions form s a commutative ringw ith unity w ith respect to the
ordinary addition and the A -convolution,

(b) theA -convolution of multiplicative functions ismultiplicative,

(c) the function = 1 has an inverse ua W ith respect to the A -convolution, and pa (n)= Oor -
1w henever n isaprime pow er.
The inverse of an arithmetical function f such that f (1) # Ow ith respect to the A -convolution is
defined by

frxaf t= f 1xaf = 4,

where 6(1)= 1 and 6(n)= Oforn> 1 It can beproved [7] that an A -convolution is regular if and
only if

(i) A(mn)={ded AMm),e A (n)}whenever (m,n)= 1,

(ii) for each primepower p®(> 1) there exists a divisor t= & (p®)of a such that
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A ()= {1p,p* .p"},
w here rt= a, and
A(Y={1Lp,p* .,pT.0<i<r

The positive integer t= & (p*) in iten (ii) is said to be the A -type of p> A positive integer n is
said to be A -primitive if A (n) = {1, n}. TheA -primitive numbers are 1 and p‘, where p runs
through the primes and t runs through theA -typesof theprimepowersp®with a=1 Theorder
of anA -primitive number p'(> 1) is defined by

o(p) = sup{s Z":®w(p*) = t}.

For all n, letD (n) be the set of all positive divisorsof n and letU (n) be the set of all unitary
divioorsof n, that is,

U()={d> 0d|n, (d,n/d) = 1} = {d> 0:dll n}

TheD -convolution is the classical D irichlet convolution and thelJ -convolution is the unitary con-
volution [2]. These convolutions are regular with ® (p*)= 1 and © (p*) = a for all prime pow ers
p®(> 1). Further, if A=D, then o(p)= o for all primesp, and if A=U, then o(p*)= 1 for all
primepowersp®(> 1).

W e say that an integer n(> 1) is (A, r) -pow erful if for each A -primitive primepower p' A
(n) wehaveo(p)=randp" A (n). IFA=D, then (A, r)-powerful numbers are the usual r-
pow erful numbers If A=U and r> 1, then no integer n(> 1) is (A, r)-powerful If r= 1, then
all integersn(> 1) are (A, r)-pow erful for each regular convolution A.

TheA -analogue of theM bius function pa is themultiplicative function given by
- 1 ifp?( 1) isA -primitive,

pa (p%) = e a L.
0 if p*isnon-A -primitive

In particular, po= u, the classicalM bius function, and w= u, the unitary analogue of the
M bius function [2]

L et A be a regular convolution A n arithmetical function f is said to be A multiplicative

[12] if f isnot identically zero and
f(n) = f (d)f (n/d)

whenever d A (n).
Definition An arithmetical function f is said to be an A -rational arithmetical function o order
(s, r) if there exist A multiplicative functions f1,f2, ,fsand g1, g2, ,grsuch that
f=fi*af2a*a *Afs*A(gl)-l*A(gz)-l*A *A(gr)-l 2 1)
= fi*af2*a *afs*a(Uagr) *a(Uag2) *a *a(Uagr)
(see [3]).
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TheD -rational arithmetical functionsof order (s, r) are the usual rational arithm etical func-
tions of order (s, r).

3 A Canbinator ialM eaning

L et u be an arbitrary but fixed positive integer. W e denote u-vectorsof integersasa= au,
&, ,a , andwewritea= b(modn) if ai= biforalli= 1,2, ,u

L et r be afixed positive integer and let p'(> 1) be anA -primitiveprimepower. For each i=
1,2, ,r, letSi(p') bea subset of Zp:, where Zp'= {a: 0< ai< p',i= 1,2, ,u}, and letfi(p")
denote the cardinality of Si(p").

Definition The arithmetical function % is def ined by

®R.(n) = . AE(n) (n/d)“[uAf 1) *a(uafa) *a * o (uaf r)](d)
= [E"*a(uaf1) *a(uaf2) *a  *a(uafi)](n), (31

where E'(n)=n"for nand f1,f2, ,frareA multiplicative f unctions def ined by
fi)= T f.(p)*™%i= 1,2

pt A (M)

(n= I p>™).
The function ¥..(n) is an A -rational arithmetical function of order (1, r). It can be verified
that if n is (A, r)-pow erful, then ®..(n) can bew ritten as
r . t
Q.= m e el 2 2)
pt AM=1 p
W e now introduce a combinatorial meaning of the function ®.(n). Let p'(> 1) beanA -prim-

itive prime pow er such that o(p’) = r. For every u-vector a there is a unique rx umatrix M ' (a)
over Zpt such that

a= (1,p,p* ,p" "M (a) (modp").

Definition Wewrite (a,n)s= 1if foreach i= 1,2, ,r, theith rav o Mp'(a) isnot inSi(p’)
forevery p' A (n).

Theoran 1 Letn bean (A, r)-poverful nunber Then the number o u-vectors a(mod n) such
that(a, n)s,.= 1 is equal to €., (n).

Proof Letn=p%p2 pd bean(A, r)-powerful number LetNs:(n) denote the number of u-
vectorsa (mod n) such that (a,n)s, = 1 W e show thatN s (n)ismultiplicative By the Chinese
renainder theoren, for each ordered set of u-vectors ai, a2, , an there is a unique u-vector a
(mod n) such that

a= a(modpi),a= a(modp?), ,a= a.(Mmodpd).
Conversely, for any u-vector a (mod n) there are unique ai(mod p?),i= 1,2, ,m, satisfying the
above systam of congruences T hereforew e can conclude that (a, n)s,.= 1 if and only if (a, pi)s.:
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= 1forall i= 1,2, ,m. Thisproves thatN s (n) ismultiplicative
W e next consider the valueof N s, (p°). Denotet= & (p°) and p°= p*. Sincen is (A, r)-pow-
erful, we have s> r. L et a(mod p®) be any u-vector such that (a, p*)s..= 1 Then
a= (Lp,'p* ,p" "IMy(a) + p"a,
where @ isa u-vector (mod p“”"). Clearly, (a,p®s.= 1if and only if for every i= 1,2, ,r,
the ith row vector of M p'(a) isin Zy\Si(p'). From thiswe can see that the number of u-vectors
a (mod p*) such that (a, p*)s..= 1 isgiven by

s )t ’ u u ’ f_l_(.p_)_ '
Nsi(p®) = p® "“IL(p"- fi(pY)) = p“{ll[(l- pmJ

By multiplicativity, we have

Ner= n' II ﬁ[(l- f—Lp‘p—lJ: ®. ().

pt A (n)i: 1
This completes the proof.

Remark 3 1 The combinatorial meaning of the function % (n) is restricted to (A, r)-pow erful
numbers If r= 1, then ¥..(n) is an A -totient function and the combinatorial meaning holds for
all n

Example3 1 Letu= landSi(p’)= {0} forall i= 1,2, ,rlLetnbean (A,r)-powerful nun-

ber. Then for any integer a, we have(a, n)s..= 1 if and only if for each A -primitive prime pow er
t

p’ A(n),

a= a+ ap'+ + a.ip" Y (modp"),

where 0< a< p'forall i= 0,1, ,r- 1 By (3 1) and (3 2),
_ _ .y
®i(n) = ;()(n/d)ur(d) =n II (1- 79,
n pt A p

w here
ue(d) = [(IJA) *a(Ha) *a * A (uA)](d) = t];[(d)[ep (d)/ﬂ (- l)ep(d)/t_

The functions ®: (rep. u:) may be referred to as theA -analogue of the Euler totient (resp. M
bius function) of order .

Remark 3 2 LetA=D in Exanple 3 1 Then the function % becomes the Euler totient &, of
order r, seeW ang and Hsu [11, Theorem 3 1] Further, (a,n)s..= 1means that a is r-th degree
prime to n in the teminology of W ang and H su [11, Definition 3 1]. If, in addition, r= 1, then
the function % . reduces to the classical Euler totient Pand (a, n)s..= 1means that (a, n)= 1, that
is, aisprimeton

Renark 3 3 IfA=D andSi= S>= = S:, then Theorem 1 of thispaper becomes Theoren 3 3
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of [11] fA=D and u= 1, then Theorem 1 of thigpaper becomes Theorem 2 1of [5]
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