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Abstract　A n arithm etica l funct ion f is sa id to be a ra t iona l a rithm et ica l funct ion of o r2
der (s, r) if there ex istcom p letely m u lt ip lica t ive funct ion s f 1, f 2, ⋯, f s andg 1, g 2, ⋯, g r

such tha t

f = f 13 f 23 ⋯ 3 f s3 (g 1) - 13 (g 2) - 13 ⋯ 3 (g r) - 1,

w here 3 is the D irich let convo lu t ion. R ecen t ly, L. C. H su and W ang Jun stud ied com 2
b ina to ria l m ean ings of ra t iona l a rithm et ica l funct ion s of o rder (1, r). W e study these

m ean ings in the set t ing of N ark iew icz’s regu lar convo lu t ion.
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1. In troduction

A n arithm etica l funct ion f is sa id to be m u lt ip lica t ive if f is no t iden t ica lly zero and

f (m n) = f (m ) f (n) (1. 1)

w henever (m , n) = 1. A m u lt ip lica t ive funct ion f is sa id to be com p letely m u lt ip lica t ive if (1. 1)

ho lds fo r a ll m and n. T he D irich let convo lu t ion of tw o arithm et ica l funct ion s f and g is defined

by

(f 3 g ) (n) = 2
d ûn

f (d ) g (nöd ).

A m u lt ip lica t ive funct ion f is sa id to be a ra t iona l a rithm et ica l funct ion of o rder (s, r) if there ex2
ist com p letely m u lt ip lica t ive funct ion sf 1, f 2, ⋯, f s and g 1, g 2, ⋯, g r such tha t

f = f 13 f 23 ⋯ 3 f s3 (g 1) - 13 (g 2) - 13 ⋯ 3 (g r) - 1.

T h is concep t o rig ina tes w ith V aidyanathasw am y [ 10 ]. Genera l p ropert ies of these funct ion s can be

found, e. g. , in [1 ], [ 4 ], [ 8 ] and [10 ].

In part icu la r, ra t iona l a rithm et ica l funct ion s of o rder (2, 0) are sa id to be specia lly m u lt i2
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p lica t ive funct ion s o r quadra t ic funct ion s, and ra t iona l arithm et ica l funct ion s of o rder (1, 1) are

sa id to be to t ien t funct ion s, see e. g. , the book s by P. J. M cCarthy [ 6 ] and R. Sivaram ak rishnan [ 9 ].

It is w ell know n tha t variou s to t ien t funct ion s are com b ina to ria l num ber2theo ret ic funct ion s

in character. R ecen t ly, L. C. H su and W ang Jun [ 5, 11 ] stud ied com b ina to ria l m ean ings of ra t iona l

a rithm et ica l funct ion s of o rder (1, r). T hese funct ion s m ay also be referred to as to t ien t funct ion s

of o rder r.

In [3 ], the au tho r genera lizes the concep t of a ra t iona l a rithm et ica l funct ion of o rder (s, r) to

the set t ing of N ark iew icz’s regu lar convo lu t ion. T hese funct ion s are referred to as A 2ra t iona l

a rithm et ica l funct ion s of o rder (s, r). Fo r defin it ion, see Sect ion 2. In [3 ], the au tho r stud ies, a2
m ong o ther th ings, basic p ropert ies of A 2ra t iona l a rithm et ica l funct ion s of o rder (2, 0) and (1, 1) ,

see a lso [6, Chap ter 4 ].

T he pu rpo se of th is paper is to study com b ina to ria l m ean ings of A 2ra t iona l a rithm et ica l func2
t ion s of o rder (1, r). T he idea fo r these com b ina to ria lm ean ings arises from the papers [5, 11 ]. In

fact, w e p resen t certa in resu lts of [5, 11 ] in the set t ing of N ark iew icz’s regu lar convo lu t ion, see

R em ark s 4. 2 and 4. 3 of th is paper.

2. Regular Convolution s and the Rela ted Ra tiona l Ar ithm etica l Function s

In th is sect ion w e in troduce the concep t of N ark iew icz’s regu lar convo lu t ion. Back2ground

m ateria l on regu lar convo lu t ion s can be found e. g. in [ 6, Chap ter 4 ] and [ 7 ]. W e here review

the concep ts and no ta t ion s, w h ich are needed in th is paper.

Fo r each n , let A (n) be a sub set of the set of po sit ive d iviso rs of n. T he elem en ts of A (n) a re

sa id to be the A 2diviso rs of n. T he A 2convo lu t ion of tw o arithm et ica l funct ion s f and g is defined

by

(f 3 A g ) (n) = 2
d∈A (n)

f (d ) g (nöd ).

N ark iew icz[ 7 ] defines an A 2convo lu t ion to be regu lar if

(a) the set of arithm et ica l funct ion s fo rm s a comm u ta t ive ring w ith un ity w ith respect to the

o rd inary addit ion and the A 2convo lu t ion,

(b) the A 2convo lu t ion of m u lt ip lica t ive funct ion s is m u lt ip lica t ive,

(c) the funct ion ≡1 has an inverse ΛA w ith respect to the A 2convo lu t ion, and ΛA (n) = 0 o r 2
1 w henever n is a p rim e pow er.

T he inverse of an arithm et ica l funct ion f such tha t f (1)≠0 w ith respect to the A 2convo lu t ion is

defined by

f 3 A f - 1 = f - 13 A f = ∆,

w here ∆(1) = 1 and ∆(n) = 0 fo r n> 1. It can be p roved [7 ] tha t an A 2convo lu t ion is regu lar if and

on ly if

( i) A (m n) = {d e: d∈A (m ) , e∈A (n) } w henever (m , n) = 1,

( ii) fo r each p rim e pow er p
a (> 1) there ex ists a d iviso r t= ΣA (p

a)of a such tha t
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A (p a) = {1, p t, p 2t, ⋯, p rt},

w here rt= a , and

A (p it) = {1, p t, p 2t, ⋯, p it}, 0 Φ i < r.

T he po sit ive in teger t= ΣA (p
a) in item (ii) is sa id to be the A 2type of p

a. A po sit ive in teger n is

sa id to be A 2p rim it ive if A (n ) = {1, n}. T he A 2p rim it ive num bers are 1 and p
t, w here p run s

th rough the p rim es and t run s th rough the A 2types of the p rim e pow ers p
a w ith aΕ 1. T he o rder

of an A 2p rim it ive num ber p
t (> 1) is defined by

o (p t) = sup {s ∈ Z+ : ΣA (p st) = t}.

　　Fo r a ll n , let D (n) be the set of a ll po sit ive d iviso rs of n and letU (n) be the set of a ll un ita ry

d iviso rs of n , tha t is,

U (n) = {d > 0: d ûn , (d , nöd ) = 1} = {d > 0: d‖n}.

T he D 2convo lu t ion is the classica l D irich let convo lu t ion and theU 2convo lu t ion is the un ita ry con2
vo lu t ion [2 ]. T hese convo lu t ion s are regu lar w ith ΣD (p

a) = 1 and ΣU (p
a) = a fo r a ll p rim e pow ers

p
a (> 1). Fu rther, if A = D , then o (p ) = ∞ fo r a ll p rim es p , and if A = U , then o (p

a) = 1 fo r a ll

p rim e pow ers p
a (> 1).

W e say tha t an in teger n (> 1) is (A , r) 2pow erfu l if fo r each A 2p rim it ive p rim e pow er p
t∈A

(n) w e have o (p
t) Ε r and p

rt∈A (n ). If A = D , then (A , r) 2pow erfu l num bers are the u sua l r2
pow erfu l num bers. If A = U and r> 1, then no in teger n (> 1) is (A , r) 2pow erfu l. If r= 1, then

a ll in tegers n (> 1) are (A , r) 2pow erfu l fo r each regu lar convo lu t ion A .

T he A 2ana logue of the M  b iu s funct ion ΛA is the m u lt ip lica t ive funct ion given by

ΛA (p a) =
- 1 　 if p a (> 1) is A 2p rim it ive,

0 　 if p a is non2A 2p rim it ive.

In part icu la r, ΛD = Λ, the classica l M  b iu s funct ion, and ΛD = Λ3 , the un ita ry ana logue of the

M  b iu s funct ion [2 ].

L et A be a regu lar convo lu t ion. A n arithm et ica l funct ion f is sa id to be A 2m u lt ip lica t ive

[12 ] if f is no t iden t ica lly zero and

f (n) = f (d ) f (nöd )

w henever d∈A (n).

D ef in it ion　A n a rithm etica l f unction f is sa id to be an A 2ra tiona l a rithm etica l f unction of ord er

(s, r) if there ex ist A 2m u ltip lica tive f unctions f 1, f 2, ⋯, f s and g 1, g 2, ⋯, g r such tha t

f = f 13 A f 23 A ⋯ 3 A f s 3 A (g 1) - 13 A (g 2) - 13 A ⋯ 3 A (g r) - 1

　 = f 13 A f 23 A ⋯ 3 A f s3 A (ΛA g 1) 3 A (ΛA g 2) 3 A ⋯ 3 A (ΛA g r)
(2. 1)

(see [3 ]).
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T he D 2ra t iona l a rithm et ica l funct ion s of o rder (s, r) a re the u sua l ra t iona l a rithm et ica l func2
t ion s of o rder (s, r).

3. A Com bina tor ia lM ean ing

L et u be an arb it ra ry bu t fixed po sit ive in teger. W e deno te u2vecto rs of in tegers as a=〈a1,

a2, ⋯, au〉, and w e w rite a≡b (m od n) if a i= bi fo r a ll i= 1, 2, ⋯, u.

L et r be a fixed po sit ive in teger and let p
t (> 1) be an A 2p rim it ive p rim e pow er. Fo r each i=

1, 2, ⋯, r, let S i (p
t) be a sub set of Zu

p t, w here Zu
p t= {a: 0Φ a i< p

t, i= 1, 2, ⋯, u}, and let f i (p
t)

deno te the card ina lity of S i (p
t).

D ef in it ion　T he a rithm etica l f unction ΥS , r is d ef ined by

ΥS , r (n) = 2
d∈A (n)

(nöd ) u [ΛA f 1) 3 A (ΛA f 2) 3 A ⋯ 3 A (ΛA f r) ] (d )

= [E u3 A (ΛA f 1) 3 A (ΛA f 2) 3 A ⋯3 A (ΛA f r) ] (n) , (3. 1)

w here E
u (n) = n

u
f or n and f 1, f 2, ⋯, f r a re A 2m u ltip lica tive f unctions d ef ined by

f i (n) = 0
p t∈A (n)

f i (p t) �p
(n) öt, i = 1, 2, ⋯, r,

(n= 0 p p
�p

(n) ).

T he funct ion ΥS , r (n) is an A 2ra t iona l a rithm et ica l funct ion of o rder (1, r). It can be verif ied

tha t if n is (A , r) 2pow erfu l, then ΥS , r (n) can be w rit ten as

ΥS , r (n) = nu 0
p t∈A (n)

0
r

i= 1
(1 -

f i (p t)
p tu (3. 2)

W e now in troduce a com b ina to ria lm ean ing of the funct ion ΥS , r (n). L et p
t (> 1) be an A 2p rim 2

it ive p rim e pow er such tha t o (p
t) Ε r. Fo r every u2vecto r a there is a un ique r×u m atrix M p t (a)

over Zp t such tha t

a ≡ (1, p t, p 2t, ⋯, p
(r- 1) t)M p t (a) (m odp rt).

D ef in it ion　W e w rite (a , n) S , r= 1 if f or each i= 1, 2, ⋯, r, the ith row of M p t (a ) is not in S i (p
t)

f orevery p
t∈A (n).

Theorem 1　L et n be an (A , r) 2p ow erf u l num ber. T hen the num ber of u2vectors a (m od n ) such

tha t (a , n) S , r= 1 is equa l to ΥS , r (n).

Proof 　L et n= p
e11 p

e22 ⋯ p
emm be an (A , r) 2pow erfu l num ber. L et N S , r (n) deno te the num ber of u2

vecto rs a (m od n) such tha t (a , n) S , r= 1. W e show tha t N S , r (n) is m u lt ip lica t ive. By the Ch inese

rem ainder theo rem , fo r each o rdered set of u2vecto rs a1, a2, ⋯, am there is a un ique u2vecto r a

(m od n) such tha t

a ≡ a1 (modp e11 ) , a ≡ a2 (modp e22 ) , ⋯, a ≡ am (modp emm ).

Conversely, fo r any u2vecto r a (m od n) there are un ique a i (m od p
eii ) , i= 1, 2, ⋯,m , sa t isfying the

above system of congruences. T herefo re w e can conclude tha t (a, n) S , r= 1 if and on ly if (a i, p
eii ) S , r
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= 1 fo r a ll i= 1, 2, ⋯,m. T h is p roves tha t N S , r (n) is m u lt ip lica t ive.

W e nex t con sider the va lue of N S , r (p
e). D eno te t= ΣA (p

e) and p
e= p

st. Since n is (A , r) 2pow 2
erfu l, w e have sΕ r. L et a (m od p

st) be any u2vecto r such tha t (a, p
st) S , r= 1. T hen

a = (1, p t, p 2t, ⋯, p
(r- 1) t)M p t (a) + p rta′,

w here a′is a u2vecto r (m od p
(s2r) t). C learly, (a , p

st) S , r= 1 if and on ly if fo r every i= 1, 2, ⋯, r,

the ith row vecto r of M p t (a) is in Z
u
p tø S i (p

t). F rom th is w e can see tha t the num ber of u2vecto rs

a (m od p
st) such tha t (a, p

st) S , r= 1 is g iven by

N S , r (p st) = p
(s- r) tu 0

r

i= 1
(p tu - f i (p t) ) = p stu 0

r

i= 1
(1 -

f i (p t)
p tu

By m u lt ip lica t ivity, w e have

N S , r = nu 0
p t∈A (n)

0
r

i= 1
(1 -

f i (p t)
p tu = ΥS , r (n).

T h is com p letes the p roof.

Remark 3. 1　T he com b ina to ria l m ean ing of the funct ion ΥS , r (n ) is rest ricted to (A , r) 2pow erfu l

num bers. If r= 1, then ΥS , r (n) is an A 2to t ien t funct ion and the com b ina to ria l m ean ing ho lds fo r

a ll n.

Exam ple 3. 1　L et u= 1 and S i (p
t) = {0} fo r a ll i= 1, 2, ⋯, r. L et n be an (A , r) 2pow erfu l num 2

ber. T hen fo r any in teger a , w e have (a , n) S , r= 1 if and on ly if fo r each A 2p rim it ive p rim e pow er

p
t∈A (n) ,

a ≡ a0 + a1p t + ⋯ + a r- 1p
(r- 1) t (modp rt) ,

w here 0< a i< p
t fo r a ll i= 0, 1, ⋯, r- 1. By (3. 1) and (3. 2) ,

ΥS , r (n) = 2
d∈A (n)

(nöd ) Λr (d ) = n 0
p t∈A (n)

(1 -
1
p t )

r,

w here

Λr (d ) = [ (ΛA ) 3 A (ΛA ) 3 A ⋯ 3 A (ΛA ) ] (d ) = 0
p t∈A (d )

�p (d )
r

öt (- 1) �p
(d ) öt.

T he funct ion s ΥS , r ( resp. Λr) m ay be referred to as theA 2ana logue of the Eu ler to t ien t ( resp. M

 b iu s funct ion) of o rder r.

Remark 3. 2　L et A = D in Exam p le 3. 1. T hen the funct ion ΥS , r becom es the Eu ler to t ien t ΥΛr of

o rder r, seeW ang and H su [11, T heo rem 3. 1 ]. Fu rther, (a , n) S , r= 1 m ean s tha t a is r2th degree

p rim e to n in the term ino logy of W ang and H su [11, D efin it ion 3. 1 ]. If, in addit ion, r= 1, then

the funct ion ΥS , r reduces to the classica l Eu ler to t ien t Υand (a , n) S , r= 1 m ean s tha t (a , n) = 1, tha t

is, a is p rim e to n.

Remark 3. 3　 If A = D and S 1= S 2= ⋯= S r, then T heo rem 1 of th is paper becom es T heo rem 3. 3
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of [11 ]. If A = D and u= 1, then T heo rem 1 of th ispaper becom es T heo rem 2. 1 of [5 ].
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